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Butters

The Effect of the Learning Curve on the Optimal Bync Contract

An increase in the marginal productivity of labasedue to the existence of a
learning curve illustrates a potential dynamic thegtiould affect the structure of the
employer-employee contracts. This paper investgydhe role of moral hazard in a
dynamic setting given the presence of a learningecand how this influences the shape
of the optimal contract offered by the principaBy extending the standard principal
agent problem to both a multi-action space for #gent and a dynamic setting, the
analysis of the learning curve becomes tractabl€he typical issues raised in the
standard principal-agent problem including; the eadf unverifiable information, the role
of risk averseness, sufficient conditions for tee af first order conditions, and the role
of the cost functions of each action form the bakibe analysis.

1. Introduction

The (negative) influence of unobservable actiond @symmetric information on
the productivity of a particular contract represesues that principals and agents alike
have to deal with in a variety of situations froemiire contracts to executive bonuses.
As the effort level of employees, athletes, teaghetc. is often unobservable it would not
be unwarranted to assume that some level of asynemaformation exists in any
employee-employer relationship. The inability loé fprincipal to contract an effort level,
however, would not pose enough of a problem to avera critical analysis, because of
the ability to observe the output/outcome, and timeseffort indirectly. Even if direct
correlation between effort level and output did erist the principal could still write an
optimal contract. The effect risk averseness Imathe feasibility of an optimal contract
illustrates the final defining characteristic oetemployee-employer relationship and the
one feature that frames the “Principal-Agent profile As soon as the agent possesses

any aversion to risk the achievability of an optirt@ntract becomes questionable. This
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risk aversion creates a conflict between sheltetiiregagent from this risk and providing
the agent with the proper incentives to exert @i optimal level of effort.

The standard problem outlined above consists ohfent taking one action and
the principal writing a contract for one particutaoment in time. Typically in the real
world, contracts span over a significant periodilmie. In addition, the tasks assigned to
the agent spread over a multi-dimensional actioacep Examples of such multi-
dimensional action spaces range from questionsdegpthe trade-off between “quantity
and quality” to “productivity and maintenance”. dlmulti-dimensional space framing
the choice between exerting “effort towards outpa/” or “investment in human capital
for output in the future” seems particularly intgreg. The principal clearly wants the
agent to engage in both of these particular actibosvever, it is not clear how the
principal will write an optimal contract lhoth of these actions are unobservable while at
the same time influential for the outcome. By depmg a series of optimization
problems that face both the principal and agerd, [&@arning curve will be shown to
produce an optimal dynamic contract that becomé&stively more powerful in later

periods, while remaining unresponsive to the oute®m earlier periods.

2. Literature Review

The principal-agent problem and the models thaehmeen developed have come
in a variety of forms and have drawn several déférconclusions. The topics and issues
that will need more thorough attention include itiftuence of a dynamic perspective on

the optimal contract, and the effect a multi-dimenal action space has on the shape of
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the optimal contract. Some ideas such as firmiSpemapital and reputation will also
need surveying and the analysis of dynamic modélsaddress both. Though some of
the theoretical models and the conclusions reggrdive implications of a multi-
dimensional action space have their basis in & gtatspective, many of the principles
will still apply to the study of dynamic contradtsthe principal-agent problem. A brief
overview of the material that defines the principgent problem with emphasis on the

implications of dynamic perspectives and multi-dnsienal action space follows.

2.1 Standard Principal Agent Model

The standard one-period principal-agent problem etsodhe role of the
informational gap caused by the delegation of tdsk® the principal to the agent. In
the standard model, a principal offers a one-pedodtract to an agent to complete a
particular task. While the particular action takenthe agent is not observable there
does exist an observable outcome over which thecipal can contract over. When the
actions taken by the agent are “[not] observahbtbee by the principal who offers the
contract or by the court of law that enforces itfe situation possesse®ral hazard
The “hidden action” taken by the agent, while n@&tedministic in the observable
outcome, does result in a probability distributifon each of the observable outcomes.
The given action of the agent endogenously detersnthe uncertainty and subsequent
probabilities of the observable outcomes. WHhikese observable outcomes maintain a

certain level of uncertainty they do offer a “nosgnal” of the particular action taken by

Laffont and Martimort, 2002.
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the agent. If this uncertainty did not exist,gamtractual problem would exist because
of the ability for either the principal or courts infer the agent’s chosen action from the
observed outcome.

Given that the principal and the agent will havffeding objective functions,
there exists a conflict in what action the agemudth take. “The nonobservability of the
agent’s action may then prevent an efficient resahuof this conflict of interest, because
no enforceable contract can ever stipulate whidtoreshould be taken by the ageft.”
The principal’'s goal, given the uncertainty of thieservable outcome, then becomes to
find the contract that will provide the largest dgagtween the expected wage and the
expected gains of the effort level induced by tbamtract. What will constrain this
optimization problem include a set dhcentive Constraintsand a Participation
Constraint. Thelncentive Constraintensure that the agent does not prefer taking any
other action aside from the one the principal @ssir TheParticipation Constraint

ensures that the agent prefers engaging in theamrib some outside alternative.

The first best situation is defined by the assuarpthat the
Principal can observe the Agent’s action. In ttete he
can order the Agent to choose the efficient actaom then
choose the wages that achieve the optimal risk
sharing...[however]...in the second-best situation we a
concerned with, the Principal can only observe iaalée
correlated with the Agent’s action: the outcome..lviBg
the moral hazard problem thus implies that the divad
offers the Agent a contract that trades off 1)$laring,
which suggest that the Agent’s wage should not e peo
strongly on the outcome and 2) incentives, whiatuge
the Principal to condition the Agent's wage on the
outcome?

Laffont and Martimort, 2002.
Salenie, B., 1997.
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Grossman and Hart (1983) outline the feasibilityfinling an optimal contract
that yields a second best alternative and the rdetivo which to find and define this
contract. The new approach the paper brings tatifgeng optimal contracts by
“breaking up the principal’'s problem into a compisla of the costs and benefits
accruing to the principal when the agent takesréigodar action® illustrates one of the
more illuminating aspects of the paper. While thgproach generalizes the method of
determining optimal contracts, Grossman and Hanmewadso the first to outline the
conditions needed to guarantee the legitimacy wmfgurst order conditions. Grossman
and Hart (1983) define two important conditionstnieBng the type of stochastic
behavior; monotone likelihood ratio condition (MLR@nd convexity of distribution
function (CDFC). Rogerson (1985) determined thaz satisfaction of these two
conditions guarantee the use of first order cood#tias a valid method to determine the
optimal contract. These two conditions, thoughraf initially in a single action space,
will prove influential in allowing first order corittbns to govern the requirements of the
optimal contract even when the agent makes decistmer a multi-action space. In
order to guarantee the legitimacy of using firslesrconditions in the multi-dimension
action space, convexity of the distribution funotioeeds generalizing. Specifically
MLRC and CDFC will be extended to restrict the kimstic behavior of a distribution
function in

As far as the particular shape of these optimaltracts Grossman and Hart
(1983) illustrate no intuitive shape of the optinsahtract will exist in general. Perhaps
the most alarming result proves to be that the wesg not be increasing in outcome.

Holmstrom (1979) also illustrated, using theficient statistic theorenthat the principal

4 Grossman and Hart, 1983.
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should condition the wage on all the signals resgiv The optimal contract in the
presence of the learning curve, however, provedeaoindependent of some of the
observed signals; most notably signals from eapenods. This characteristic of the
optimal contract represents a significant deparfuna the literature.

In addition, if the analysis allows for an infinif@isually continuous) set of
outcomes (desired) then the contract will becomferation, and the decision of the
principal in selecting this contract lends itselffunctional analysfs In general, only a
compact functional space guarantees the existenae optimal contract. Compactness
does not represent a typical feature of functicacep and thus will require restricting the
functional space in order to ensure the existefeesolution (Page 1987).

One particular restriction that maintains a certairel of robustness outlined by
Holmstrom and Milgrom (1987) suggests that optim@htracts may be simple (linear)
contracts as opposed to highly complex ones. Tressdts will lay the groundwork for
the beginning of the analysis of a multi-actionpamic principal-agent problem which
will have the same functional analysis dilemmast tthee standard problem has to
negotiate.

The influence of renegotiation in even a staticn@pal-agent problem
demonstrates how dynamic implications can entes the analysis of a one-period
model. Fudenberg-Tirole (1990) illustrate thath# two parties may renegotiate after the
exertion of the chosen effort an efficiency losH vasult. Though renegotiation does not
appear relevant in the immediate analysis of theniag curve, the dynamic implications

of even one-period decisions remains influenti®enegotiation, in the context of the

® Salanie, Bernard, 1997.
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learning curve, will turn out to represent a pahtvulnerability to the robustness of the

optimal contract.

2.2 Dynamic Extensions of the Standard Model

One of the more intuitive aspects of the dynamidet® of the principal-agent
problem includes the role reputation has on thégtcontract written by the principal
and the action of the agent. The first discussibtine importance of reputation concerns
in the principal-agent problem came from Eugene &amThe major breakthrough
developed in this piece includes “the wage revigoocess imposed by the managerial
labor market,” given the “weight of the wage revision processitieast equivalent to
full ex post settling up® Fama attributes the survival of the modern caafion to these
very concerns by the agents or managers in firrogeler, Fama’s paper taken at face
value leaves little room for the possibility of @mic principal-agent problem.

A more rigorous look at the role of reputation hre tdynamic principal-agent
problem comes from Holmstrom (1999). One of thénideg features of Holmstrom’s
model versus most of the others mentioned in thivey comes in the form of his
approach to the “ability” of the agent. In Holnwstrs model, the ability of the agent
takes the form of a random variable, of which btita principal and the agent have
expectations over a dynamic period of time. Evesugh the agent has concerns about
the signal present actions will have on future vea@a Fama) because of the uncertainty

of the agent’s ability Holmstrom concludes that éopan certainly not make any

® Fama, Eugene, 1980.
" Fama, 1980.
® Fama, 1980.
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sweeping arguments about moral hazard problemiseiiong-run®. This finding lends
considerable weight to the notion that “contraatsg dynamic model] clearly play an
important role®, however, it does little in the way of suggestinghape of that optimal
contract, and what effect investment in human ehpiight have on the analysis.

Jovanic (1979) explores the role of human capitalearning on the job from
experience. One of the more innovative chareties of Jovanovic's model includes
his approach of “firm specific capital” or the knladge gained over time beneficial only
to the current match. While Jovanovic model's v$emperfect information and a
dynamic perspective (specifically when it comesfiton-specific capital”), will prove to
be incredibly applicable, because the agent bdbhi ¢he costs of searching for new
employment some of the important aspects of thecyal-agent problem are lost. So,
though most of the conclusions supported by Jonaisomnodel will indeed prove the
basis of the initial framework, especially whermaimes to the analysis of human capital,
still other interpretations are needed. Theseratiterpretations will include those that
take a dynamic approach on the principal-agentlprokexclusively. In this paper the
dynamic contract’s duration will be both certairdaxogenous, and commitment by both

the principal and agent will limit the uncertaimtythe model to only the realized output.

2.3 Multi-dimensional Action Space Extension

Because in this analysis the agent has a decisieniovesting in human capital

or exerting effort to present output, both literatdealing with the investment of capital

) Holmstrom, 1999.
Holmstrom, 1999.
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and multi-task jobs have applicability. The gaims marginal productivity from
investment in human capital by an agent parallelddncept of regulating the investment
in “cost saving” methods by a firm.

A significant number of theoretical models analggthe effects of regulation on
firms mimic the principal-agent problem and theiwas features of the relationship.
Huseyin Yildirim (2002) develops a model where gulator must create the incentives
for a monopolist to minimize current costs of seevivhile encouraging development of
cost-saving innovations (ala investment in humapital. Yildirim finds that light-
handed regulation encourages innovation and thisviation will occur in the absence of
long-term agreements when private information recowver time. Though the
fundamental relationship being analyzed is differethe equilibrium solution in
Yildirim’s model will have parallels to the solutidn this particular analysis because of
the multi-dimensional action space of the agent. Yildirim (2002) the state variable
evolves stochastically not deterministically, hoeevwhich will cause significant
differences in some of the fundamental principléeshe analysis when examining the
learning curve.

Another theoretical justification for less poweredntracts in real life include
Holmstrom-Milgrom’s (1991) use of a multi-task madéf many tasks compete for the
agent’s effort the principal may have “to reduce pgower of the incentives he provides
to the agent®. The cost curves of both actions including thetsoelative to each other,
illustrates an important aspect of the multi-tasdded that will need careful consideration
when developing the learning curve model. Holnmtidilgrom’s model also illustrates

the importance of the observability of the eachtlué particular actions. Because

Salanie, 1997.
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observability of one action does not necessarilglynobservability of the other action
the possible contract space indeed becomes richretially this paper will develop a
model where both actions are unobservable. L#tex,paper will examine how being
able to observe investment in human capital wileetf the efficiency of a particular
dynamic contract.

In general the methods and conclusions found inphst will serve as the
fundamental building blocks in order to build adghethat models the optimal contract
and its relation to the learning curve. This papaggests that such a model will be
obtained by combining two extensions of the priatggent problem; dynamic choice,

and multi-action space for the agent.

3. The Principal Agent Problem with a Learning Curve
3.1 Two-Period, Discrete Multi-Action, Two Output Level, Principal Agent

Problem

The first model will find the optimal contract givea two period horizon where
the agent has a discrete multi-action space (e#fiodt investment in human capital). If
the agent chooses to invest in human capital infitlse period, there will be human
capital stock in the final period (initially thei® no human capital stock). Both the effort
level and the human capital stock in each peridtlaffiect the shape of the distribution
function that will give the likelihood of the twastrete outcome levels for that particular
period. The principal will thus have a maximizatjroblem of finding the optimal wage

given both the incentive constraints and the p@dtcon constraint.
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The verifiable output/outcome that can be contchataéll be defined by:
~}+{0,1}. The gains realized by the principal wileka function of , given by:
~ . The agent will have a discrete multi-action spatere , Is effort; and
, IS iInvestment in human capital. In each perloal dgent will face the option
of either exerting effort, investing in human capi(but not both), or shirking (doing
neither). The utility function of the agent wilelthe constant absolute risk aversion
(CARA) concave separable function used in Holmstidilgrom (1987) illustrated by:
. There also exists some function
The dynamic contract offered by the principal bg #gufficient statistic theorem
will take the form: . In the context of a two possible
outcome model, the resulting contract space wirafvo values for period one, and four
different values for period two (corresponding te tfour different combinations of

outcomes that can result). The total contractespgaa be depicted by the following:

Each action and has a respective cost function where each willldfened by:
and # . The level of
human capital stock$, will exhibit the following equations$, $ $
Again, in the first period there will not be anyrhan capital stock present. In the second
period there will only be human capital stock présié the agent chose to invest in

human capital in the first period. There existdigtribution function for the observed
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outcome given by& ' $ ( This distribution will give probabilities to théelihood
of ), given the effort level and the level of humanitadpstock, where the respective

probabilities will be:

& & -~ and& _ & .
& & » and& _ & .
&~ & and& &
& & and& &

With0 & & & +
It is important to note that these distributiondiex the monotone likelihood
ratio condition (MLRC) or that “the expected outammcreases in [effort and investment
in human capitalf* as well as CDFE.

There will exist some outside alternative for thgemt that will guarantee a

reservation utility of, for the two periods combined. A contract thategiva utility

greater than or equal to this reservation utilityf satisfy theParticipation Constrairt

, . This assumption, although common in the liteeand essential for the
subsequent analysis, implies some subtle geneiahsathat need noting. The
participation constraint in this form makes a reguient on thesumof the two utilities
achieved in each period. Accordingly, there wilt rbe a requirement made on the
minimum level of utility achieved by the agent inyaone of the two periods. The
principal may provide a wage contract that offédre agent a wage, - in the

first period and nothing in the second period. MHhhis assumption increases the

Salenie,B., 1997.
See Appendix 3.
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flexibility of the contract space the principal mpizes over, it prevents concerns about
the agent’s minimal level of utility at each periwdm reaching into the analysis.

Another important consequence of this particulatigpation constraint includes
its unresponsiveness to any of the endogenouslgrdated values in the model.
Because the outside alternative is exogenous, aloatrd state variables such as the
human capital stock, the realized output in thst fireriod, or even the wage obtained in
the first period cannot influence the value of thigside alternative. While keeping the
outside alternative exogenous may not mimic realitis assumption does have a strong
connection with the notion of “firm-specific cagitanitially cited in the literature by
Jovanic (1979). If the human capital stock presk®s not have an influence on the
respective outside alternative, then this partichlanan capital stock must only improve
the marginal productivity of the agent in this partar job-match. Similarly, this
assumption implies that the realized output infits¢ period does not send a signal to the
other principals and increase/decrease the denoautidef agent.

This model will assume full commitment from botte thrincipal and agent. This
assumption prevents the effects of renegotiatiemfimpacting the analysis and the
shape of the optimal contract. Though commorh@literature, the possible effects of

renegotiation after the first period will be notaefore completing the analysis.

An illuminating Figure that represents the timel¢abf the renegotiation-proof

dynamic contract follows:
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t=0 t=1 t=2 t=3 t=4 t=5  1t=6 t=7
Principa | Agent | Agent | Output | Contracte | Agent | Output | Contracte
| offers Wage 3 accepts| exerts | is d wage is exerts | is d wage ig
{ or an realize | executed | an realize | executed
rejects | effort | d for period| effort | d for period
the or one or two
contrac | invest invest
t S in s in
huma huma
n n
capital capital
or or
neithe neithe
r r
Figure 1.

Now that the model has been fully specified it immet to develop the notion of the

learning curve and begin to analyze its effectrandptimal dynamic contract.

Proposition 1: Thdearning curvewill be a distribution function that allows invesj in

human capital in period one by the agent to bertleétprincipal.

The action space is defined as coordinates in . ! such that
. 012 345 o o+ . Proposition 1 rephrased, claims that in the
presence of &earning curve, must represent an optimal action choice for the

principal to contract the agent to take.
In order to define théearning curveexplicitly one must move the analysis to a
scenario of verifiable information and determineewhthe principal contracting the

action space proves optimal. Given verifiable information oo&n assume that

789.89.
—<

the wage offered for each period will be exactly 6
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789.89.

6 ~-< allowing for the satisfaction of thearticipation Constraint In this step of

the analysis one can disregard the need to saisfyincentive constraints because in
presence of perfect and verifiable information, deyiation from the contracted action
could be penalized by way of a fine either by thagipal or a court of law.

So, if alearning curveexists then the principal must gain from having #gent
engage in (0,1,1,0) as opposed to (1,0,1,0) or, @D Essentially the following

inequalities must hold:

1) 2628 - "oz L +08& & =& 3~

2) — 6789;89;< — 789. + & & - _ 2

Claim 1: There is alearning curveif and only if (1) and (2) hold.

These inequalities should make intuitive senséatrmarginal cost of investing

789.89. — 789.89. 789.
—< = >= . or= 6————< = 6 —<must be

in human capita 2 6

less than thenarginal benefit of investing in human capital & & =& 3

o & & _, in order for investing in human capital to beimal. The learning
curve has two distinct parts: 1) the gaifikelihood of success and 2) the gainaatput
of success. Each of these distinct parts will hsigaificantly different influences on
both the feasibility as well as the shape of thinogd dynamic contract.

Now one must consider the Principal’s optimizatpyoblem, given the presence

of thislearning curve The optimization problem can be characterized as

* See Appendix 1.
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With respect to Il

Such that the incentive constraints are satisfied:

2 & &« @ a @s (04 Ca & C 5 3R D a
& « De 3
® ©~a & CB3® D A & De3,
E & & @a @s ® Ca & €8 3@ D A
& « De 3
& ©a & » Ce3® D A & De3,
F@& & 0 Ca C8P& D A & « De 3,
G(@& &0 Ca C 83Q@% D a & De3,
H@& &+«0 Cna € 83@x D a & -« De3,

By examining these incentive constraints one carclode that: :
I .1 ( These inequalities are supported by each ofrtbentive constraints. This

intuitively should make sense because the prinapaires to give positive incentives for

1



Butters

good outcomes in the second period, while pengiZgood” outcomes in the first
period, when the agent should be investing in humapital. Given that the above
inequalities hold, the satisfaction of 6) and 7l emsure that 4) and 5) hold respectively
in addition to 8). Incentive constraints 6) andiM)s become the focus of the analysis.

Both of these constraints are completely indepeindkethe wage executed in the
first period, and can only be satisfied ifl!  (rewarding a “good” outcome in period
two). Note also that each constraint depends on in a negative relationship
unambiguously. This conclusion is consistent i notion Holmstrom-Milrom (1991)
describe when creating incentives for a multi-acspace. The incentives of one action
can in factdampenthe marginal effects of the incentives for theeotbecause of the
concavity of the utility functions. When these clusions are combined with the
alternative objective of the principal to minimitee wage bill, some very powerful
simplifications can be made. First, , due to the binding of the non-negative
constraints on the wage bill. Finally, , due to incentive constraints 6) and 7)
being independent of period one’s wage and theassiciated with subjecting the agent
to any risk in period oneThe wage offered in period one will thus be a camistvage,
and the wage offered in period two will be indeparidof the output realized in period
one Unlike the dynamic contracts in the literatutee optimal dynamic contract in the
presence of the learning curve will not exhibihamory

For the purpose of easing the analysis ondtniength of poweiof the wage
contract, the contract offered, from now on in @malysis, will be a linear combination of
a constant term (wage) in addition to an incentaren (bonus): . In

addition the principal will choose a dynamic contrauch that an affine wage is written
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for both periods; . The last two significant
steps in reducing the constrained optimization l@mbinclude noting that 7) guarantees
8), and 6) linearly depends on 7) and thus botmafbind unless:

& &+« & &

# " #

When all of these findings are combined a much Empget of incentive

constraints will result.

Optimization Problem #1.:

Note it will be assumed that:

# #
Max & 6 < & « & 6 < & 6
With respect to , ,such that:
& & @ B DB . #
@n @s 068 Pe< & 3 .,
The optimal wage contract then becomes  -Jk ;E‘L g —JKBLL 5 E
B 7, B

Optimization Problem #2:

Note it will be assumed that:

This optimal wage is based on the assumption tfeafarticipation Constraint is not
binding. This assumption allows for a much morenaige closed form solution,
however, the conclusions that are drawn from thikiteon are not specific to this
assumption.
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+
# #
Max & 6 < & « & 6 < & 6
With respect to , ,such that:
& &- @ Dbs
@a @8 06& DB < & 3 .,
The optimal wage contract then becomes —JK% —JK8LL 8 F
B ; : B

Value of Novs. Pg

- 2
-2

!
In 2+
r

" "l "1

Figure 2
In the Figure 2 three different functions (eachresponding to three different
levels of risk aversion) mapping the value ofversus& suggest that given a particular

risk aversion, as the probability of success afteestment in human capital gets larger,

", This optimal wage is based on the assumptionttigParticipation Constraint is not
binding. This assumption allows for a much morenaige closed form solution,
however, the conclusions that are drawn from thikiteon are not specific to this

assumption.



Butters

the bonus required to satisfy theentive Constraintslecreases. In addition, for a fixed
likelihood of success, increases in risk aversiolh also decrease the bonus term that
satisfies thdncentive Constraints.The costs of investment in human capital, andreffo

as well as the outside alternative remain conshaotighout this part of the analysis.

3.2 Two Period, Continuum Multi-Action Space, Infinte Outcome Principal-

Agent Problem

In the next theoretical model the verifiable outeoas well as the action space for the

agent will each be infinite continuum sets. Natatof these extensions will follow as:

In addition to the continuum extensions, the prdighdensity function for the
verifiable outcome (again a function of both effand human capital stock) will become
absolutely continuous. This density will be repregsd byR  $ where .

One important restriction on this density includest theS 2 T , constant for all
values of and . In other words, the level of uncertainty remaims same regardless of
the particular values of effort or human capitalckt or as the agent exerts effort or

becomes better endowed with human capital the lefvéhoise” in the realized output
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holds constant. Graphically an example of the fawi densities that might result from
the multi-action space with constant variancelissitated by Figure 3. Note that each
density has differing expected values, dependent $inbut that the spreads of each

remain fixed.

Probability Densities of X

\ I \ —— 34562
| —— 34562
34562

N\
UL —sese

A 1 + 0 /

Figure 3.

The utility function of the agent will again be anstant absolute risk aversion
concave separable function illustrated by: . There also
exists some function that is also differentiable. The wage contrakesathe
form of a linear combination of a constant termaddition to a incentive term:

. The principal will choose a dynamic contractlstitat an affine wage exists
for both periods; . The respective costs of
and combine to form a continuous convex cost functahere the following

requirements must be met: o w?J Y o as well
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as Y e , Y . The level of human capital stod,will follow the

equations$, $ $ . There will again exist some outside alternafoethe

agent that will guarantee a reservation utility of, A contract that gives a utility greater

then or equal to this reservation utility satisfiesParticipation Constrairt ,

The timetable of the dynamic contract will have #@ne structure as the first
theoretical model, shown in figure 1.

In order for tractable analysis, and ultimately tbe valid use of First Order
Conditions, extensions of both MLRC and CDFC need¢ defined and satisfitd
moving their definitions from a single action spacea multi-dimensional action space.

MLRC and CDFC, given absolute continuity of thetalmition functions, require the

distribution functions of the outcomé/ ( V\Z( R $ 5 ) be convex in action.

Given that the distribution functions in this modaell be functions of both effort and
human capital stock, extending MLRC and CDFC totiradtion spaces will require that
the Hessian of the distribution function be positsemidefinite (CDFC), as well as that
all partial derivatives of the distribution funati@re negative (MLRC).

Hessian:

(i T VC o
wYos o WY oos

Z

The requirement that the Hessian matrix be pasgamidefinite implies that:
9wl $ . 1%. Q
%Y $ ,1%. Q

1HvY s Y s VY 3 1%, Q

° Rogerson,W, 1985.
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Theseconditions supplement the requirement: all partial derivatives bein
negative:
12)w $ +
1) s+
Figure 4 illustrates an example of a possible serfan -dimensions) that woul

exhibit both MLRC and CDFC in this extended for

¢ ) ./ 0
T —
.»'/_
I
=
lll li/
. L B 1%
~ wy | /%" 1
* m o+
" %"+
| "%"
*++ , -
Figure 4.

Existence of an Optimal Wage Contract

Before definingthe optimal dynamic contracexplicitly, the existence of the
optimal contract needs to besured. Because the principal maximipesr a functional
space sufficient conditions for the existe of an optimal solution would inclu: 1)

compactness of the functional space and 2) cotyimfithe oljective function.
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Claim 2: There exists an optimal wage contract fothe principal in

Optimization Problem #3'®.

Proof: The objective function is a composition of contingo functions;
R $ w o are all continuous and thus there sum will also be

continuous. The functional space the principalrpies over can be explicitly described
as ( "y O T3 g N —?X‘. This functional space is indeed compact

because it is closed and bounded, where the baanedsbtained by: 1) not allowing the
wage to be negative and 2) not allowing the prialcip expect negative returns. By the
Weierstrass theorem there will exist an optimal evagpntract given the above

requirements of its obtainable valuas.

The next step in the analysis will be provingtthiven the existence of an optimal
wage contract, the agent’s maximization problem d governed by the First Order
Conditions with respect to the agent’s action spaémving the concavity of the agent’s

objective function in action justifies the use afsEOrder Conditions.

Claim 3: Given (1) MLRC and (2) CDFC are satisfiedand that the principal offers a
(3) linear wage contract then agent’s optimal actio will satisfy the First Order

Conditions.

! Optimization problem #3 is fully described on p&ge
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Proof: The necessary conditions for a functlon to have a local maximum atis
that the Hessian (df ) at Cis negative semidefinite. If one replaces the defimite
with definite in the requirement of the Hessian, then these eprtov be sufficient

conditions as well. The Hessian of the agent’&ctbje function is:

Z]

wy @8DaX Y
dRwr, 8 A'A

dR W $ @8DpX uy dR W
B B

B'B "BHA

$ @8DpX

dR uu

8DpX Uy 8DpX Uy
e $ @8Dg dR#A#A $ @8Dg )

7SN
This matrix will be negative semi-definite as loag MLRC and CDFC are

satisfied as well as the positive constraints @whge contract; , . Thus,

if the optimal action resides in the interior oétaction space then satisfaction of the First

Order Conditions guarantees the agent maximizét/ut

Now that the existence of an optimal contract hesnbproven as well as the
governing conditions for the agent’s maximizatiaonlgem the principal-agent problem
can now be defined.

Given the assumption of satisfaction of MLRC and RCD the Incentive
Constraints can be expressed as satisfying the First Orderdi@ons. The agent

maximizes utility with respect to

14) {w @8DAX R 5 W @8DsX R 5
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This optimization can be shown as finding the ( ¢ that satisfies these

three equations:

15)Ve  @8DX R 5 Y
16)We  @8DeX R 5 Y
17)Ve  @8DeX R 5 M

The principal’'s complete optimization problem d@nseen as:
Max {WR 0 35 WR 0 35 }
With respect to:

Subject to: (15)-(17) and

18)W @8DAX R 5 w @8DeX R 5

Proposition 2: Thdearning curvewill be defined as a distribution function thatcals
the principal to benefit from contracting the agémtinvest in human capital in the first

period.

Again, in order to express thearning curve explicitly one needs to move the
analysis to a situation of perfect and verifiabormation, where the principal can
contract the agent to take a particular action setdthe wage contract that satisfies the
participation constraint strictly. Given perfectdaverifiable information the principal’s

constrained optimization problem becomes:
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Max {WR 0 35 WR 0 35 }
With respect to such that

6789 "S# 89 "§* <

where ¢ ¢ € solve the FOCs:

U 6789 "S# 89 "§* <

19) WRY

6789 "S#5 89 "§* <
20) WR/ ¥

6789 "S#89 "§*
21)WRY u AR 8 F

Given MLRC and CDFC*® 1 gbb

y 6789 "£* 89 "§* <

22)WRY | ¥

Claim 4: There is alearning curveiff (22) holds.

Again, the intuition behind this inequality is sgiat forward. The learning curve
exists when marginal benefit of contracting for investment irunian capital
~WRY exceeds thenarginal cost of contracting for investment in huma

. 6789 "K* 89 "§* < ) . .
capitak~ ¥ a ° at °© ¢ . Because in this model both the action space

and the outcome are an infinite set there doesxist the same appealing split of the
differing effects of the learning curve, howevershould be noted that the shape of

(up to this point no restrictions have been madié)have a significant impact on both
the likelihood of the learning curve having a sfgaint effect on the optimal contract as

well as the shape of this contract.
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Now one must consider the Principal’s optimizatgroblem, given the presence

of thislearning curve The optimization problem can be characterized as

Optimization Problem #3:
Max {WR 0 35 WR 0 35 }
With respect to such that:

(15)-(17) and (22) are satisfied.

Here it will aid in the analysis to introduce thepg&ctation operator, denotédkc3

W Rc 5 (Implementing this notation, the optimization desh becomes:

23)Max{h0 3 hO 3hO0 3
hO 3
With respect to such that:

24) h4 @8DaX Y

25 hd @y
26) h4 @8DeX iV
27) hi @8DaX J hi @8DpX j’ -

An explicit description of the optimal dynamic ¢@ct can be found using the
following assumptions:
h&k $3 |I'$

S2&k3 T ;constant
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$
The optimal contract takes the form: ¢ ,where ¢ ¢if there is

a feasible contract.

3.3 Two Period Observable Learning Principal Agenfroblem

In the next model the investment in human capitiéll ve an observable action
that subsequently the principal can include in tmimal contract. This model
supplements modé&.1

All of the assumptions regarding the form of thiity function, the distribution
functions as well as cost functions will be the sams modeB.1. The one significant
departure in this model will be the form of the ioml contract. As a result of the
principal’s ability to observe and verify that thgent has invested in human capital, the
principal can contract for investment in human tapiExplicitly the change in the shape
of the optimal contract will be represented byadtrcing an additional variable in period
one’s contract, ! , which will represent a transfer of payments iféstment in human
capital takes place ( ! ).

To ease the length of the analysis this model kélldeveloped and compared

exclusively toOptimization Problem #1, specifically that:

It should be noted that an additional variable & needed in the second period
because of neither the principal nor the agentfitesrfeom the agent investing in human
capital in the final period.
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All of the same conclusions regardingand the set of incentive constraints generalize to
this extended optimization problem. This extendmmtimization problem can be

represented by the following program:

Optimization Problem #4:

28) Max{-( ! &
s.th.
29) & & @s D @a  Ca | “
30) @M @s ngg Pe< & .,
The optimal wage contract then becomes: ! ° c c =,

3.4 Infinite Horizon Utility Maximization with Lear ning Curve

In all of the previous models the duration of ttwmtract occurred over a finite
period. An important effect of the learning cutiat has yet to be identified, however, is
how the behavior of the agent would change if puan infinite horizon. By extending

model3.2into an infinite horizon one can identify the opél action space for the agent.

& npAop ;

e ZIK——5° S JK= =

5¢ —Jk 6B .
2 &=& \%89; oA_on,_

This optimal wage is based on the assumption kieaParticipation Constraint is not
binding. This assumption allows for a much moreaise closed form solution,
however, the conclusions that are drawn from thisten are not specific to this
assumption.
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Some additional assumptions will need to supplententstructure of modd.2
in order for the analysis to be tractable in annité horizon. First, the distribution
function given effort and the level of human capuall be normally distributed with
parametersqy | $ T . A distribution function of this form exhibits o MLRC and
CDFC.  Two minor revisions will be made to thdity function as well; 1) the utility
function will exhibit discounting by a term® (where trt and 2) the disutility of
effort and investment in human capital will be eegged within the exponential operator.
In addition, the cost functions will again be simpinear functions, ).
Although this cost function is convex, it also imegly implies that the two actions are
not substitute.

The shape of the contract offered to the agentacharzes the last defining
feature of this model. For this particular modék agent faces the same wage (

) in each period through out the infinite horizowhile this represents a significant
departure from the contracts described in the ditmere models (wher€'s and ’'s are
free to vary in differing periods), it is not immately clear if and how the optimal
contract would change given an infinite horizorholigh some important features of the
principal-agent problem are subsequently lost| stime important generalizations
regarding the agent’s behavior in an infinite honizan still be inferred. The resulting

extended optimization problem thus becomes:

As seen in Holmstrom-Milgrom (1987) wheiV , the two actions are
considered to be substitutes. .
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Optimization Problem #5:

- B; B
v@BIW" \x " x # x %' }23

3l)Max {ugy r*®
S.th.
32)% ~$s s 9
Where the optimal effort and investment in humapitehpolicy functions are:

$

?

Cc

¢ JK=r ‘-

4. Discussion

Even though all of the theoretical models developede significant
differences in their structure and the necessaysstor their analysis there do exist a few
generalizations that apply to all of them.

First, in each of the finite horizon models once ftbrincipal moves from a
situation of verifiable and perfect information tme of imperfect and unverifiable
information there is an increase in the cost oftramiing for each particular level of
effort and/or investment in human capital. Thetcesults from the fact that in all of the
models the principal writes a relativepowerful contract in the second period (i.e.

I in order to satisfy the incentive constraints andordingly subjects the agent to
some level of risk in the realization of the vexifie output. The Jensen inequality (given

a concave utility function) proves this cost dihgct

By B
@€ ——

The expected value of an exponential, & = B where X is distributed

(f.T
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h k + hk

If investment in human capital becomes a verigadahd contractible act then the
resulting optimal contract will pareto dominate tlentract in the situation of
unverifiable (in investment in human capital) infation. As illustrated by the two
optimal contracts found i@ptimization Problem #1 andOptimization Problem #4 the
agent also receivessaootherconsumption path in a situation of verifiable imf@tion.
Also, in the optimal contract found @ptimization Problem #4 the agent is subjected to
less risk. All of these findings suggest that bibi principal and agent would benefit if
able to move the contractual problem from a scenafiunverifiable information to
verifiable information even if only in regards toetinvestment in human capital. This
conclusion provides support for the introductiorffmofessional development programs”
as well as providing pay increases for advancedegsgin a relevant industry in typical
business employee contracts. Insurance premiucoutigs following the completion of
an instructive course, or tutorial would also seageexamples of principals and agents
attempting to move the level of human capital stivokn a possibly unverifiable value to
one that can be contracted (even as indirectlpag f these might seem).

Next, in all of the principal-agent problem moddisa dynamic contract is
feasible then the principal will provide a contrabiat both satisfies the incentive
constraints but also binds at the participation st@mnt (only exception comes iff

% satisfies the participation constraint). Thoulgé participation constraint does
turn out to be binding the agent receives a “risknpum” given a “good/better than
expected outcome”. This “risk premium” is offsetardingly by the penalty dispensed

following a “bad/worse than expected outcome”.
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The level of risk averseness will play a signifiteole in determining whether an
optimal contract will be feasible given the set iotcentive constraints and the
participation constraint. There exists levelsisk mverseness for given cost functions of
effort and investment in human capital that wileyent a dynamic contract from being
able to provide the proper incentives to engagegent with the learning curve.

In all of the models there exists a strong liketitd that theexpected consumption
path of the agent will not be smooth and thus walble to a pareto improving transfer of
payments from periods. The solutionsOptimization Problem #1 and #2,where the
entire wage offered is given in the second peritidstrate this conclusion most
evidently. Clearly, the principal could make anster of payments from period two to
period one in each of these examples making thetagectly better off, leaving the total
utility of the principal unchanged. This findingiggests that most optimal dynamic
contracts will be pareto inferior, due to the higbwered structure of later periods
relative to earlier periods. The unsmooth consionppath of the agent makes the
optimal contract vulnerable to renegotiation oklat commitment.

In models3.1, 3.2,and3.3the principal writes a relatively more powerfuht@ct
in the second period compared to the first. Thepe of the optimal dynamic contract
results from two contributing factors. First, &8 tpower of the contract in the second
period increases the gains to investing in humaitadafor the agent will also increase.
Next, as the power of the first period’'s contragtreases the opportunity cost of
investing in human capital for the agent also iases (assuming that the two actions are
at least not complements). This result paralleésdonclusions found in Holmstrom and

Milgrom (1991). Combining the effects of both bése conclusions leads to tgtimal



Butters

dynamic contract becoming relatively more powedgr the time period of the contract
in the presence of a learning curve

Another important characteristic of the analysfstlte learning curve is the
difference in the effects of: the (1) gaindikelihood of successful outcomes and the (2)
gains inoutput of successful outcomes. The first of these gaffect both the
principal’s and agent’s optimization problem, white second of these gains affects only
the principal’'s optimization problem. The gainghe likelihood of successful outcomes
denote a built-in incentive for the agent to invieshuman capital (as long as| ).
Subsequently, as the gains in likelihood of sudoéssitcomes increase, the need for the
agent to reward successful outcomes (and creategrencentives to invest human
capital) decreases. Figure 2 best illustratesatfiest.

The gains in output of successful outcomes, orother hand, is an effect of the
learning curve that only affects the principal’diopzation problem. In the analysis of
the optimal dynamic contract the production functimost directly influenced the
particular functional space. The greater the gainthe successful outcomes the richer
and larger the functional space became. This tedlémns the principal greater capability
to write a contract that will both satisfy tHecentive Constraintsand Participation

Constraintsgiven some particular level of risk aversenessngeéquently as the gains in
successful outcomes increase ( _) in Optimization Problem #1, #2, and #% the

more robust the optimal dynamic contract will bertoreases in risk aversion from the

agent as well as the particular cost functiontefagent and the outside alternative.
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5. Conclusion

It has been the purpose of this paper to attemgémoonstrate that the presence of
a learning curve can govern the shape of the optiyreamic contract. In the presence
of a learning curve one can expect that the optioasitract will get relatively more
powerful in later periods. Holding other variablemstant the greater the gains for the
principal to investment in human capital the gredite likelihood an optimal contract
will be feasible (even with high levels of risk as®n from the agent). In addition, the
relative power of the optimal contract has an inverse relationshifh the marginal
increase in expectation with respect to investnrehtiman capital

Generally speaking one would expect to see jobshage significant gains in
output from learning curves to have dynamic consréitat get relatively more powerful.
The most apparent illustration of this notion i ghrivate sector comes in the form of
“partner-tracked” contracts in law firms or equiiyms. A significant amount of athletic
contracts exhibit this affinity to becoming moreentive based further into the duration
of the contract as wéfl

In order to make general statements regardingfteeteéhe learning curve had on
the shape of the optimal dynamic contract sevesalimptions were used to make the
analysis significantly easier and more tractablhese assumptions serve as the most
likely sources of further research.

The most restrictive assumption and most evidepadeare from the real world

proves to be the structure of the participationst@mnt in the three principal-agent

* An additional argument exists that athletic cortsdmecome more powerful later in the
contract to shelter the principal from some ofttils& of future injuries to the athlete.

1
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problem models. As mentioned earlier, the exogentharacterization of the outside
alternative suggests that the agent does not beomme/less attractive to other
employers after the realization of past verifiablgputs. Though there was a suggestion
that this coincides well with Jovanic’s “firm spécicapital”, it would be intriguing to
determine what influence allowing the outside alé¢ive to be function of past period
realized outputs might have on the shape of thengptontract.

Another exogenous factor in all of the models ideld the variance of the
realized output. More specifically, this exogerngugiven variance remained constant
throughout all levels of effort and human capitalc&. This coincides with the intuition
that even as effort or human capital stock incredise noise of the verifiable output still
remains constant. It does not seem unreasonableever, to suggest that perhaps the
noise could decrease as the level of human cagtitek increases; not only are there
“marginal productivity gains” to human capital kiere are also “decreased volatility

gains”. A possible distribution function that wdwxhibit this characteristic would be if

R $ .0 ! for $ and =

/8\ B
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Probability Distributions Exhibiting “Decreased Vol atility Gains”

— 3 625736289/
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Figure 5

Initially it seems that if increased levels of haimcapital also decreased the
variance of the realized output, and subsequehéycbst of making a powerful contract,
that one would expect the learning curve to playaen larger impact in such a model.
Further analysis of the role gains in decreasedtiity might have, would supplement
the principal-agent literature both in a dynamid atatic perspective.

Another significantly restrictive assumption usadbth models was the constant
absolute risk aversion of the utility functions. gain for tractability and ease of the
analysis, wealth effects were not allowed to inficee the shape of the optimal contract.
Allowing for a more general class of utility funmtis would, however, increase the
applicability of the result.

A common intuition and empirical regularity suggeshat individuals become
less risk averse as their wealth increases. lofdle models developed in this paper the

risk averseness is both exogenous to the modeledisas fixed over income levels.
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Through out the analysis of the learning curve tis& averseness had a negative
influence on the most powerful feasible contraétlowing the risk averseness of the
agent to decrease with wealth illustrates an istarg extension to the analysis
conducted in this paper.

The shape of the utility function did not allow feavings or access to credit
markets. In all of the models the agent was atntieecy of receiving utility from the
wage bill received in that period and that peritmha. In the literature the assumption of
restricting the agent from access to credit marketssbeen both a debated topic as well
as a significant source of complication in devehgpthe analysis in the principal-agent
problem. Weakening this assumption does not peoaictlear intuition as to how the
principal will write an optimal dynamic contractkiag into account the ability of the
agent to borrow or save at some exogenous reaésttate.

Finally, the most significant area for further rasdh comes in the treatment of
how time affects the shape of the optimal dynanoiati@act. In all three principal-agent
models the contract was written for a fixed fingeriod of time. A significant finding
would be to identify how moving the analysis toiafinite time horizon affects the shape
of the dynamic contract. This paper makes a coedeeffort to make some
generalizations of the effect of an infinite honzon an agent’s behavior in the presence
of the learning curve facing an unchanging wagdresh Once the wage contract is free
to vary across time periods in an infinite horizbowever, the ability to use even the
simplest dynamic programming tools such as thenig®ll Value functions and the

stationary principle no longer exists. A signifitaadvancement for the principal-agent
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literature would be to solve one such problem wiileeeobjective function of the agent is
not autonomous.

Allowing the terminal period of the contract to ¢athe form of a random variable
illustrates another possible extension of the stechdhpproach to the principal-agent
problem. Both principal and agent would need tespss some beliefs as to the
likelihood of the contract terminating at each giveeriod, but the particular form and
structure of this belief could prove to vary widely

The greatest source of further research in thecjpahagent literature will most
likely always have its foundations in various wagdreat time in the model. It should
not be alarming that this is the case, however, tduthe wide variety of ways time
affects contracts in the real world. Finite honzanfinite horizon, uncertainty in
termination, as well as both the principal andfgera controlling the termination of the
contract all represent examples of types of cotdrtat can be found everyday in the
real world. It was the hope of this paper to aréhe foundations of how the presence of

a learning curve could possibly affect each of éhgpes of contracts.
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6. Appendix
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