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Abstract

This paper considers a new class of two-player repeated games with pri-
vate monitoring, where the unobservable state of the world influences the
payoff functions and the relationships between the distribution of signals and
actions played. We focus dielief-free ex-post equilibriéBFXE), a subset
of sequential equilibria that has a tractable structure and several robustness
properties. We characterize the limit set of BFXE payoffs as the discount
factor converges to one. In addition, under mild identifiability conditions,
the limit equilibrium payoff set is isomorphic to the set of maps from states
to belief-free equilibrium payoffs for the corresponding known-state game;
that is, there are BFXE in which the payoffs are approximately the same as
if players learn the true state and play a belief-free equilibrium for that state.
As an application, we show that BFXE can approximate efficiency in some
economic examples such as investment games with uncertainty. When the
signal distribution is weakly conditionally independent, a larger payoff set
can be achieved using a variant of BFXE.
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1 Introduction

The theory of repeated games provides a framework to investigate how long-term
relationships facilitate cooperation in various environments. Recently, consider-
able progress has been made in the study of gamesmpigrfect private monitor-

ing, where players do not directly observe their opponents’ actions but instead ob-
serve noisy private signals, as in the “secret price-cutting” game of Stigler (1964).
Consider an oligopolistic market where firms sell to industrial buyers and interact
repeatedly. Price and volume of transaction in such a market are typically de-
termined by bilateral negotiation between a seller and a buyer, so that both price
and firm sales are private information. In this situation, a firm’s sales level is a
noisy information channel of price of the opponents, as it tends to be low if the
opponents (secretly) undercut their price.

Under private monitoring, players do not share any common information, so
it is not obvious whether they can coordinate to punish a deviator. Nevertheless
past work has shown that a long-term relationship still helps provide incentives
to cooperaté. All this work assumes that players know the distribution of private
signals as a function of the actions played, but this assumption is frequently not
appropriate. For example, in a secret price-cutting game, a firm may know that
its sales level tends to decrease if the opponents undercut their price, but may not
know exactly how likely it is to decrease. Or, in a principal-agent model where the
principal forms a subjective evaluation on the agent’s performance, the agent may
know that high effort makes good evaluation likely, but may not know its exact
probability. This paper investigates the effect of such uncertdinty.

IHarrington and Skrzypacz (2010) report that these properties are common to the recent ly-
sine and vitamin markets. Other examples of private monitoring include relational contracts with
subjective evaluations (Levin (2003) and Fuchs (2007)) and international trade agreements in the
presence of concealed trade barriers (Park (2010)).

°For example, Pareto-efficient outcomes can be approximately achieved in the prisoner’s
dilemma, when observations are nearly perfect (Sekiguchi (1997), Bhaskar and Obara (2002),
Piccione (2002), Ely and &imaki (2002), Horner and Olszewski (2006), Yamamoto (2009),
and Chen (2010)), nearly public (Mailath and Morris (2002), Mailath and Morris (20Gi&)é
and Olszewski (2009), and Mailath and Olszewski (2010)), statistically independent (Matsushima
(2004) and Yamamoto (2007)), or even fully noisy and correlated (Fong, Gossmaerténd San-
nikov (2010), Sugaya (2009), and Sugaya (2010b)). Kandori (2002) and Mailath and Samuelson
(2006) are excellent surveys. See also Lehrer (1990) for the case of no discounting, and Fudenberg
and Levine (1991) for the study of approximate equilibria with discounting.

3Note that a sequential equilibrium with the known signal distribution is not necessarily an
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Specifically, we study two-player repeated games in which the state of the
world, chosen by Nature at the beginning of play, influences the distribution of
private signals and/or the payoff functions of the stage game. Players may have
(perfect or imperfect) private information about the true state before play begins.
Note that the state can affect the payoff functions directly, and can affect it indi-
rectly through the effect on the distribution of signals. For example, in a price-
setting oligopoly, the firms tend to have higher expected payoffs at a given price
at states where high sales level is likely, and hence even if the payoff to each sales
level is known, uncertainty about the distribution of sales levels yields uncertainty
about the expected payoffs of the stage game. To the best of the author’s knowl-
edge, this is the first to consider such uncertainty under private monitoring.

Since observations are private information in our model, players’ posterior
beliefs about the true state need not coincide in later periods. In particular, while
each player may learn the true state from her private history in the long run, it
may not lead to “common learning” in the sense of Cripps, Ely, Mailath, and
Samuelson (2008), i.e., the true state may not necessarily be (approximate) com-
mon knowledge among playetsAs a result, even if each player can learn the
true state from private signals in the long run, it is not obvious whether players
can coordinate to condition their play on the state. These features complicate the
verification of the incentive compatibility of a given strategy profile, and make it
difficult to characterize the entire equilibrium set. Instead, this paper looks at a
tractable subset of Nash equilibria, calleelief-free ex-post equilibriar BFXE
A strategy profile is a BFXE if its continuation strategy constitutes a Nash equi-
librium given any state and given any history. In a BFXE, a player’s belief about

equilibrium if we introduce small uncertainty about the signal distribution.

4Fudenberg and Yamamoto (2010a) and Fudenberg and Yamamoto (2010b) consider similar
uncertainty but assume that signals are public information. Wiseman (2010) considers the case
where players receive private signals drawn from an unknown signal distribution as in this paper,
but he assumes that players observe actions and (almost) public information about the true state.
Also, there is an extensive literature on repeated games with unknown payoff functions and per-
fectly observed actions, notably Forges (1984), Sorin (1984), Hart (1985), Sorin (1985), Aumann
and Maschler (1995), Cripps and Thomas (2003), Gossner and Vieille (2003), Wiseman (2005),
Horner and Lovo (2009), anddtner, Lovo, and Tomala (2009).

SCripps, Ely, Mailath, and Samuelson (2008) consider the situation where players try to learn
the unknown state of the world by observing a sequence of private signals over time, and give
a condition under which players commonly learn the state. In their model, players do observe
private signals, but do not choose actions. On the other hand we consider strategic players, so that
their result does not directly apply to our setting.
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the true state is irrelevant to her best reply, and hence we do not need to track the
evolution of these beliefs over time. This idea is an extension of ex-post equilibria
of static games to dynamic settifigAnother important property of BFXE is that

a player’s best reply does not depend on her belief about the opponent’s private
history, so that we do not need to compute these beliefs as well. This second
property is closely related to the conceptbaiief-free equilibriaof Ely, Horner,

and Olszewski (2005), which are effective in the study of repeated games with
private monitoring and with no uncertainty. Note that BFXE reduce to belief-free
equilibria, if the state space is a singleton so that players know the structure of the
game’

As mentioned above, the set of BFXE is only a subset of Nash equilibria,
and need not always exist (although we show that BFXE exist when players are
patient and some additional conditions are satisfied; see Remark 2). Nevertheless
the study of BFXE can be motivated by the following considerations. First, BFXE
can often approximate the efficient outcome, as we show in several examples.
Second, BFXE are robust to any specification of the initial beliefs, just as for
ex-post equilibria. That is, BFXE remain equilibria when players are endowed
with arbitrary beliefs which need not arise from a common prior. Third, BFXE
are robust to any specification of how players update their beliefs. For example
BFXE are still equilibria even if players employ non-Bayesian updating of beliefs,
or even if each player may observe unmodeled signals that are correlated with
the opponent’s past private history and/or the true state. Finally, BFXE have a
recursive property, in the sense that any continuation strategy profile of a BFXE
is also a BFXE. This property greatly simplifies our analysis, and may make our

6Some recent works use this “ex-post equilibrium approach” in different settings of repeated
games, such as perfect monitoring and fixed statésrét and Lovo (2009) anddtiner, Lovo,
and Tomala (2009)), public monitoring and fixed states (Fudenberg and Yamamoto (2010a) and
Fudenberg and Yamamoto (2010b)), and changing states with an i.i.d. distribution (Miller (2009)).

"The idea of belief-free equilibria is proposed by Piccione (2002) and extended by Ely and
Valimaki (2002), Ely, Horner, and Olszewski (2005), and Yamamoto (2007). Its limit equilibrium
payoff set is fully characterized by Ely,dther, and Olszewski (2005) and Yamamoto (2009).
Olszewski (2007) is an introductory survey. Kandori and Obara (2006) show that belief-free equi-
libria can achieve better payoffs than perfect public equilibria for games with public monitoring.
Kandori (2010) proposes a generalization of belief-free equilibria, called weakly belief-free equi-
libria. Takahashi (2010) construct a version of belief-free equilibria in repeated random matching
games. Bhaskar, Mailath, and Morris (2008) investigate the Harsanyi-purifiability of belief-free
equilibria. Sugaya and Takahashi (2010) show that belief-free public equilibria of games with
public monitoring are robust to private-monitoring perturbations.
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approach a promising direction for future research.

In Section 4, we provide a full characterization of the set of BFXE payoffs in
the limit as the discount factor goes to one. Since we consider games with two or
more possible states, there is often a “trade-off” between equilibrium payoffs for
different states; for example, if a player has conflicting interests at different states,
then increasing her equilibrium payoff for some states may necessarily lower her
equilibrium payoff for other states. Our characterization result builds on the linear
programming (LP) technique of Ely,dtiner, and Olszewski (2005), but we need
to take into account the effect of this trade-off, which was not present in their
analysis® Specifically, we consider a static LP problem whose objective function
is a weighted sum of a player’s payoffs at different states, and demonstrate that
the limit set of BFXE payoffs is characterized by solving these LP problem for
all weighting vectors. In particular the trade-offs between equilibrium payoffs for
different states are determined by LP problems for weighting vectors that have
non-zero weights on two or more states.

Next, in Section 5, we focus on a class of games where the signal distributions
are different for different states, which allows each player to learn the true state
from a sequence of private signals in the long run, and investigate how it affects
equilibrium payoffs. In our model, players do not share any common information,
and hence it is not obvious whether players can coordinate their play state by
state even if individual state learning is possible. Nevertheless, we establish that
the limit set of BFXE payoffs is isomorphic to the set of maps from states to
payoffs that are achieved by belief-free equilibria for the corresponding known-
state game. That is, there are BFXE where the payoffs are the same as if both
players learn the true state and coordinate to play a belief-free equilibrium for
that state. Applying this state-learning theorem, we show that there are BFXE
approximating the efficient outcome state by state in some economic examples
such as investment games with uncertainty.

To understand the intuition behind the state-learning theorem, it is helpful
to consider players’ behavior on the equilibrium path. Roughly speaking, our
equilibrium strategy is constructed in such a way that (i) playmakes player

8Fudenberg and Levine (1994) proposes a linear programming characterization of the equi-
librium payoff set in repeated games with public monitoring, and this technique is extended by
subsequent papers such as Elgrier, and Olszewski (2005), Fudenberg, Levine, and Takahashi
(2007), Fudenberg and Yamamoto (2010a), and Fudenberg and Yamamoto (2010b).
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—i indifferent over all possible continuation strategies given any history, and (ii)
playeri controls player—i’s payoffs in such a way that playeri’s continuation
payoff at statew is close to the target payoff when playienas learned that the

true state is likely to bev. Property (ii) implies that playerrs individual state
learning is sufficient for playeri’s payoff of the entire game to approximate the
target payoff state by state. Thus, if each player can individually learn the true
state, then both players’ payoffs approximate the target payoffs state by state, as
stated in the theorem. Also, this strategy profile is indeed incentive compatible, as
property (i) assures that a player’s play is optimal after every history.

Finally in Section 6, we consider the special case of gamesindipendent
monitoring where players observe statistically independent signals conditional
on an action profile and a hidden common shock, and show that a larger payoff
set can be attained by a variant of BFXE. For games with the known signal dis-
tribution and with independent monitoring, past work (Matsushima (2004), Ely,
Horner, and Olszewski (2005), Yamamoto (2007), and Yamamoto (2010)) com-
bines the idea of review strategies of Radner (1985) with belief-free equilibria,
and shows that Pareto-efficient outcomes are often approximated. We find that
their basic idea extends to games with unknown states, although their constructive
proofs do not directly apply. Specifically, we consideperiod LP problems as
extensions of the static LP problems in Section 4, and characterize the limit payoff
set of review strategies with the belief-free ex-post property using these LP prob-
lems. As an application, we show that there is an ex-post efficient equilibrium in
a secret price-cutting game where the signal distribution is unknown and indepen-
dent. This result allows us to show that cartel is self-enforcing even if firms do
not know how profitable the market is.

2 Framework

2.1 Model

Given a finite selX, let AX be the set of probability distributions ov&r, and
let 2(X) be the set of non-empty subsetsXafi.e., 22(X) = 2%\ {0}. Given a
subseW of R", let cdN denote the convex hull ak.

We consider two-player infinitely repeated games, and the set of players is



denoted byl = {1,2}. At the beginning of the game, Nature chooses the state
of the world w from a finite setQ = {wy, -,y }, and then each player obtains
private information about the true stade Specifically, the se®; of playeri’s
possible private information is a partition &, and given the true stat € Q,

she observe8® € ©;, where8® denotes; € ©; such thatw € 6. For notational
convenience, 1e8® = (6%)ic;. In this setting, private informatiog® allows
playeri to narrow down the set of possible states. For example, plageows

the state if9; = {(w1),-- -, (wp)}. On the other hand, playehas no information
about the state iB; = {Q}. Given g, € ©;, playeri forms a belief about the true
statew, but as we restrict attention to ex-post equilibria, the specification of such
a belief is irrelevant.

Each period, players move simultaneously, and playeit chooses an ac-
tion g from a finite setA;. Let A= xig/Ai. Given an action profilea € A,
each player observes a private signal. Betdenote a finite set of playeis
signals, and lekE = xj¢%;.° Let n®(-Ja) € AZ be a probability distribution of
a signal profilec = (ai)ic| € Z at statew given an action profila € A. Also,
let 7°(-|a) denote the marginal distribution af; € %; at statew conditional
onac A, thatis, n%(gi|la) = 34 s M¥(0la). Playeri’s realized payoff is
u®(a,0;), so that her expected payoff at stategiven an action profile is
g7(a) = Sges, P(ai|a)u®(a, 0i). We write 1*°(a) andg?(a) for the proba-
bility distribution and expected payoff when players play a mixed action profile
a € xic AA;. Similarly, we writeni®(a;, a_;) andg®(a;, a—;) for the probability
distribution and expected payoff when playdrplays a mixed action_; € AA .

Let g“(a) denote the vector of expected payoffs at statgive an action profile
2,10

In the infinitely repeated game, players have a common discount factor
(0,1). Let (&, ql") be playeri’s pure action and signal in period and we de-
note playeri’s private history from period one to period peribd> 1 by ht =

(af,a")t_,. Leth? =0, and for eacht > 0, let H! be the set of alhl. Also, we

9Here we consider a finitE; just for simplicity; our results extend to the case with a continuum
of private signals, as in Ishii (2009).
10if there arew € Q and@ # w such thaB® = 8 andu®(a;, a;) # u®(a;, o) for somea; € A
ando € %, then it might be natural to assume that plalydoes not observe the realized value of
u; as the game is played; otherwise players might learn the true state from observing their realized
payoffs. Since we consider ex-post equilibria, we do not need to impose such a restriction.
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denote a pair of-period histories byt = (h%,h}), and letH' be the set of alh'.
A strategy for player is defined to be a mappirgy: ©; x Ui oH! — AA. LetS
be the set of all strategies for playieand letS= x¢|S.

We define the feasible payoff set for a given stat® be

V() = co{g®(a) ac A}

As in the standard case of a game with a known state, the feasible set is both the set
of feasible average discounted payoffs in the infinite-horizon game when players
are sufficiently patient and the set of expected payoffs of the stage game that
can be obtained when players use of a public randomizing device to implement a
distribution over the action profiles.

Next we define the feasible payoff set for the overall game to be

V = XweQV(a)).

Thus a vectowv € V specifies payoffs for each player and for each state, i.e.,
v=((v{*,V31),---,(Vi®,v5®)). Note that a giverv € V may be generated us-
ing different action distributions in each state If players observev at the start

of the game and are very patient, then any payoff icen be obtained by a state-
contingent strategy of the infinitely repeated game. Looking ahead, there will be
equilibria that approximate payoffs \nif the state igdentifiedby the signals, so
that players learn it over time.

2.2 Belief-Free Ex-Post Equilibrium

This paper studies a special class of Nash equilibria chibédf-free ex-post equi-
libria. Foreach €l,s €S, 6 € ©;,t >0, andh! € H!, let si|(g,1t) denote the
continuation strategy induced lsywhen playei observedd and her past private
history wash!. For notational convenience, I8to.nt) = (Sl n)icr-

Definition 1. A strategy profiles € Sis abelief-free ex-post equilibriuror BFXE
if for eachw € Q, t > 0, andh' € Ht, the continuation strategy profi ge 1)
is a Nash equilibrium in the continuation game after,ht). That is, for each
weQ,iel, t>0, andh' € H', the continuation strategy| g ) is a best reply
tos_i|(gw 1t ) given that the true state is.
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In BFXE, a player’s best reply does not depend on her belief about the true
state or about the opponent’s private history. Thus we do not need to compute
these beliefs for the verification of incentive compatibility, which considerably
simplifies the analysis. BFXE reduces to belief-free equilibria of EGridr, and
Olszewski(2005, hereafter EHO) in known-state games,|{2.= 1. Note that
repetition of a static ex-post equilibrium is a BFXE. Note also that a BFXE might
not exist; for example, if there is no static ex-post equilibrium and the discount
factor is enough close to zero, then there is no BFXE.

2.3 BFXE with Public Randomization

EHO show that allowing access to public randomization greatly simplifies the
analysis of belief-free equilibria. Here we follow this approach, and study BFXE
for games with public randomization. We assume that players observe a public
signaly at the beginning of every period. Suppose that public signals are i.i.d.
draws from the uniform distribution ovi = [0,1]. Lety* denote a public signal
in periodt, and with abuse of notation, l&f = (y,a', o), _; denote playei’s
history up to period. Likewise, leth' = (y*,(al,07)ic)_; denote a pair of
private and public histories up to periodLet H! be the set of alh!, andH! be
the set of alh'.

In this setting, a player’s play in peridd- 1 is dependent on her own history up
to periodt and a public signal at the beginning of period 1. Thus a strategy for
playeri is defined as a mappirg: ©; x Ui~ o(H! x Y) — AA,. Lets|(9“h}’yt+1) de-
note the continuation strategy afté, hi,y' 1), and lets| g y y+1) = (S |Gty iet
The following is a natural extension of the concept of BFXE to games with public
randomization.

Definition 2. A strategy profiles € Sis a BFXE with public randomizatioff

for eachw € Q,t > 1, =1 € H'"1 andy! €Y, the continuation strategy profile
S|(ew7ht717yt) is a Nash equilibrium of the infinitely repeated game with the true
statew.

In what follows, we look at a tractable class of BFXE, caktationary BFXE
Note that this is parallel to EHO’s method; they focus on stationary belief-free
equilibria to derive a powerful characterization of the equilibrium payoff set. To



give the definition of stationary BFXE, the following notation is useful. For each
i €l and6 € 6, letR(6) be a non-empty subset Af. As will be explained, this
Ri(6) C A is interpreted as the set of “recommended actions” for playéth
type 6. LetR= ((R(8))gco, )icl, that is,R specifies a recommended action set
for each pair(i, 6) of a player and a type. We call suBtaregime and letZ be

the set of all possible regimes, i.e.,

K = Xicl Xgee, Z(A) = Xicl Xgeo (2Ai \{0}).

Let f : [0,1] — Z be a mapping that selects a regiRe % contingently on a
public signaly € [0,1], and letS(f) be the set of all player's strategies such
that in each periodl, playeri chooses her action from the recommended set cor-
responding to the current regine= f (y*). That is, for each measurable function
f:]0,1] — %, S(f) denotes the set of aff € S such that for each;, t > 1, h}‘l,

y', anda;, s(e.,h}‘l, )[ai] = 0if & is not an element of th@, 6)-component of

f(y).

Definition 3. A strategy profilesc Sis astationary BFXE with respect o A%
(or BFXE with respect t@ in short) if there is a functior : [0, 1] — # such that
(1) fye{y“(y):R}dy: p(R) for eachR € Z, (ii) s € S(f) for eachi € |, and (jii)
§|(9i“’7h§‘17>") is a bestreply te_; |(93,;i7ht:i11yt) foreachi€1,§ € S(f), we Q,t > 1,
ht=1, andyt.

Clause (i) says that a mappirfgselects a regim& with probability p(R) in
each period. Clause (ii) says that each player chooses her action from the recom-
mended set. Clause (iii) requires that choosing any recommended action is opti-
mal given any history and given any stae It follows from clauses (ii) and (iii)
that a stationary BFXE with respect pis a BFXE with public randomization.
On the other hand a BFXE with public randomization may not be a stationary
BFXE, as we do not allow a player’s best reply (a mappfngo depend on a
calendar timé in the the definition of stationary BFXE. Nevertheless, restricting
attention to stationary BFXE is without loss of generality as far as players are pa-
tient enough and only equilibrium payoffs are concerned; indeed, in the limit as
0 goes to one, the payoff set of BFXE with public randomization is equal to the
union of the sets of stationary BFXE payoffs overm A%.11

1The proof is very similar to the on-line appendix of EHO so that we omit it.
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When we consider stationary BFXE with respecptavithout loss of gener-
ality we can assume that the set of possible public signa# (isather tharj0, 1)
and that public signalg/);> ; are i.i.d. draws from the distributiope AZ%. We
will maintain this assumption in the rest of this paper for notational convenience.
Given a discount factod € (0,1), let EP(J) denote the set of BFXE payoffs
with respectt € AZ, i.e.,EP(J) is the set of all vectorg = (V) ; i)c1xq SUch
that there is € Ssuch thasis a stationary BFXE with respect fpand satisfies

1-0)E| Y s gP(d
( )[t; g'(@)

W
S, W, p] = Vi

foralli €1 andw € Q. Note thatv € EP(d) specifies the equilibrium payoff for
all players and for all possible states. Also, for eaehl, let EP(5) denote the

set of playeli’s BFXE payoffs with respect tp € AZ, i.e., Eip is the set of all

Vi = (V) weq € RRI®l such that there is a BEXE with respectdsuch that player
iI’s equilibrium payoff at statev is v for eachw € Q.

The following proposition asserts that givepa A%, stationary BFXE with
respect tq are interchangeable. To see the reasors deids be stationary BFXE
with respect tqp. By the definition of stationary BFXE, choosing a recommended
action in every period is a best reply£o; | i for anyt andﬁt_i, and thus playing
S|ty is a best reply té i for anyt, hf, andht . Likewise §|yy is a best reply
to s_i\ﬁti for anyt, hi, andﬁﬁi. Therefore both{s;, %) and(§;,s;) are stationary
BFXE.

Proposition 1. Let p € AZ, and lets and S be stationary BFXE with respect to
p. Then, the profile$s;, %) and (51,s,) are also stationary BFXE with respect to

p.

The next proposition states that giverpathe equilibrium payoff set has a
product structure. This conclusion follows from the fact that stationary BFXE are
interchangeable: To see this, fixpaand lets be a stationary BFXE with payoff
v = (vq,V2), andS be a stationary BFXE with payoif= (V1,V»). Since stationary
BFXE are interchangeablés;, %) is also a stationary BFXE, and hence plager
is indifferent betwees; and$; agains®,. This implies that playet’s payoff from
(s1,%) is equal tovy. Also, player2 is indifferent betwees, and$, againsts;, so
that her payoff fron(s;, %) is equal tov,. Therefore(s;, %) is a stationary BFXE
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with payoff (V1,v2). Likewise,(51,s) is a stationary BFXE with payoffvy, V»).

This argument shows that the equilibrium payoff set has a product structure, i.e.,
if v andV are equilibrium payoffs thef¥,v») and (vq,%) are also equilibrium
payoffs.

Proposition 2. For any$ € (0,1) and anyp € A%, EP(8) = xicEP(d).

Since the equilibrium payoff s&P(J) has a product structure, one may expect
that we can characterize the equilibrium payoff set for each player separately. In
the next section, we show that this conjecture is true and develop a general method
to compute the set of stationary BFXE payoffs.

Remark 1. It may be noteworthy that Propositions 1 and 2 are true only for two-
player games. To see this, leandS be stationary BFXE with respect foin a
three-player game, and consider a prof8g s,s3). As in the two-player case,

§ is a best reply tdsp,s3). However,s; is not necessarily a best reply (8, s3),
since$§; can give right incentives to play@ronly when playeB playsS;. There-

fore (81,5,S3) is not necessarily a BFXE. Since Propositions 1 and 2 are key
ingredients in the following sections, it is not obvious whether the theorems in
the following sections extend to games with more than two players. A similar
problem arises in the study of belief-free equilibria in known-state games; see
Yamamoto (2009).

3 Individual Ex-Post Self-Generation

Abreu, Pearce, and Stachetti (1990) gives a precise characterization of the set
of prefect public equilibrium payoffs for repeated games with public monitoring,
using the recursive property of prefect public equilibria. EHO extend this idea to
the case of private monitoring, and provides a recursive characterization of the set
of belief-free equilibrium payoffs. In this section, we adapt their technique and
develop a general method to compute the set of stationary BFXE payoffs.

By definition, any continuation strategy of a stationary BFXE is also a sta-
tionary BFXE. Thus a stationary BFXE specifies BFXE continuation play after
any one-period historyy,a,0). Letw(y,a,0) = (W’(y,a,0))i w)ecixq denote
the continuation payoffs corresponding to one-period histgrg, o). Note that
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playeri’s continuation payofiv®(y,a, o) at statew is independent ofa;, ¢;), as
the continuation play is an equilibrium given af@y, g ); thus we writen®(y,a_i, 0_;)
for playeri’s continuation payoff. Lew®(y,a_j) = (W*(y,a_i,0-i))s ;cs_;,» and
we write 1% (a) - W (y,a_;) for playeri’s expected continuation payoff at stabe
given a public signay and an action profile. (Recall thatt (a) is the marginal
distribution of player—i’s private signals at stat®.) Also, letw;(y,a_j,0_;) =
(WE(Y.2i,0-1))wea-

Let i = (GiR’G')(R,e.)e@xei be such thauiR’G' € AR(6) for eachR € # and
6 € ©;, and we call iplayeri’s action plan In words, an action plad; specifies
what action to play for each public signBle # and for each typ&; € ©;, in
such a way that the specified (possibly mixed) actjxﬁwe' is chosen from the
recommended sehR;(6). Let Aﬁq denote the set of all such playies action
plansd;. That is,AA = Xgez Xgce, ARI(6).

For a payoff vector; € RI?l to be a BFXE payoff, it is necessary thais an
average of today’s payoff and the (expected) continuation payoff, and that player
is willing to choose actions recommended by a public signalperiod one. This
motivates the following definition:

Definition 4. For & € (0,1), W C RI®, andp € A%, playeri’s payoff vector
Vi = (V) wea € RR/®l is individually ex-post generated with respect{ W, p) if
there is player-i’s action pland_; € Aﬂ_i and a functionw; : Z x A_i x Z_j — W
such that

RO% @ WP (5,RaR a ) 1)

v'=3> p(R a”

| Rez,%’ &i;i I

for all w € Q and(al)re4 satisfyingal € R (6%) for eachR € %, and
R 6%

Viw > z p(R) % Aafi - (a—i)wi(‘)(csv R7a~|R7a—i) (2)

ReZ

for all w € Q and (af)re4 satisfyingal € A for eachR € %. Here, for each
weQ,ReZ,andac A,

We(5,R a) = (1—8)g®(a) + on%(a) - W (R a i),

that is, W (d,R,a) denotes player’s total payoff at statev given that today’s
public signal and action profile iR a) and the future continuation payoff is
Wia)(Rva—in—i)'
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The first constraint is “adding-up” condition, meaning that for each state
the target payoff/* is exactly achieved if player chooses an action from the
recommended sd&(6) C A; contingently on a public signd®. The second
constraint is ex-post incentive compatibility, which implies that playeas no
incentive to deviate from such recommended actions.

For eachd € (0,1),i €I, W C RI®/, andp € A%, letBP(5,W) denote the
set of all playeri’s payoff vectorsy; € RI? individually ex-post generated with
respect taq 3, W, p).

Definition 5. A subset of RI?! is individually ex-post self-generating with re-
spect to(, p) if W C BP(5,W).

Using the concept of self-generation, the following two propositions provide
a recursive characterization of the set of stationary BFXE payoffs for any dis-
count factord € (0,1). Proposition 3, which is a counterpart to the second half
of Proposition 2 of EHO, asserts that the equilibrium payoff set is a fixed point of
the operatoBip. Proposition 4 is a counterpart to the first half of Proposition 2 of
EHO, and shows that any bounded and individually ex-post self-generating set is
a subset of the equilibrium payoff set. Taken together, it turns out that the set of
BFXE payoffs is the largest set of individually ex-post self-generating set.

Proposition 3. For everyd € (0,1) andp € A%, EP(8) = xicBP(3,EP(5)).

The formal proof is given in Appendix. The result comes from the recursive
property of equilibria as in Abreu, Pearce, and Stachetti (1990) and EHO. The
inclusionEP(8) C xie BP(8,EP(5)) follows from the fact that if a strategy profile
is a stationary BFXE then its continuation strategy profile from period two on is
also a stationary BFXE. Conversdlf(3) O xic|BP(6,EP(3)) follows, because
a strategy profile is a stationary BFXE if the incentive compatibility constraint in
period one is satisfied and its continuation strategy profile from period two on is a
stationary BFXE.

Proposition 4. For eachi € 1, let W be a subset oR!®l that is bounded and
individually ex-post self-generating with respect{& p). Thenxjc/W C EP(J).

See Appendix for the formal proof. Again the idea is similar to Abreu, Pearce,
and Stachetti (1990) and EHO. To prove this proposition, we recursively construct
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a candidate strategy profile, and then prove that it is indeed a stationary BFXE
with the specified equilibrium payoff. The key is that whéhis individually
ex-post self-generating, the continuation payeffsy,a_j, 0_;) used to enforce

vi € W have the property that the payoff vectsry,a_j,0_;) can in turn be ex-
post generated using a single next-period action glanwhich says to play the
same action for different statesand® if player —i cannot distinguish these two
states by her initial informatiofl_;.

4 Characterizing the Limit Set of Equilibrium Payoffs

For known-state games (i.e., the case®f= 1), EHO provide a simple charac-
terization of the set of belief-free equilibrium payoffs in the limit as the discount
factor goes to one. Specifically, they show that the maximum and minimum of the
limit set of belief-free equilibrium payoffs are computed by solving linear pro-
gramming problems. However, computing the maximum and minimum of equi-
librium payoffs is not sufficient to determine the entire set of equilibrium payoffs
for games with two or more possible states, as there can be a trade-off between
equilibrium payoffs for different states. For example, increasing a player’s equi-
librium payoff for some state might necessarily lower her equilibrium payoff for
different states, if she has conflicting interests at different stétégaking this
problem into account, in this section we demonstrate that the limit set of BFXE
payoffs is the intersection of “maximal half-spaces” in various directions. This
is an extension of the linear programming characterization of the limit payoff set
of PPE, which is proposed by Fudenberg and Levine (1994). (However, note that

?Here is a more concrete example. Suppose that there are twocstaiad w,. In each stage
game, playefl chooses eithdd or D, and playef choosed. or R. After choosing actions, player
1 observes both the true state and the actions played, while @ajererves only the actions. The
stage game payoffs are as follows:

L R L R
u|20]|10 u|ll10]|20
D|00|00 D|00|00

Note thatD is dominated byJ at both states, and hence plagealways chooseld in any BFXE.
On the other hand, any strategy proflevhere playerl chooses the pure actidh after every
history is a BFXE. Therefore, for any, player1's equilibrium payoff setE;(d) is a convex
combination of1,2) and(2,1). So increasing playdrs equilibrium payoff at statey lowers her
equilibrium payoff atwy,.
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the effect of trade-offs between equilibrium payoffs for different states may not
appear if each player can learn the true state from private signals; see Section 5.)

4.1 Linear Programming Problem and Bound of EP(9)

In this subsection, we provide a bound on the set of BFXE payoffs, by considering
a linear programming (LP) problem for each directigrwhere each component

A; of the vectorA; corresponds to the weight attached to playepayoff at state

w. In particular, trade-offs between equilibrium payoffs for different states are
characterized by solving LP problems for “cross-state” directignisat have two

or more non-zero components (i.e., directidnghat put non-zero weights to two

or more states).

Let Aj be the set of allj = (A%)weq € RI®! such that|Ai| = 1. For each
ReZ, icl, de(0,1), d_i € AA_j, andA € A;, consider the following LP
problem.

kP(@_i,Ai,0) = max YR subject to

v,eRI€
Wi % X A_j XZ,iH]R‘QI

(i) (1) holds for allw € Q and(al)ge S.t.aR € R (8%) for eachR € %,
(i) (2) holds for allw € Q and(al)re4 s.t.aR € A for eachR € %,
(i) Ai-vi>A-wi(Raj,o0 ) foralRe Z,a i€ A_j,ando_; € Z_;.

If there is no(vi,w;) satisfying the constraints, 1&(d_i, A, ) = —co. If for
everyk > 0 there is(v;,w;) satisfying all the constraints and - v; > k, then let
lqp(a,i,;\i,a) = oo, With an abuse of notation, whemis a unit vector such that
p(R) = 1 for some regime, we denote the maximal score K§(d_i, Aj).

As we have explained in the previous section, (i) is the “adding-up” constraint,
and (i) is ex-post incentive compatibility. Constraint (iii) requires that the contin-
uation payoffs lie in the half-space corresponding to direcitiaand payoff vector
Vi. Thus the solutiorkip(&_i,/\hé) to this problem is the maximal score toward
directionA; that is individually ex-post generated by the half-space corresponding
to directionA; and payoff vectowr;. Constraint (iii) allows “utility transfer across
states” (in other words, “learning and state-contingent play”), which captures the
following scenario: If playeri learns from her private signal ; thatw is likely
to be the true state, then she may choose a continuation strategy that yields high
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payoffs to player at statew, which may necessarily lower play&s payoff at
state®. Note that this issue do not appear in EHO, as they study known-state
games.

Foreachwe Q,Re #,a_j,ando_; € Z_j, let

X?(R,&i,G,i) (W?’(R,&i,O,i) _Viw)'

T 1-5
Also, in order to simplify our notation, let’(R,a_;) = (X*(R,a-i,0_i))o iex ;
and letx (R a_i,0_i) = (X*(R,a-i, 0-i))weq. Arranging constraints (i) through
(iii), we can transform the above problem to:

(LP-Individual) max Ai -V subject to
ViEIR‘Q‘
Xii B xA_j ><Z_i—>]R\Q\

O W=y pR y

Re%

(a-i)

g”(aff,a)

+ (et ani) (R asi)

for all w € Q and(al)re4 s.t.aR € R (8?) for eachR € Z,
g”(a ai)

+r (el ani) X (Rai)

M =3 pR Yy d e

Re#

for all w € Q and(al)ge s.t.aR € A for eachR e Z,
(i) Ai-x(Ra.j,o0_i) <0, foralReZ,ajcA_jando_jcx_j.

Since d does not appear in constraints (i) through (iii) of (LP-Individual), the
scorekP(d_j, Ai, 8) is independent 08. Thus we will denote it bykP(d_i, Ai).
Note also that, as in EHO, only the marginal distributimn matters in (LP-
Individual); that is, the scorl&f’(&_i,)\i) depends on the signal distributiaronly
through the marginal distributiort_;.
Now let
kKP(Ni) = sup KP(@-i,A)
a_icAA_;
be the highest score that can be approximated in diredidsy any choice of
d_;. For each) € Aj andk € R, let Hi(Aj, k) = {vi € RI%|A;-v; < k). Let
Hi(Ai, ki) = RI? for ki = 0o, andH; (A;, k) = 0 for kj = —oo. Then let

HP(A) = Hi(Ai kP (A)

17



be the maximal half-space in directian and let

QP = (] HP)

AiEN

be the intersection of half-spaces overXllLet

QP = xia1 Q.
Lemma 1.
(@) KP(@-i,A) = Srez PRKR(@-i,A0).
(b) KP(A) = Srezz P(RIKT(AI).
(c) le is bounded.

Proof. Inspecting the set of the constraints in the transformed problem, we can
check that solving this LP problem is equivalent to find the continuation payoffs
(WP(R,a-i,0-i))(wa_ ;0 for each regimd&in isolation. This proves part (a).

Note that the maximal scork?(a_i,)\i) is dependent on an action plan ;
only through(afge”)efig@fi, and the remaining componer(t«:;?’ie*‘)94697i for

R+ Rare irrelevant. Therefore, we have

sup Y P(RK(@-i,A)= Y p(R) sup KX(@-i,A)
a_jcAA_ReZz ReZ# a_jeNA

for any p € AZ. Using this and part (a), we obtain

kP(A) = sup KP(G_i,Ai)

a_iGAE\_i

= sup Y p(RKI(d-i, )
g_ieAA_jREZ

=Y p(R) sup K(d-iA)
ReZ a_icAA_;

= R)KR(A;
ReZ‘%)IO( ki (Ai)

so that part (b) follows.
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To prove part (c), considek; € A; such thatA® # 0 for somew € Q and
/\i‘b = 0for all & # w. Then from constraint (i) of (LP-Individual),

[0)

W R o
Ai -V :)\iwviw:)\iw Z p(R) % aﬁaefi(&i) 0Oi (al 7&|>
Re% a_icA_j

+niui (a1R7 aLi) ) Xiw<R7 &i)

for all (al)res such thawl € R(6%) for eachR € %. Since constraint (jii) of
(LP-Individual) implies thad“1% (a) - x*(R,a_;) < Ofor allac AandRe %, it
follows that
Ai-vi < maxA®gi(a).
acA

Thus the maximal score for thig is bounded. Lef\ be the set ofA; € A; such
thatA® # 0 for somew € Q andA® = Ofor all & # w. Then the seflyen: HP(A)
is bounded. This proves part (c), sin@f C Maens HP(A). Q.E.D.

Parts (a) and (b) of the above lemma show that the LP problem reduces to
computing the maximal score for each regiRen isolation. The next lemma
establishes that the set of BFXE payoffs with respeqgp te included in the set

QP.
Lemma 2. For everyd € (0,1), p € A%, andi € |, EP(8) C coEP(6) C QP.
ConsequentlygP(8) C coEP(8) C QP.

The proof is analogous to Theorem 3.1 (i) of Fudenberg and Levine (1994);
we provide the formal proof in Appendix for completeness.

4.2 Computing E(d) with Patient Players

In the previous subsection, it is shown that the equilibrium payofES¢d) is
bounded by the s&)P. Now we prove that this bound is tight when players are
patient. As argued by Fudenberg, Levine, and Maskin (1994), whisnclose

to one, a small variation of the continuation payoffs is sufficient for incentive
provision, so that we can focus on the continuation payefigar the target payoff
vectorv. Based on this observation, we obtain the following lemma, which asserts
that “local generation” is sufficient for self-generation with patient players.

Definition 6. A subsetW of RI? is locally ex-post generating with respect to
p e AZ if for eachv; € W, there is a discount factak, € (0,1) and an open
neighborhood,, of v; such thatV NU,, C Bip(év“vv.).
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Lemma 3. For eachi € |, letW be a subset dR!®! that is compact, convex, and
locally ex-post generating with respectpas AZ. Then there i € (0,1) such
that x|\ C EP(5) forall 6 € (5,1).

Proof. Thisis a straightforward generalization of Lemma 4.2 of Fudenberg, Levine,
and Maskin (1994). Q.E.D.

The next lemma shows that the €@t is included in the limit set of stationary
BFXE payoffs with respect tp.

Definition 7. A subsetW of RI?l is smoothif it is closed and convex; it has a

nonempty interior; and there is a unique unit normal for each point on its bound-
13

ary.

Lemma 4. For eachi € |, letW be a smooth subset of the interior@if’. Then
there isd € (0,1) such that ford € (8,1), xjcfW C EP().

The proof is similar to Theorem 3.1 (ii) of Fudenberg and Levine (1994),
and again we give the formal proof in Appendix for completeness. To prove
the lemma, we show that a smooth subakts locally ex-post generating; then
Lemma 3 applies and we can conclude tatis in the equilibrium payoff set
when players are patient.

Combining Lemmas 2 and 4, we obtain the next proposition, which asserts
that the limit set of stationary BFXE payoffs with respecttes equal to the set
QP.

Proposition 5. If dimQP = |Q| for eachi € I, thenlims_; EP(5) = QP.

Now we characterize the set of all stationary BFXE pay@{®) = Upea% EP(0),
in the limit asd — 1. This is a counterpart of Proposition 4 of EHO.

Proposition 6. Suppose that there is € A% such thatdimQP = |Q| for each
i €l. Thenlims_,; E(8) = Upepz Q°-

Proof. From Proposition 5, it follows thdims_.1 E(8) = Upe a4 QP if dimQP =
Q| for alli € | andp € AZ. Here we prove that the same conclusion holds if
there isp € A% such thatdimQP = |Q| for eachi € I.

137 sufficient condition for each boundary pointWf to have a unique unit normal is that the
boundary ofM is aC2-submanifold ofR/<.
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Letvi be an interior point ofJ,c A4 QP. It suffices to show that thqre [Be
AZ such thay is an interior point ofQP. Let p € A% be such thatimQP = |Q|
for eachi € I, andV; be an interior point ofQP. Sincey; is in the interior of
Upeaz QP, there arel; andk € (0,1) such thatj is in the interior ofJpe x5 QP
andkV, + (1—k)V; = v;. Let p € AZ be such tha¥; € QP, and letp € AZ be
such thatp = kp+ (1 —K)p.

We claim thaty; is an interior point ofQP. From Lemma 1(b),

) = S pRKF(A)

Re#
=k Y PRIKKA) +(1—K) T BRKMA)
ReZ ReZ

=KkkP(A) + (1 K)KP(A)

for all A;. SinceV; is in the interior ofQP, we havekip()\i) > Aj -V for all A;.
Likewise, sincel € QP, kip()\i) > A -V for all Aj. Substituting these inequalities,

kip(/\i) > KA Vi + (1= K)A -V = A+ v
for all Aj. This shows thay; is an interior point ofQP. Q.E.D.

So far we have focused on stationary BFXE and characterized its limit equi-
librium payoff set. As mentioned in Section 2.3, the limit set of stationary BFXE
payoffs is equal to the limit set of all BFXE payoffs with public randomiza-
tion; therefore it follows from Proposition 6 that if there isc AZ such that
diinIO = |Q| for eachi € I, then the limit set of all (possibly non-stationary)
BFXE payoffs with public randomization is equal ¢, »,, QP. Moreover, the
same result holds even if public randomization is not available, because the set
of BFXE payoffs does not depend on the presence of public randomization in
the limit asd — 1. We omit the formal proof, as it is analogous to the on-line
appendix of EHO.

5 State Learning and Belief-Free Equilibria

5.1 General Case

In the last section, we have shown that the limit set of BFXE payoffs is computed
by a series of static linear programming problems. In this subsection, we provide
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a more powerful characterization of the limit equilibrium payoff set, by restrict-
ing attention to games that satisfy certain informational conditions. Specifically,
we consider games where each player can learn the true state from a sequence
of observed signals, and show that the limit set of BFXE payoffs of the overall
game equals the product of the limit sets of belief-free equilibrium payoffs of the
corresponding known-state games; that is, there are BFXE in which the payoffs
are approximately the same as if players learn the true state and play a belief-free
equilibrium for that state.

We begin with introducing the informational conditions imposed throughout
this subsection. Let®, (&, a-i) = (7% (a-i, 0-ilai,0-i))(a ; o ;) denote the prob-
ability distribution of (a_j,0_;) when players playa;,a_;) at statew. That is,

% (aj, 0 jla, a_i) = a_ij(a_j) 3 ge5, M°(0i,0_i|a) for each(a_j,0_j). Given
an action pland_j, let I'I‘f;R(a_i) be a matrix with rowsﬁi*’i(a;,a?}e?‘) for all
a € A. Let n&‘;’@)’R(a_i) be a matrix constructed by stacking two matrices,

N°R@_;) andn®R@_;).

Definition 8. An action pland_; hasindividual full rank for w at regimeR if
I'I‘j’i’R(&,i) has rank equal t0A|. An action pland_; hasindividual full rankif it
has individual full rank for alkw andR.

Individual full rank implies that playeri can statistically distinguish player
i's deviation using a paifa_i,0_;) of her action and signal when the true state
is w and the realized public signal B Note that this definition is slightly dif-
ferent from those of Fudenberg, Levine, and Maskin (1994) and Fudenberg and
Yamamoto (2010b); here we consider the joint distribution of actions and signals,
while they consider the distribution of signals.

Definition 9. For eachw € Q, @ # w, andR, an action plarii_; hasstatewise full
rank for (e, &) at regimeR if 1'““"R(@_;) has rank equal tajA;|.

Statewise full rank assures that playercan statistically distinguist from ¢
irrespective of player's play, given that the realized public signaRsAgain this
definition is slightly different from those of Fudenberg and Yamamoto (2010a)
and Fudenberg and Yamamoto (2010b), as we consider the joint distribution of
actions and signals.

Condition IFR. For each, every pure action plad_; has individual full rank.
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This condition is generically satisfied if there are so many signalgIhgt>
|Ai| for eachi. Note that under (IFR), every mixed action plan has individual full
rank.

Condition SFR. For eachi and (w, @) satisfyingw # @, either (i) there isg_;
that has statewise full rank for this pair at some regRe %, or (ii) 6% # 6&’,

This condition (SFR) requires that for each p@is, @), players can statisti-
cally distinguish these two states using (i) observed private signals or (ii) initial
private information. Note that (SFR) is sufficient for each player to learn the true
state in the long run. For example, suppose that there are three possible states,
and that players have no initial information. In periddgt, 7, ---, let player—i
choose an action that has statewise full rank(tor, «,) and perform a statistical
inference to distinguishy andwy; in periods2, 5, 8, - - -, let player—i choose an
action that has statewise full rank f(a,, c3) and perform a statistical inference
to distinguishwy, andws; and in periods, 6, 9, - - -, let player—i choose an action
that has statewise full rank f@tv;, ) and perform a statistical inference to dis-
tinguishaw; andws. When the true state sy, player—i will be likely to accept
wy In the first two statistical tests, so that she will believe that the true staig is
Likewise, playeri will eventually learn the true state based on the statistical tests
when the true state i@, or ws. In this way, under (SFR), each player can learn
the true state from a sequence of observed signals (or from initial information).
However, note that players do not share any common information, and hence it is
unclear if players can coordinate their play state by state.

In what follows, we give a simple characterization of the set of BFXE pay-
offs when (IFR) and (SFR) hold. Givem, let G® denote the infinitely repeated
game where players know that the true state,jsnd consider belief-free equi-
libria of EHO in this known-state gam®®. In particular, givenw andp, let us
look at belief-free equilibria where players follow a recommendation by a public
signalR with i.i.d. distributionp. (To be more precise, here we consider belief-
free equilibria where given a public signal= (R (6)gco,)icI, playeri chooses
her action from the seR;(68%) of actions recommended for stadg and ignore
recommendations for staté # w. Note that in these equilibria, signaisand
R such thatR (6%°) = R(8%) yield exactly the same recommended action set.)
Let M*P andm®P be the maximum and minimum of playés payoffs attained
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by these belief-free equilibria. As EHO show, these values are calculated by the
following formula: M = sup;  M**P(d@_j) andm”P = inf;_ mP(d_;) where
M“P(@_;) is the solution to (LP-Max) an”P(d_;) is the solution to (LP-Min).

(LP-Max) max v

v?eR
XV B XA xZ_i—R

subject to

. w_ Rzef)i ) g|w(a~|R7 a—i)
O W=2 PR 2 @i +nﬁ’i<euR,eu>-mw<R,eu>]

for all (al)gres s.t.a € R(6%) for eachR € %,

giw(aiRvio
+m¥ @R a) - x°(Ra)

@M W=y pR Y o)

Re#

for all (al)rez s.t.a € A for eachR e Z,
(i) x*(Ra.j,0.) <0, foralRe Z,a €A j,ando_je ;.

and
LP-Min min v subject to constraints (i) and (ii) of (LP-Max) and
|
vPeR
x?:A_ixZ_j—R

(i) x*(Ra_j,0.)>0, foralRe #Z,a €A j,ando_jcZ .

Note that (LP-Max) is very similar to (LP-Individual) fé§ such that, = 1 and
/\i‘b = Ofor all @ # w. The difference is that constraints (i) and (ii) are imposed not
only for w but also foré # w in (LP-Individual). Also, (LP-Min) is very similar
to (LP-Individual) forA; such that® = —1 andA® = O for all & # w.
The main theorem of this subsection is:

Proposition 7. Suppose that (IFR) and (SFR) hold. TH@h= x gcq[m®P, M*P]
foreachi€l, we Q, andp € AZ. In particular if there isp € AZ such that
M{P > m?®P for all i € | and w € Q, thenlim;s_,; E(8) = Uperz Xwea Xiel
[P, M.

This proposition asserts that if (IFR) and (SFR) hold, then the limit set of
BFXE payoffs is isomorphic to the set of maps from states to belief-free equilib-
rium payoffs. Thatis, there are BFXE where the payoffs are as if players learn the
true state and play a belief-free equilibrium for that state.
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To get a deeper understanding of what is going on in the equilibrium strategies,
let us focus on BFXE where players are indifferent over all actions in any period
and any staté? In our equilibria, players’ strategy profile has the following prop-
erties; (i) playen makes player-i indifferent over all actions given any history
and given any state, and (ii) playecontrols player—i's payoffs in such a way
that player—i’s continuation payoffs at state is close to the target payoff when
playeri has learned that the true state is likely tocbeProperty (ii) implies that
playeri’s individual state learning is sufficient for playei’s payoff of the entire
game to approximate the target payoffs state by state. Thus, if each player can
individually learn the true state, then both players’ payoffs approximate the target
payoffs state by state (although the state may not necessarily be an approximate
common knowledge). Also, this strategy profile satisfies incentive compatibility,
since property (i) assures that each player’s play is optimal after every history.
Note that in the above equilibrium strategies, playeindividual state learning
is irrelevant to her own continuation payoffs, and influences play&r payoffs
only. Indeed, it follows from (i) that playerr cannot obtain better payoffs by
changing her action contingently on what she has learned from the past history.

To prove the proposition, we compute the maximal score of (LP-Individual)
for each directiond;. We first consider “cross-state” directiodg and prove
that under (SFR), the scores for these directions are so high that the maximal
half spaces in these directions impose no constraints on the equilibrium payoff
set, that is, there is no trade-off between equilibrium payoffs for different states.
Specifically, Lemma 5 shows that the maximal scores for cross-state directions
are infinitely large ifd_j has statewise full rank. Lemma 6 shows that if player
—i can distinguish states from her initial private informatidn, then the scores
for cross-state directions are so high that the corresponding maximal half spaces
do not bound the s@". For eachw € Q, lete(w) = (€°(w))weq € Ai be a unit
vector such that®(w) = 1 ande®(w) = 0 for all & # w.

Lemma 5. Suppose thadi_; has individual full rank, and has statewise full rank
for (w, ) at regimeR. Then for anyp and A; satisfyingp(R) > 0, A® # 0, and
AP £0. KP(d_i,Aj) = .

14To be precise, these are stationary BFXE with respept te A%, wherep” is the unit vector
that puts one to the reginie= ((Ri(8))g )i such thaR;(8) = A for all i and6,.
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This lemma is analogous to Lemma 6 of Fudenberg and Yamamoto (2010a),
and we give the formal proof in Appendix for completeness. The main idea is that
if a_; has statewise full rank fdw, @), then “utility transfer” betweermw and @
can infinitely increase the score.

Lemma 6. Suppose that (IFR) holds. L&tbe such tha®% Gf’i for any (w, @)
satisfyingw # @, A® # 0, andA® # 0. ThenkP(Ai) > e MK (e(w)), and
as a resulfyeo HP (e(w)) € HP(A).

The formal proof is given in Appendix, but the intuition is as follows. If player
—i can distinguishw and @ using private informatiord_;, then she can choose
different actions contingent on whether the true stat@isr . Therefore we
expect that the score on statewill not constrain the score on stadeso that the
maximal score for directions vectors that only weight these two states will be high
enough not to constrain the @Y.

Next we compute the maximal scores for the remaining “single-state” direc-
tions. Consider (LP-Individual) for directioA; such thatA® = 1 for somew
and /\i‘:’ =0 for all & # w. If (IFR) holds, then there is continuation payoffs
that make player indifferent over all actions, so that constraints (i) and (ii) for
@ # w are vacuous. Then it turns out that the problem is identical to the one
that computed!“P(@_;), and hence we havé (A;) = M*P. Likewise, consider
(LP-Individual) for directiom; such than* = —1 for somew andA® = 0 for all
@ # w. If (IFR) holds, then the problem is isomorphic to the one that computes
P(@_;), and as a result we hakg(A) = —m®P. The next lemma summarizes

m
these discussions.

Lemma 7. Suppose that (IFR) holds. Fa; such thatA® =1 and )\ia) = 0 for
all @ # w, kP(A)) = M®P. For A such than® = —1 andA® = 0 for all © # w,

kP(Ai) = —m{*P.

Now we are ready to prove Proposition 7; we use Lemmas 5 through 7 to
compute the scores of (LP-Individual) for various directions.

Proof of Proposition 7.From Proposition 6, it suffices to show ti@lt = x e [m™P, M*P]
for eachi, w, andp. Let A\ be the set of all single-state directions, thatNsjs the
set of allA; € Aj such that\® # 0 for somew and}\i‘b =0forall @+ w. Then it
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follows from Lemmas 5 and Lemma 6 that under (SFR), we figye,. Hip(ﬁi) C
HP(Ai) for all Aj ¢ A7, so thatQP = M. ca HP(Ai) = Ny ea- HP(Ai). Note that,
from Lemma 7, we havelP(A) = {vi € RI%v® < M*P} for A; € Af such that
AL =1, andHP (i) = {vi € R®/|v® > m™P} for eachj € A; such thap® = —1.
Therefore QP = M) ca- HP(A) = xwea[m™P,M*P], as desired. Q.E.D.

Remark 2. As a corollary of Proposition 7, we can derive a sufficient condition
for the existence of BFXE with patient players. That is, there are BFXE if players
are patient, (IFR) and (SFR) hold, and thereisuch thatM*" > m®P for all

i andw. Note that the last conditionM{**P > mP for all i and w” implies that
there are belief-free equilibria with respectddor each stateo.

5.2 Games with (Almost) Observable Actions

In this subsection, we consider games where actions are (almost) observable at
each statev. There are many economic applications that correspond to this model:
One example is the price-setting duopoly where a firm’s price is public informa-
tion (so that actions are perfectly observable), and its sales level is private infor-
mation and follows an unknown distribution. Another example is the case where
each player is subject to a small chance of observation errors of the opponent’s
action and the probabilities of observation errors are unkngwn.

To consider “almost observable actions,” we need to think about how to mea-
sure the observability of actions. For this, we generalize the concegt@ifectness
of the past work (e.g., Ely andalimaki (2002), Horner and Olszewski (2006),
and Yamamoto (2009)) to our setting. For each 0O, the signal structurer
is e-perfectif for eachi €1, g € A, andw € Q, there is a partition ok; into
{Zi(a, w)}a e suchthal s, ) M°(0ila) > 1— € foreacha j € Aj. Inwords,
given any action profila € A and statev, the probability that playerobserves a
signal from the corresponding s&{a, w) is at leastL — €. Note thate-perfectness
does not impose any restriction on the observability of the true atate

15wiseman (2010) provides a sufficient condition for the folk theorem for games where actions
are perfectly observable and players observe public and private signals about the state of the world
in every period. The key condition for his folk theorem is that the distribution of public signals
depends on the state so that players can learn the true state from public signals. In our setting,
players need to use private signals to learn the true state, so that his folk theorem does not apply.
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By definition, every action profile has individual full rank if the signal structure
is e-perfect withe sufficiently close ta0. Also we assume that the distribution
of private signals depends on the state so that (SFR) holds. Then Proposition 7
applies, and the limit equilibrium payoff setige; x weq [M™P, M.

Let m= (11(-|a))(4,,a) denote the signal structure, and we wig"P(71) and
m*P(1r) when we want to emphasize the dependence on the signal structure. As
Lemma 3 of EHO shows\i*P () andm®P(r1) are monotonic with respect o
(equipped with the Blackwell ordering), and they have the following limits when

the signal structure converges to theerfect signal structure:

MPP — R max min o®(a.a._; 3
i R;%’ P( )aiieARfi(QE’i)aieRi(eiw)gl (&, 0-i) (3)
and
mwP _ R . o o) )
mi Rg% p( )Gfiegnl'\![]i(eﬁ);ne%gl (a,a |) ( )

In Words,Mf"’IO is playeri’'s worst payoff at statev, given that playeri tries
to reward playei, and given that players have to choose actions from a recom-
mended set. Likewis@i‘li“”ID is playeri’s maximum payoff atv, given that player
—i tries to punish player, and given that playeri has to choose an action from
a recommended set.
From the above observations, we obtain the following proposition:

Proposition 8. For anyn > 0, there ise > 0 such thatx geq[M*P +n, M{"P —
njc QiIO for any p € AZ, for anyi € |, and for anye-perfect signal structuret
satisfying (SFR). In particular, given ar®¢perfect signal structuret satisfying
(SFR), X wea[M”?, M*?] = QF.

5.3 Applications

Now we apply Proposition 8 to several examples, and show that there are asymp-
totically efficient equilibria. This highlights that our state-learning theorem is use-
ful especially when actions are (almost) perfectly observable and players’ payoffs
are private information and follow an unknown distribution.

Example 1. Investment Games with Positive Externalities and Free Ridihgre
are two players and two possible states, (= {w,w,}. In each period, each
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player makes a decision on whether investing or not. Sa\let {C;,D;} for
eachi, whereC; implies investing and; implies not investing. After making
decisions, each playéreceives a stochastic outpzitfrom a finite setz;, where
z is private information and its distribution depends on the true statad on
the total investmerd € A. We assume that investments are perfectly observable;
thus the set of playarfs signals is%; = A x Z;, andn®(cgl|a) = 0 for eachw, a,
ando = (01,02) = ((&,z1),(@’,2)) such tha®’ # aora” # a. Playeri’s actual
payoff does not depend on the stateand has a fornu;(g;, 6i) = Gi(z) — ci(&),
whereli(z) is playeri’s profit from an output; andc;(g;) is cost of investments;
letci(a) = € > 0 for g = C; andci(a) = 0 for & = D;. The expected payoff of
firm i at statew is denoted by®(a) = ¥ ;s M (0|a)Ui(a,z). Let®; = {Q} for
eachi, that is, players do not the true distributionzpfind hence do not know the
marginal profit from investing.

We assume that a player’s investment hassitive externalityo the distribu-
tion of the opponent’s output, and hence increases the opponent’s expected payoff.
That is,g*(a;,C_i) > g”(a,D_;) for eachi, w, anda;. Also, investments are so-
cially efficient, so that$’(Ci,C_;) + 05’ (Ci,C_i) > 9y(a) + g5 (a) for eachw and
a. However, a player hasee-riding incentivesn thatg®(D;,C_;) > g(Ci,C_i)
for eachi andw, and hence the efficient outcon@;,C,) is not a static equilib-
rium at both states.

The following economic examples fit this model.

¢ Intra-brand competition. There are two independent retailers sharing the
same brand name (distributing one manufacturer’s output etc.), and they de-
cide whether promoting the brand nan@)(or not promoting D;). Sales
level z of retaileri is stochastic and its distribution is unknown. The pro-
motion activity by a retailer increases its own expected sales level and the
opponent’s expected sales level; thus each distributor can free-ride, and ben-
efit from the promotional activity of the other distributor, as pointed out by
Telser (1960).

e Lobbying. There are two firms in the same industry, and they decide whether
lobbying ;) or not lobbying Dj). The excise tax rate is determined by the
total amount of lobbying contributions, and then firms sell the goods. Firm
i's profit z from selling the goods is stochastic and its distribution is un-
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known. As in Pecorino (1998), each firm can benefit from lobbing by the
rival firm, as it lowers the excise tax rate and thereby gives more expected
profits to each firm.

e Common space or environment. Two stores are located on the same street,
and each store chooses whether doing street mainten@naa fiot ©;).
Sales level (or the number of customezsyt stord is stochastic, and likely
to be high if the street is clean (but the exact distribution is unknown). Each
store benefits if the other store keeps the street clean, and may have free-
riding incentives.

We further assume that when the opponent does not invest, the marginal profit
from investing is less than the cost at stage but is more than the cost at stabe.
Thatis,g™(Dj,D-i) > g™(Ci,D_i) andg’*(Ci,D_;) > g*?(D;,D_;) for eachi.1®
Under this assumption, the stage game at states the prisoner’s dilemma (i.e.,

6 (Di,C_i) > g (Gi,C_i) > g™ (D, D_i) > g (Ci,D_;)), while the stage game

at statewy is a chicken game (i.eg/?(Dj,C_i) > g*?(Ci,C_i) > g{**(Ci,D_j) >
0-2(Di,D_)). Therefore, there is no static ex-post equilibrium in this example.
Note that the folk theorems of Fudenberg and Yamamoto (2010a) and Wiseman
(2010) do not apply here, as they assume that players obtain public (or almost
public) information about the true state in each period.

Now we show that there are BFXE where the payoffs approximate efficiency
state by state. Note that (SFR) is satisfied for generic signal distributions. Con-
siderp € AZ such thatp(A) = 1 andp(R) = 0 for otherR. Using (3) and (4), it
follows thatM"® = g®(C;,C_;) andmP® = mavx, ca 9°(a;,D_i) < g(Ci,C ;)
for eachi andw. This implies thaQQP is full dimensional and contains the payoff
vector of the profile(C1,C,); then Proposition 8 implies that the payoff vector
of the profile(Cy,Cy) is in the limit set of BFXE payoffs. That is, efficiency is
achieved even if players do not know the marginal profit from investing.

16y g”(Di,D_i) > g*(Ci,D_;) for eachi andw, then the stage game is the prisoner’s dilemma
at each state, and hen¢®;,D5) is a static ex-post equilibrium. In this case the efficient out-
come is trivially achieved by a simple trigger strategy. The same thing happgfi€df,D_;) <
0 (Ci,D_;) for eachi andw.

17A similar result applies to the following price-setting duopoly market. Qet {wy, w,} and
A = {a,a}, whereg; is the high price, and, is the low price. Lef; be a finite set of possible
sales levels of playdr and lets; = A x Z; be the set of playdrs private signals, We assume that
n?®(ola) = 0 for eachw, a, ando = (01,02) = ((&',21),(a",2)) such thal # aora’ # a. That
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Example 2. Conflicting Interests at Different StateSuppose that there are two
states and that players have no initial private information, Qe= {cw, w,} and

©; = {Q}. Playerl chooses an action frody = {U,D} while player2 chooses

an action fromA; = {L,R}. We assume that actions are perfectly observable but
the state is not. Specifically, playes signal set i; = Ax Z andni*(gila) =0

for any g; = (&,%) such thata # & Assume that given any pure action profile

the marginal distribution of; at statew, is different from the one at state, so

that (SFR) holds. The payoffs for staig are shown in the left panel, and those
for statewy in the right.

L R L R
ul 11 |-12 ul 00 |2 -1
D{2-1| 0,0 Dl -12 11

Note that the stage game is the prisoner’s dilemma for each state, but the role of
actions are reversedJ, L) is efficient at staten, while (D, R) is efficient at state

wyp. Since the efficient action profiles are different at different states, the efficient
payoff vector((1,1),(1,1)) is not attainable in one-shot stage game. Nevertheless

is, price is perfectly observable (so that this is not a secret price-cutting game), and the state may
affect the distribution of sales levelg, z,). Firmi’s actual payoff does not depend on the state
and has a fornui (&, 0;) = &z — Ci(z), wherec;(z) is cost of production. Assume th@t = {Q}
for eachi, so that firms do not know the true state.

Suppose that there ad®0 potential customers in the market, and that these customers have
heterogeneous preferences as in Varian (1980). Specifically, we consider the following setting:

e There aredy customers who purchase a good with probabflity> O at the firm with the
cheapest price in each period. They purchase a good at each firm equally likely (i.e., with

probability% and%) if both firms choose the same price.

e For eachi € 1, there ared; customers who purchase a good with probabiitat firm i
(irrespective of its price) in each period.

e There aralz customers who never purchase a good if both firms choose the high price. If
one firm chooses the low price, then they purchase a good at that firm with probgbility
If both firms choose the low price, then they purchase a good at each firm equally likely.

Suppose thatdy,d;,d2,ds) = (30,10,10,50) at statecw, and(dp,ds,d2,ds) = (10,20,20,50) at
statewp. Also, letg = 4, a = 2, andcj(z) = z for eachi. Then, the stage game at stateis

the prisoner’s dilemma (note thgt* (a;,a i) = 908, g™ (&,ai) = 758, g (a,a_;) = 508, and

gi‘"l (a,a_;) = 30B), while the stage game at staie is a chicken game (note thg‘t."Z (g,a.) =
808, g™ (a,a i) = 758, g% (&,a_;) = 60B, andg?(a;,a_;) = 50B). Note that the mixed action
a_j with a_j(a_j) = a_i(a_;) = 3 has a statewise full rank, so that (SFR) follows. Thus there
are BFXE where the payoffs approximate the payoff vectdi@gfay). That is, the cartel is self-
enforcing even if the firms do not know the distribution of sales levels.
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we will show that players can approximate efficiency in the long run, as each
player can learn the true state and condition their play on the state.

Considerp € AZ such thatp(A) = 1 and p(R) = 0 for otherR. It follows
from (3) and (4) thai;”” = 1 andm*P = 0 for all i andw. Therefore,QP =
X weal0,1], so that the efficient payoff(1,1),(1,1)) is in the setQP. SinceQip
is full dimensional, Proposition 8 applies and we conclude (fhtl), (1,1)) is
in the limit equilibrium payoff set. This example shows that BFXE can often
approximate efficiency even if the efficient action profiles are different at different
states,

Example 3. Prisoner’s Dilemma with Observation Errorslere we consider the
prisoner’s dilemma with a small chance of observation errors, where the proba-
bility of observation errors is unknown. When the signal distribution is known,
Sekiguchi (1997), Bhaskar and Obara (2002), Piccione (2002), and Elyamdaki
(2002) show that the efficient outcome is approximated in the prisoner’s dilemma
with almost-perfectly observable actions. We extend this efficiency result to the
case of an unknown signal distribution.

Suppose that there are two states and players have no initial private informa-
tion. Each player chooses an action frody = {C;,D; }, and playei’s signal set
is Zj with |Z;| > 2 for eachi. We assume that the signal structure depends on the
true statew, and ise-perfect. Note that (SFR) generically holds (for example, a
mixed actiona_; with a_ij(C_j) = a_ij(D_j) = 1 has statewise full rank generi-
cally). Suppose that payoffs are such that the stage game is the prisoner’s dilemma
for both states; i.e(Cy,Cy) is efficient while(D1,D>) is a static equilibrium at
each state.

Considerp € AZ such thatp(A) = 1 and p(R) = 0 for otherR. Note that
M{*P = g®(CG;,C_i) andm*P = g®(D;,D_;) for all i € | andw € Q. Therefore,
QP approximates the set,eq[g®(Di, D_i),9®(Ci,C_i)] in the limit ase — 0. In
particular, the payoff vector diC;,C,) is in the limit setQP; that is, the efficient
payoff vector can be approximated in the limitas- O.
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6 BFXE and Review Strategies

In repeated games with private monitoring and with a known state, several pa-
pers combine the idea of review strategies and belief-free equilibria to attain a
larger payoff set than that of belief-free equilibria (Matsushima (2004), EHO, Ya-
mamoto (2007), and Yamamoto (2010)). This method works well especially for
games withndependent monitoringvhere players observe statistically indepen-
dent signals conditional on an action profile and an unobservable common shock:
For example, the folk theorem is established for the repeated prisoner’s dilemma
with independent monitoring.

The idea of review strategies is roughly as follows. The infinite horizon is
regarded as a sequence of review phases with lehgtWithin a review phase,
players play the same action and pool the private signals. Aftepariod play,
the pooled private signals are used to test whether the opponent deviated or not.
The law of large numbers assures that this statistical test has an arbitrarily high
power; that is, a player can obtain precise information about the opponent’s ac-
tion. The past work constructs a review-strategy equilibrium such that a player's
play is belief-free at the beginning of each review phase, assuming that the sig-
nal distribution is conditionally independent. Under conditionally independent
monitoring, a player’s private signals within a review phase does not have any
information about whether she could “pass” the opponent’s statistical test, which
greatly simplifies the verification of the incentive compatibility.

In this section, we show that this idea can be extended to the case where
players do not know the true state, although the constructive proof of the past
work does not directly apply. Specifically, we consider review strategies where a
player’s play is belief-free and ex-post optimal at the beginning of dapkriod
review phase, and compute its equilibrium payoff set. In Section 6.1, we extend
the static LP problem of Section 4 Teperiod LP problems, and establish that the
intersection of the corresponding hyperplanes is the limit set of review-strategy
equilibrium payoffs. Then in Section 6.2, we obtain a sharp characterization of
the limit equilibrium payoff set, by restricting attention to games where the signal
distribution is conditionally independent and players can learn the true state from
private signals in the long run. We apply this result is to a secret price-cutting
game, and show that cartel is self-enforcing even if firms do not know how prof-
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itable the market is. So, readers who are interested in the state-learning theorem
and its application might want to skip Section 6.1 and go to Section 6.2 directly.

6.1 Linear Programming Problems for Review Strategies

In this subsection, we considé&r-period LP problems as an extension of (LP-
Individual), and show that the intersection of the corresponding hyperplanes is
the set of review-strategy equilibrium payoffs. Kandori and Matsushima (1998)
also considet -period LP problems to characterize the equilibrium payoff set for
repeated games with private monitoring and communication, but our result is not
a straightforward generalization of theirs and requires a new proof technique. We
elaborate this point in Remark 3 below.

Let § be the set of playei's strategies for & -period repeated game, that
is, § is the set of al" : U ;' Hf — AA. Let T':*(a) denote the distribution
of private signals(a}i,--- ,UL) in a T-period repeated game at statewhen
players choose the action proféefor T periods; that isT: (o, -+, 0™ |a) =
M, (at,|a). Also, letr;“(sT,a ;) denote the distribution ofo®;,---, o™,
when player—i chooses actioa_j for T periods but player playss’ € §. Let
giT’“’(s,T,aLi,é) denote player’'s average payoff for & -period repeated game at
statew, when playei playss' and player-i chooses ; for T periods. Through-
out this section, we maintain the following assumption.

Definition 10. The signal distribution hafsill supportif n®(o|a) > 0forall w €
Q,acA ando € Z.

As Sekiguchi (1997) shows, if the signal distribution has full support, then for
any Nash equilibriuns € S there is a sequential equilibriugre Sthat yields the
same outcome. Therefore, the set of sequential equilibrium payoffs is identical
with the set of Nash equilibrium payoffs.

In Section 4, we consider LP problems where one-shot game is played and
playeri receives a sidepaymert’ contingent on the opponent’s history of the
one-shot game. In this section we consider LP problems whérgeriod re-
peated game is played and playeeceives a sidepaymer{’ contingent on the
opponent’sT -period history. In particular, we are interested in a situation where
players perform an action plan profifein the first period (i.e., players observe a
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public signalR € # with distributionp € AZ before play begins, and choose a
possibly mixed action from a recommended set in the first period) and then in the
second or later period, players play the pure action chosen in the first period. Also
we assume that® depends oﬂnIi only though the initial public signal, player
—i’s action in period one, and the sequence of playgs private signals from
period one to period; that is, a sidepayment to playeat statew is denoted

by xX*(R,a_i,0t;,---,aT.). In this scenario, playdis expected overall payoff at
statew (i.e., the sum of the average stage-game payoffs of theriod repeated
game and the sidepayment) when playenooses an actiog is equal to

o T
3 PRy a®ia) [11_ 2 5t-1gf“<a>+nI;"’<a>-xf”<R,aLi>]
(S a_jcA_j t=

_ Rezy p(R) &i;i aR% (a) [gP(a) + (@) XP(Ra )] .

wherex®(Ra_j) = (xX*(Ra_i,al;, - 70Ii>)(aii.,~-,aIi)' Here, note thatt":”(a)
denotes the distribution ((b}i, e ,GL) at statecw when the profilea is played
for T periods, and the termI;‘“(a) -X(R,a_j) is the expected sidepayment when
the initial public signal iR and the profilea is played forT periods.

Now we introduce th& -period LP problem. For eadf, d_j, A, ,K) where
K> 0, let kip(T, d_i, A, d,K) be a solution to the following problem:

(T-LP) max Ai-Vvi  subjectto
v,eRI®
X% XA X(Z,i)THR‘Ql
: R6Y g'(aa )
0 vi’= 3 p(R) asi ' (as)
I REZ% &i;i I I +nI;w(a|Rv a—i) ' Xiw(R7 a—i)

for all w € Q and(al)re s.t.aR € R(8%) for eachR e %,

9 (5 ai,0) ]

R6%
+%(s R as) x*(Ra )

@ W= 3 pR 3 aa)

ReZ

for all w € Q and(s' Nres s.t.5 " e § for eachRe 2,
(i) Ai-x(Raj,ot,---,0%) <0

forallRe #Z,a i € Aj,and(g?;,---,0") e (Z_)T.
(v) [x(Ra.j,ot,---,00) <K

forallRe #Z,a i € A_j,and(g?;,---,0";) e (Z_))".
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Constraint (i) implies adding-up, that is, the target paypis exactly achieved if
playeri chooses an action from the recommended set in the first period and plays
the same action until periofl. Constraint (ii) is incentive compatibility, that is,
playeri is willing to choose her action from the recommended set and to play
the same action until periofl. Constraint (iii) says that a paymextlies in the
half-space corresponding to directidn Note that constraints (i) through (iii) of
(T-LP) are similar to those of (LP-Individual). Constraint (iv) has not appeared
in (LP-Individual), and is new to the literature, as explained in Remark 3 below.
This new constraint requires a paymanto be bounded by some parameiter

Recall that the scorkP(d_i, Ai, ) of (LP-Individual) does not depend a¥
aso does not appear in (LP-Individual). It maybe noteworthy that the same tech-
nique does not apply tor¢LP). To see this, note that playes average payoff
giT“’(gT’R, a_i,0) of theT-period interval depends anwhen player plays a non-
constant action. Then a pdiv;,x;) that satisfies constraint (ii) for sond&emay
not satisfy constraint (ii) fod # 8. Therefore the score of (LP) may depend on
5'18

Let
kP(T,Ai,6,K) = sup KP(T,d-i,A,8,K),
a_iGAA_i
kP(T,Ai,K) = Iignirilf kP(T, A, 6,K),
KP(T,Ai) = Jim KP(T,Ai,K),
HP (T, A) = Hi(A, KP(T ),
and

Q°(T) = (] HA(T.A).
AieN
HerekP(T, Aj,K) is defined to be the limit inferior &’ (T, Aj, 8,K), sincekP (T, Ai, §,K)
may not have a limit a§ — 1. On th other han#”(T, Ai,K) has a limit a — oo,
sincekP(T, A, K) is increasing with respect 1.

8Note that the new constraint (iv) is not an issue here; indeed, it is easy to check that even if
we add (iv) to the set of constraints of (LP-Individual) the score of the new LP problem does not
depend ord.

36



The next proposition is a counterpart to Lemma 4; it shows that the; §§(Dip(T)
is a subset of the set of sequential equilibrium payoffs. Note that here we do not
assume the signal distribution to be conditionally independent.

Proposition 9. Suppose that the signal distribution has full support. Teand
p be such thatimQP(T) = |Q] for eachi € I. Then the sekicQP(T) is in the
limit set of sequential equilibrium payoffs as— 1.

The proof is given in Appendix. In the proof, we (implicitly) show that for any
payoffv xie|Qip(T), there is a sequential equilibrium with payefiand such
that a player’s play is belief-free and ex-post optimal at the beginning of each
review phase with lengti’ (while actions in other periods are not necessarily
belief-free or ex-post optimal). That is, here we consigeniodically belief-free
andperiodically ex-posequilibrial® Note that the proof of this proposition is not
a straightforward generalization of Lemma 4, becalisg@pears in constraint (ii)
of (T-LP). See the following remark for more discussions.

Remark 3. Kandori and Matsushima (1998) also considigperiod LP problems

to characterize the equilibrium payoff set for games with private monitoring and
communication, but our result is not a mere adaptation of theirs. A main differ-
ence is that Kandori and Matsushima (1998) impose “uniform incentive compat-
ibility,” which requires the payment scheme to satisfy incentive compatibility for
all 6 € [8,1). They show that with this strong version of incentive compatibility,
the local decomposability condition is sufficient for a'¥éto be self-generating

for high ¢ as in Fudenberg and Levine (1994). On the other hand, our LP problem
does not impose uniform incentive compatibility, so that a payment scheinae
satisfies the incentive compatibility constraint (ii) fdrmay not satisfy (ii) for

Se (8,1). Due to this failure of monotonicity, the local decomposability condi-
tion is not sufficient for a sV to be self-generating. Instead, we use the fact
that the uniform decomposability condition of Fudenberg and Yamamoto (2010c)
is sufficient for a se¥V to be self-generating. The uniform decomposability con-
dition requires the continuation payoffg to be within (1 — d)K of the target

precisely speaking, in these equilibria, a player’s play at the beginning of each review phase is
strongly belief-freén the sense of Yamamoto (2010); that is, a player’s play is optimal regardless
of the opponent’s past histoand regardless of the opponent’s current actitmdeed, constraints
(i) and (ii) of (T-LP) imply that playei’s play is optimal given any realization af ;.
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payoffv e W for all 4, and to prove this property we use the new constraint (iv).
Our new LP problem is tractable in the following analysis, as we need to check
the incentive compatibility only for a gived. Note also that the side payment
schemex constructed in the proof of Lemma 8 satisfies constraints (i) through (iv)
of (T-LP) but does not satisfy the uniform incentive compatibility of Kandori and
Matsushima (1998).

Remark 4. In (T-LP) we restrict attention to the situation where players play the
same action throughout thie-period interval, but this is not necessary. That is,
even if we consider a LP problem where players play a more coniple&riod
strategy, we can obtain a result similar to Proposition 9.

6.2 State Learning and Review Strategies

In this subsection, we establish that if the signal distribution satisfies some ad-
ditional conditions, then there are sequential equilibria where the payoffs are as
if players learn the true state and playelief-free review-strategy equilibrium

for that state. Belief-free review-strategy equilibria were first considered by Mat-
sushima (2004), who established the folk theorem for the prisoner’s dilemma, and
extended to general games by EHO, Yamamoto (2007), and Yamamoto (2010).
These papers assume the signal distribution tavéakly conditionally indepen-
dent i.e., players’ signal distributions are statistically independent conditional on
an action profilea and an unobservable common shagk?® In this subsection,

we impose the same assumption on the signal distribution:

Condition Weak-Cl. There is a finite seko, 7§’ : A — AXg for eachw, and
® 1 Ax 39 — A for each(i, w) such that the following properties hold.

(i) Foreachwe Q,ac A ando € %,
n?(ola) = 22 f’é”(Gola)l_,ﬁ“’(Gi\a,Oo)-
OpE20 le
(i) For eachi €|, w € Q, anda_j € A_j, ranK1%,(a_;) = |A| x |Zo| where

N% (a_j) is a matrix with rows(7i(o_i|a,a_i,00)) o ez, for all & € A
andogp € 2.

20sygaya (2010a) construct belief-free review-strategy equilibria without conditional indepen-
dence, but he assumes that there are at least four players.
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Clause (i) says that the signal distribution is weakly conditionally indepen-
dent, that is, after players choose profilean unobservable common shogk
is randomly selected, and then players observe statistically independent signals
conditional on(a, gp). Here’(-|a) is the distribution of a common shoak
conditional ona, while 7i*(-|a, 0p) is the distribution of player’s private signal
o; conditional on(a, p). Clause (ii) is a strong version of individual full rank; i.e.,
itimplies that playeri can statistically distinguish playés actiona; and a com-
mon shockap. Note that clause (ii) is satisfied genericallif_i| > |Aj| x |Zo
for eachi. Note also that (Weak-Cl) implies (IFR).

Let Ni‘*”p be the maximum of belief-free review-strategy equilibrium payoffs
for the known-state game corresponding to the stateLikewise, Ietni“)’p be
the minimum of belief-free review-strategy equilibrium payoffs. As EHO and
Yamamoto (2010) show, if the signal distribution is weakly conditionally inde-
pendent, then these values are calculated by the following formulas:

NP = R) max min g®(a),
i Re%l@( )iieR_i(eﬂ)aemw)g. (a)
n?P = R) min maxg®(a).
: REZ%D( )‘Lieai(eﬂ)a{.ekgu (a)

Note that these formulas are similar to thos@&t"” andm* P in Section 5.2, but
here we do not allow playeri to randomize actions.

The next proposition is the main result in this section; it shows that if the signal
distribution is weakly conditionally independent and if each player can learn the
true state from observed signal distributions, then there are sequential equilibria
where the payoffs are as if players learn the true state and play a belief-free review-
strategy equilibrium for that state.

Proposition 10. Suppose that the signal distribution has full support, and that
(SFR) and (Weak-Cl) hold. Suppose also that thegpds/A % such thatN®P >

nP for all i and w. ThenUpcay Xiel Xwea N7, NP*P] is in the limit set of
sequential equilibrium payoffs a&— 1.

To prove the proposition, we compute the scoreslet.P) for various direc-
tions. The next two lemmas are extensions of Lemmas 5 and 6, which assert that
under (IFR) and (SFR), the scores ®fP) for cross-state directions are so high
that the half-spaces for these directions impose no restriction on ti@P€E}.
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Note that these lemmas do not require the signal distribution to be weakly condi-
tionally independent. The proof of Lemma 8 is found in Appendix.

Lemma 8. Suppose that (IFR) holds. Suppose also that has individual full
rank, and has statewise full rank fotw, &) at regimeR. Then for everyp with
p(R) > 0 and for everyk > 0 there isK > 0 such thatk”(T,d_i, Ai, §,K) > k for
all (T, A, 8,K) such thai\,* 0, /\i‘b +0, andK > K. Therefore, if suclai_; exists,
thenkP(T, Aj) = o for all pandA; such thatp(R) > 0, A® # 0 and A # 0.

Lemma 9. LetAj be such tha8% # 6% for any (w, @) satisfyingw # @, A® # 0,
andA® # 0. Let p be such thak”(T,e(w)) is finite for all w. ThenkP(T,A;) >
Swea AR (T, e(w).

Proof. Analogous to Lemma 6. Q.E.D.

Next we considerT-LP) for single-state directions. Lemma 10 shows that
under (Weak-Cl), the scores of {LP) for single-state directions are bounded
by the extreme values of belief-free review-strategy equilibrium payoffs of the
known-state game.

Lemma 10. Suppose that (Weak-Cl) holds. Suppose also that the signal distri-
bution has full support. Theliminft_.k"(T,Aj) = NP for A; € A such that
A% = 1, andliminfr_.kP(T, Aj) = —n>P for A € Aj such than® = —1.

Proof. We first consider directiod; such thai” = 1. Let d_; be such that for
eachR, player—i chooses a pure acti@y; whereaR; is such that

; Wia AR\ _

2 P(R), min,, g°(ai.a) = NP,
Consider the problemT(LP) for (T,d_i, Ai,d,K). Since (IFR) holdsg_; has
individual full rank so that for eact # w, there isxi‘7J that makes playarindif-
ferent in every period. Therefore we can ignore constraint (ii)iot w. Sec-
tion 3.3 of Yamamoto (2010) shows that under (Weak-Cl), for anyO0 there is
T > 0 such that for anyl > T, there ared € (0,1) andK > 0 such that for any
5 € (5,1), there is(v®, x*) such thaiv® — N“*P| < ¢ and all the remaining con-
straints of T-LP) are satisfied. This shows thahinfr_..kP(T,A;) > NP for
A € N\i such that,® = 1. Also, it follows from Proposition 1 of Yamamoto (2010)

40



thatkP(T,A;) < NP for anyT. Therefore we havéminfr_. kP(T, Aj) = NP
A similar argument shows thiminfr_. kP(T,Aj) = —n*® for A; € A; such that
AQ =1, Q.E.D.

Combining the above three lemmas with Proposition 9, we obtain Proposition
10.

Example 4. Secret Price-CuttingHere we apply Proposition 10 to a secret price-
cutting game, and show that firms can maintain a self-enforcing cartel agreement
even if they do now know how profitable the market is. Suppose that there are
two firms and two possible states. In every period, firthooses either the high
price g or the low pricea;; that is, firmi’s action set isA; = {@,a}. Firmi’s

sales level; € is stochastically determined given firms’ priaec A. The joint
distribution ofy = (y1,Yy>) is dependent on the state and denoted byr®(-|a).

Firm i's utility is ui(a;,yi) = aVi — ¢i(yi) whereci(y;) is the production cost, and

its expected payoff at state givenais g* = ¥ cv. m*(yla)ui (&, Vi)

We assume thai; andr are such that (SFR) and (Weak-Cl) héldand such
that the stage game is the prisoner’s dilemma for both states(@;eap) is effi-
cient buta; dominatess; at each state. Then Proposition 10 applies so that for
eachp € AZ, the setxic xweq [NP,N“P] is in the limit set of sequential
equilibrium payoffs a®d — 1. In particular forp such thatp(A) = 1, we have
NP = g®(a,a)) andn”P = g®(a;, &) for eachi andw. Therefore the efficient
payoffg(a;,az) can be approximated by a sequential equilibrium.

In this (nearly) efficient equilibrium, the infinite horizon is divided infte
period review phases, and in each review phase, a firm sets a constant price; that
is, a firm chooses the high price férperiods or the low price fof periods. At
the end of each review phase, a firm makes a statistical inference about its rival’s
price and about the true state using a sequence of past signals, and then in the
next review phase, it chooses the high price or the low price contingently on that
inference. The probability of setting the high price is judiciously chosen, and
as a result, each firm’s incentive compatibility is satisfied (specifically, a firm is
indifferent between choosing the high price or the low price in each review phase)
and near efficiency is attained state by state.

2IMatsushima (2004) gives a condition under which the signal distribution of a secret price-
cutting game is weakly conditionally independent.
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Remark 5. In Lemma 10 (and hence in Proposition 10), we assume the signal
distribution to be weakly conditionally independent. However, the result here
is robust to a perturbation of the signal distribution; thatim,inft_.. kip(T,)\i)
approximateN”"P for A; € A such that® = 1, and approximate n>*P for A; € A;

such that\® = —1, if the signal distribution is close to a weakly-conditionally-
independent distribution. See Yamamoto (2010) for more details.

7 Limitations of BFXE

As argued in the introduction, BFXE have several nice robustness properties,

specifically, BFXE are robust to any specification of a prior and robust to any

specification of how players update their beliefs. However, BFXE are only a

subset of sequential equilibria, and one may wonder if Pareto-efficiency can be

improved by considering other sorts of equilibria. In this section, we provide an

example where there is a sequential equilibrium Pareto-dominating all BFXE.
Suppose that there are two players and two states, sb thdfl,2} andQ =

{1, wp}. Assume that both players do not know the state, ®e= {(w1, )}

for eachi. In each stage game, playgrchooses her action from the skt =

{UU,UD,DU,DD}, while player2 chooses her action from the get= {L,M,R}.

After players choose actions, playgrobserves the state perfectly and receive

(possibly noisy) information about the actions. That is, the set of plagquri-

vate signals i, = Q x A, and the marginal distributiom;’(-|a) is such that

m’(o1|a) = 0 for eachoy = (@,d) such thatw # @. On the other hand, player

2 observe the actions but does not observe the state; that is, the set of3dayer

signals is, = A, and the marginal distributior’(-|a) is such thatg’(o»|a) =0

for eacho, = (8) such thata # & The expected payoffs for stat@ is shown in

the left panel, and those for statg is in the right.

L | M R L M R
uu | 1,1/00|00 Uuu 0,1]/0,0|0,0
ub|0,0(01|0,0 ub|00(1,1|0,0
Du | 0,0/0,0|00 DU | 0,0/0,0|00
DD (0,0 0,0|0,0 DD | 0,0{0,0|0,0

Note that the efficient payoff i§(1,1),(1,1)), and to approximate this payoff,
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players need to learn the state and condition their play on the state. (Specifically,
players need to plajyU, L) at statec; and play(UD, M) at statew,.) Since only
playerl can learn the state, information transmission from pldyter player2 is
necessary for playet to condition her play on the state. The following strategy
profile is a sequential equilibrium where playletransmits the information about

the state to playe2:

e In period one, players will choos®D, R).

¢ In period two, playe® will chooseR. Playerl will chooseDU if her signal
in period one iso1 = (wy,a) for somea. Playerl will chooseDD if her
signal in period one is; = (wy,a) for somea.

e In period three or later, player will chooseUU forever if her signal in
period one iso; = (w,a) for somea and she choosd3U in period two.
Playerl will chooseUD forever if her signal in period one 3 = (., a)
for somea and she choosd3D in period two. Otherwise, she will choose
DD forever. Playe will chooseL forever if playerl choose$JD in period
two. Player2 will chooseM forever if playerl choosedPD in period two.
Otherwise she will choose forever.

Roughly speaking, the first period is used for “experiment” and then in the second
period, played tells the true state to play2ithrough her action. After that players
play the efficient action profile depending on the true state. Itis easy to check that
this strategy profile is a sequential equilibrium given any siatend approximate
((1,1),(1,1)) when players are patient.

On the other hand, BFXE cannot approximate the efficient pdybfl), (1,1)).
Indeed, for directiom1 = (1,1), the score of (LP-Individual) is too low and the
corresponding hyperplarté”(A;) does not contain(1,1), (1,1)).22

2?Here we formally prove that BFXE cannot approximdtd,1),(1,1)). Consider (LP-
Individual) for A1 = (1,1). Given anyp andds, it follows from constraint (i) that

w1 4R W2 (AR
A1V = R aR a |: gl (al7a2) +gl (a-17a2)
s Rez% p( )azegz ? ( 2) +7T2(a?, az) ’ (XIM(R7 aZ) + Xiwz(R7 az))

for all (af)re# such thaaR € R for all R. Then from constraint (iii), we have

Mvi< S pR) EA af(ag) [0 (aF ) + 032 (af, &) .
Re# acAy
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8 Concluding Remarks

In this paper, we study repeated games with private monitoring where players’
payoffs and/or signal distributions are unknown. We look at a tractable subset
of Nash equilibria, called BFXE, and characterize the limit set of equilibrium
payoffs using a series of LP problems. If the individual and statewise full-rank
conditions hold, then the limit equilibrium payoff set is isomorphic to the set of
maps from states to belief-free equilibrium payoffs for the corresponding known-
state game; that is, there are BFXE in which the payoffs are approximately the
same as if players learn the true state and play a belief-free equilibrium for that
state. Moreover, we combine BFXE with review strategies, and show that a larger
payoff set can be achieved for games with weakly independent signal distribution.
Throughout this paper, we have assumed that players cannot communicate
with each other. If we allow players to communicate at the end of every period, the
folk theorem holds under some informational conditions. For example, suppose
that there are three or more players and that they communicate after every stage
game. Letn®(-|a) be the distribution of a signal profile given an action profile
a and a statev, 11%(-|a) be the marginal distribution of playeri’s signalo_;,
andn’; (-/a) be the marginal distribution of playerij’s signalo_;. For each,
w, anda, letN"-%) (a) be a matrix with rowst® (-|a,a_) for all &. Likewise,
for eachi, j, w, @, anda, letN-“)-%)(a) be a matrix with rowst®; (-|a, o)
for all & andn%; (-|aj, a-j) for all aj. For each(i,w), a profilea hasindividual
full rank for (i,w) if the matrix MN0-%)(a) has rank|/A|. Also, a profilea has
individual full rank if it has individual full rank for all(i,w). For (i,w) and
(j,w) satisfyingi # j, a profilea haspairwise full rank for(i,w) and (j, w) if
N0.©)0.@) () has rankA| + |Aj| — 1. For (i,w) and(j, &) satisfyingw # @, a
profile a hasstatewise full rank for(i, ) and (j, @) if N0-@U.9)(q) has rank
|Ai| + |Aj]. Then the folk theorem holds if the following conditions are satisfied:

e The set of feasible and individually rational payoffs is full dimensional.

e Every pure action profiler has individual full rank.

and the right-hand side is not greater tHafor any p, d,, and(af)rc4. Therefore given any,
we havek{'(A1) < 1 so that((1,1),(1,1)) is not an element of the s&.
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e For each(i,w) and(j,w) satisfyingi # j, there isa that has pairwise full
rank for (i, w) and(j, w).

e For each(i,w) and(j, @) satisfyingw # @, there isa that has statewise full
rank for (i, w) and(j, ).

The formal proof is omitted, as it is very similar to Kandori and Matsushima
(1998) and Fudenberg and Yamamoto (2010a).

As shown in Section 7, BFXE is only a subset of sequential equilibria, and a
larger payoff set can be attained using “belief-based” equilibria. Unfortunately,
belief-based equilibria do not have a recursive structure, and hence the the study
of these equilibria would require different techniques. It remains open for future
research.
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Appendix

A.1 Proof of Proposition 3
Proposition 3. For everyd € (0,1) andp € A%, EP(8) = xi<BP(3,EP(5)).

Proof. First, we proveEP(5) C x| BP(8,EP(3)). Letve EP(8), and lets€ S
be a BFXE yieldingv. By definition of BFXE, in period one, no player wants to
deviate from actions recommended by a public signal. Also, after every history
h! € H1, the continuation strategy constitutes a BFXE with respeg, tso that
the continuation payoff vector a1 is in EP(d). Therefore, we conclude €
xiciBP(8,EP()), and henc&P(6) C xicBP(3,EP(9)).

Next, we showEP(8) O xicBP(8,EP(8)). Letve xiBP(5,EP(d)), and
foreachiel,letd_jc AA_jandwi: ZxA_i xS | — Eip(é) be such thay; is
individually ex-post generated byi_;,w;). For each(R,a_j,0_j) € Z x A_j X
Z_ i, lets.i|ra 0 € S-i be player—i's strategy such that for song& € S,
the profile (5,s-i|(ra ;,0;)) IS @ BFXE with respect t@ and gives the payoff
WiR""(aLi,o,i) to playeri for each statev € Q. Lets'; € S_j be such that the
action pland_; is played in period one, argd; |(Ra_i,0_;) IS performed from period
two on when player-i’s private history in period one iR a_j,0_;j). Consider
the strategy profils® = (sj,s;). From Proposition 1, the continuation play from
period two induced bg* is a BFXE with respect tp. Also, players do not want to
deviate in period one for any stadec Q, asv; is individually ex-post generated by
(G_i,w;). Therefores* is a BFXE with respect tp and attainy. This establishes

ve EP(5). Q.E.D.

A.2 Proof of Proposition 4

Proposition 4. For eachi € I, let W be a subset oR/?l that is bounded and
individually ex-post self-generating with respec{f p). ThenxicW C EP(J).

Proof. Let v € xjc|W, and we will construct a BFXE with payoff. For each

i €1, player—i’s equilibrium strategy is determined in the following way. Since
vi € BP(5,W), there areii_j € AA_j andw : Z x A_j x 3_j — W such thaw; is
individually ex-post generated kyi_j,w;). Set playeri’s action plan in period
one to bed_j, i.e., (&i(e,i,hgi,yl))(efhyl) = d_;j. Also, for each one-period
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historyh!, = (y*,at;, o1,), sety, e, = =w;(hl,) € W. The play in later periods is
determined recursively, using| . as a state variable. Givervd, 1€ W fort >
2, letd_j € AA_jandw : Z x A_j x S_i — W be such thaVi|ht—il is individually
ex-post generated byd_;,w;), and then sets_;(6_;,h" 1,)"))(947%) =d_j and
vl =w (@, 0t) eW for bt = (W% (et 0t))).

Note that this strategy always foIIows recommendation by public signals, that
is, s(6,h"1R) €R(6) forall 6 €0, t>1, h~tcH™ andRe %. Also,
becaus&\i is bounded and € (0,1), payoffs are continuous at infinity. (See Fu-
denberg and Levine (1983) for details.) Thus finite approximations show that the
specified strategy profilee Sgenerates as an average payoff, and its continua-
tion strategyg|y yieldsvly for eachht € Ht. Moreover, it follows from (1) and (2)
that at any moment of time and given any state Q, a player is indifferent over
all actions recommended by a realized public signal, and is worse off by deviating
to other actions. Because payoffs are continuous at infinity, the one-shot deviation
principle applies, and we conclude tlsas a BFXE, as desired. Q.E.D.

A.3 Proof of Lemma 2

Lemma 2. For everyd € (0,1), p € A%, andi € |, EP(8) C coEP(6) C QP.
ConsequentlygP(8) C coEP(8) C QP.

Proof. It is obvious thaEP(5) C coEP (). Suppose d&P(8) ¢ QP. Then, since
the score is a linear function, there are Eip(é) andA; such that\; - v; > kip()\i).
In particular, sinceE”(5) is compact, there arg' € EP(8) andA; such that; -
Vi > kI (Ai) andA; - it > A; -V for all Vi € coEip(é). By definition,Vv;" is individually
ex-post generated bw; such thawi(R,a_i, o) € EP(8) C coEP(8) C H(Aj, Ai -
v¥) for all o_j € =_;. But this implies thak"(A;) is not the maximum score for
directionA;, a contradiction. Q.E.D.

A.4 Proof of Lemma 4

Lemma 4. For eachi € |, letW be a smooth subset of the interior@f. Then
there isd € (0,1) such that ford € (8,1), xjcW C EP(5).

Proof. From lemma 1(c)QiIO is bounded, and hend#} is also bounded. Then,
from Lemma 3, it suffices to show the is locally ex-post generating, i.e., for
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eachv; ¢ W, there ared, € (0,1) and an open neighborhod#, of v; such that
WUy, CB(&,W).

First, considewr; on the boundary off. Let A be normal toM atv;, and let
ki=Ai-v;. SinceW, C Q; C Hip(/\i), there ared_j, Vi, andw; such thatA; - V; > A; -
vi = ki, Vi is individually ex-post generated usiag ; andw; for somed € (0,1),
andwi(R,a_j,0_i) € Hi(Aj,Ai - Vi) forall Re #Z,a_j € A_j, ando_; € Z_;. For
eachd € (3,1), let

— 8(1—5) Vi — Vi

5-5 _ - G
51-3) T 5(1_8) (W'(R’a"’a")_ 5 )

wi(Ra.j,o_i) =

By constructiony; is individually ex-post generated usiag ; andw; for 8, and
there isk > 0 such thaiwi(R,a_j, 0_;j) —Vvi| < k(1 —9). Also, sinceA; -V > A; -
vi =kj andwi (R a_j,0_i) € Hij(Aj, A - Vi) forall Re Z,a_; € A_j,ando_; € 2,
there ise > 0 such thatwi(R,a_j,0_j) — % is in Hi(Aj, ki — ¢) for all Re Z,

ajcA ando_j € Z_j. Then,wi(Ra_j,0-i) € Hi(Aj,k — gg:gge) for all

Re#,a i€ Ajando_ € 2 j, and as in the proof of Theorem 3.1 of FL,
it follows from the smoothness & thatw;(R a_j,o0_;) € intW for sufficiently
larged, i.e.,v; is individually ex-post generated with respect toNhtsingd ;.
To enforcey; in the neighborhood ofj, use thisd_; and a translate of;.

Next, considew; in the interior ofW. Choose); arbitrarily, and letd_; and
w; be as in the above argument. By constructigris individually ex-post gen-
erated byd_; andw;. Also, w;(R,a_j,o0_;) € intW for sufficiently larged, since
Wi (R,a_ij, 0_ij) —Vvi| < K(1—9) for somek > 0andy; € intW. Thus,y; is enforced
with respect to indf when? is close to one. To enforag in the neighborhood of
v;, use thisd_; and a translate ofj;, as before. Q.E.D.

A.5 Proof of Lemma5

Lemma 5. Suppose thad_; has individual full rank, and has statewise full rank
for (w, &) at regimeR. Then for anyp and A; satisfyingp(R) > 0, A® # 0, and
AP 20, kP(@_i, A) = o.

Proof. First, we claim that for everk > 0, there exist(z*(R, a-i,0-i))(a,0.)
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and(z’(R,a-i,0-i))(a ;o) Such that

; .aﬁewi(a—i)”(—ui(a)'f(aa—i) = Sp(RIAG (5)
forall a5 € A,
5 o @@ )n(@)-PRai) =0 ()
for all g € A, and
MZ(Rai,0.)+ N2 (Rai,0)=0 )

forallajc A jando € X i, where’(Ra i) = (Z°(Ra i,0.i))g ez, and
Z(Ra i) = (Z’(Ra.i,0.i))o s, To prove that this system of equations in-
deed has a solution, eliminate (7) by solving fﬁ?r(R,a_i, 0_i). Then, there re-
main 2|A;| linear equations, and its coefficient matrixﬁé_‘*i”a’)’R(&,i). Since
statewise full rank implies that this coefficient matrix has raj#|, we can solve
the system.

For eaclRe # and@ € Q, let (WP(R,a_i,0-i))a , ¢ ,) be such that

> " @ @) [(1-8)g%(@) + 570 (a) WE(Ra )| =0 (®)

for all & € A;. In words, the continuation payoffg are chosen so that for each
state® and for each realized public signg| playeri is indifferent among all
actions and his overall payoff is zero. Note that this system has a solution, since
a has individual full rank.

Letk > MaXga ;o)A Wi(Ra_j,o_;), and choosé¢z’(Ra-i,0-i))a ;0.

and(z°(R,a-i,0-i))(a ;0 ;) to satisfy (5) through (7). Then, let

A W?(R,&i,afi)+4u(R,&i,O,i) if (ﬁ7 d)) = (Ra Ol))
qu(R,&i,O,i) = Wf”(R,&i,U,i) —I—Ziw(R,&i,OLi) if (li, d)) =(R (I))
WP(Ra i, 0 ) otherwise
for eacha_; € A_j ando_j € Z_;. Also, let

. S0 d=w
"] 0 otherwise
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We claim that thigv;, w;) satisfies constraints (i) through (iii) in the LP prob-
lem. It follows from (8) that constraints (i) and (ii) are satisfied for@al: w, @.
Also, using (5) and (8), we obtain

S e®) 5 a1 agaa ) o wika )
ReZz ajieA
RO%

=3 PRy at (e (- o)g(aa) + 8T (@) Wi (Ra)|
Re# a_ €A

+5p(R) Z\.afiew‘@u)nﬂ(a)-#(R,eu)

2/

for all & € A;. This shows thatv;,w;) satisfies constraints (i) and (ii) feo. Like-
wise, from (6) and (8).vi,w;) satisfies constraints (i) and (ii) féd. Furthermore,
using (7) ank > ma)ifz,au,a,i))‘i -Wi(li,a_i,a_i), we have

Ai-wi(Ra_j,0.)
=Ai-Wi(Ra_i,0-i) +A“Z°(R a_i,0-i) + AZ°(R.ai, 0_i)
=Ai-Wi(Raj,0.)
<k=2Ai-vi

foralla_j € A_jando_j € Z_;, and we have

Ai-wi(Rai,0.i) =Ai-Wi(Ra j,0.i) <k=A-v

foralR#R a_; € A j, ando_j € =_;. Hence, constraint (ii) holds.
Therefore kP(@_i,Ai) > Ai-vi = k. Sincek can be arbitrarily large, we con-
cludekP(@_j, Ai) = . Q.E.D.

A.6 Proof of Lemma 6

Lemma 6. Suppose that (IFR) holds. L&tbe such thaB% Gf’i for any (w, @)
satisfyingw # @, A® # 0, andA® # 0. ThenkP(A) > 5 e M@K (e(w)), and
as a resulfyeo HP (e(w)) € HP(A).
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Proof. If kip()\i) = o, then the result is obvious. So assukﬁé)\i) < o0, First, we
claim

KP@-iA) > Y (Al e(w)) 9)

weQ

for eachd_; € AA_;. To show this, consider the LP problem f@_;,A;) but
constraint (iii) is replaced with a more restrictive condition

(ii")y A®vi(w) > A°WP(Raj,o ) foralla_je A jando_j € 3_;.

Let kp(a_i,)\i) denote the solution to this new problem. Since condition) (iii
does not allow utility transfer across different states, considering this new LP
problem is equivalent to solving a separate LP problem for each stat® in
isolation. Thus we havkp(a_i,)\i) =Y wea |AC|KP(@_i,e(w)). (Here we use the
fact thatkP(@_;, Ai) andkP(d@_i,e(w)) are finite under (IFR).) Sinde’(d_i, Aj) >
kP(@_i, i), (9) follows.

Recall tha(w) has only one nonzero componef{ w). Hence, the maximal
scorekP(d_i,e(w)) for directione(w) depends ori_; only througha_i(w) =
(a?}eﬁ)‘)RGO ; so we write it bykP(a_i(w),e(w)) to emphasize the dependence.
Under (IFR), we havé"(d_i,e(w)) > —o for eachd_j and w. Therefore we
have

sup 3 ACKP(E-ew) = sup T ACKP(a% e(w))
d_jeNA_j WeQ a_je NA_j weQ
=3 sup A¢KP(ai(w), &(w))
WEQ i (w)
=5 sup ACKP(E-e(w))
weQa_je AA_
= 3 NP (e(w)).
weQ

Here the second equality comes from the fact Bfdt 63 for any pair(w, @)
such thatw # @. Plugging this into (9), we obtain the desired result. Q.E.D.

A.7 Proof of Proposition 9

Proposition 9. Suppose that the signal distribution has full support. Teand
p be such thatimQP(T) = |Q] for eachi € I. Then the sekic QP(T) is in the
limit set of sequential equilibrium payoffs as— 1.

51



To prove this proposition, we begin with some preliminary results.

Definition 11. Playeri’s payoffv; = (V) weq € R/? is individually ex-post gen-
erated with respect t@T,d,W, p) if there is an action pla@_; € AA_ and a
functionw; : Z x A_j x (X_;)T — W such that

(1-3T)g®(@R a ) ]

R 09
+3'm @R a ) - w?(Ra )

iw: R —i [
P RUPRE

for all w € Q and(al)re4 satisfyingal € R (6%) for eachR € %, and

(1-38N)g (s a)
+8T (s R ) WO (Roa)

w2 3 pR Y oM@

Re# a_jc€A_j

forall we Q and(s,T’R)Regg satisfyinggT’R € § foreachRe #.

Let Bip(T, 0,W) be the set of aN; individually ex-post generated with respect
to (T,5,W, p). A subset of RI? is individually ex-post self-generating with
respect toT, &, p) if W € BP(T,5,W, p)

Proposition 10. For eachi € I, let W be a subset oRI? that is bounded and
individually ex-post self-generating with respect(ia d, p). ThenxicW is in
the set of sequential equilibrium payoffs with public randomizagdor .

Proof. Analogous to Proposition 4. Q.E.D.

Given anyv; € RI%, A e Aj, € >0, K >0, andd € (0,1), let Gy, , c k.5 be
the set of alM € RI®! such that; - v; > A; -V + (1— 8)¢ and such that/ is within
(1—9)K of v;. (See Figure 1, where this set is label&l”)

Definition 12. A subsetW of R/l is uniformly decomposable with respect to
(T, p) if there ares > 0, K > 0, andd € (0,1) such that for any; € W, & € (5,1),
andA; € Aj, there ared_; andw; : Z x A_j x (Z_;)T — W such that(d_i,v;) is
enforced byw; for & and such thaw;(Ra_i,01;,---,07;) € G, , . 57 for all
(Raj,at, .- o).

Lemma 7. Suppose that a subsét of R/l is smooth, bounded, and uniformly
decomposable with respect (@, p). Then there isd € (0,1) such thatW is
individually ex-post self-generating with respec(19 8, p) for anyd € (3, 1).
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Ai

Figure 1: SeG.

Proof. Analogous to Fudenberg and Yamamoto (2010c). Q.E.D.

Lemma 8. Any smooth subs&t of the interior of Q°(T) is bounded and uni-
formly decomposable with respect(ib, p).

Proof. As in Lemma 1, one can check th@f(T) is bounded, and so 4. Let
& > 0 be such thalv| — V| > & for all v/ € W andv/’ € QP(T). By definition, for
everyij € \i, kip(T,)\i) > maX,cy Ai -V +E. Therefore for each; € A;, there are
), € (0,1) andK,, > 0 such that for any € (5,,,1), there isd_; ,, 5 such that
KP(T, a5 .5.Ai,0,Ky,) > maXyew Ai - Vi +£.

Given A andd € (8,,1), let¥ ) s € R andx ) 5 : Z x AL x ()T —
RI®I be such that all the constraints of the LP problem(foyd_; 5 5, Ai, 8,Kj,)
are satisfied and such thit- v, ). 5 > maXyew Ai -V + £. Then for eaclv; € W,
letw; 5 5 0 % x A x ()T — R be such that

107 N
Wi,/\i,é,vi(RﬁLiaUEia“' vUIi) =Vi+ 5T (Vi _Vi,Ai,6+)Q,Ai,6(R7&iaGiia"' vUIi))
foreach(R,a_j,d%;,---,0T;). By construction(d_; ,, s, Vi) is enforced by . 5.,

for 5. Also, lettinge = § andK, = K, + SUR;cy SUBsc 5, 1) i — Vi ol it FOl-
lows thatw; 5. (Rai,0%,---,07;) € th,\hzﬁ@iﬂ. (To see this, note first
that the pair(Vi ), 5,%; 5, 5) satisfies constraints (i) and (iv) of the LP problem so
thatsup(se@i@ Vi x5 < MaXgea [(97°(8)) wea| + Ky, This and the boundedness
of W show thaK), < «. SinceA; % s(Ra_i,0%;,---,0%;) <0andA; -9, 5 >
maxyew Ai - Vi + & > Ai-vi + &, it follows thatA; - w; , 5., (Raj,at,--,0T) <

Ai Vi — 1—3%515 <Ai-Vi—(1=3")&. Also,w; 5y (Ra_i,0t,---,aT;) is within
1-6T )2
_57_K)\i of vj, as|xi7,\i75(R,a_i,G}i,--- 70Ii)| < K/\i')
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Note that for eachd; € A, there is an open sét) 5 C RI?l containing;
such thani,)\i,Zs,K,\i,éT - th)\i@g’&iy foranyvi e W, (R a_j,d%;,---,07;), and
Al e NinU, 5y, (See Figure 2, Wher@vi7/\i72£’|z)\i75T and Gvi7Ai/7s7|ZAi75T are la-
beled ‘G” and “G',” respectively.) Then we hawe; , 5. (R ai,0l;,---,07;) €
Gy ik, o for anyvi € W, (Raj,0l;,---,0T), andA/ € A\NUy, 5., since
Wi sv (Rai, oly,---,00)) € Gy, Ai 2 Ky, 87

Figure 2.GC G..

The set/\; is compact, sqU), s5}xen has a finite subcovejUy, s} 4. For
eachv and;, letd*; , s=0_j s andw’, s =W r 5, whereA/ € A; is such
thatAj € Uy 5. LetK = max, 5, Ky - Then(a*; , 5, Vi) is enforced byw:, 5.
andw;, 5., chooses the continuation payoffs from theGgt), . s7. Note that
nowK is independent ok;, and thus the proof is completed. Q.E.D.

From the above lemmas, Proposition 9 follows.

A.8 Proof of Lemma 8

Lemma 8. Suppose that (IFR) holds. Suppose also that has individual full
rank, and has statewise full rank fow, ) at regimeR. Then for everyp with
p(R) > 0 and for everyk > 0 there isK > 0 such thak”(T, d_i, Ai, §,K) > k for
all (T, A, 8,K) such than® 0, A% # 0, andK > K. Therefore, if sucli_; exists,
thenkP(T, Aj) = oo for all pandA; such thatp(R) > 0, A® # 0 andA.® # 0.

Proof. Since (IFR) holds, there 5 : A_j x £_j — R/®l such that

g°(a)+ % (0-i|la)Z"(a_i,0-) = o®(af,ai) + % (oilaj,a)2°(ai,0-i)

O_j€2_j O_j€2_j

54



forall e Q,ac A anda # &. That s,z is chosen in such a way that player
i is indifferent over all actions in a one-shot game if she receives a payment
z(a_j,0_) after play. In particular we can choogeso that

Ai-z(aj,0-i) <0

foralla_j e A_jando_j € =_;. LetV; € R?l be playeri’s payoff of the one-shot
game with payment; when player—i playsd_; and a public signaR follows a
distributionp; that is,

®-3pR 3 o >[g. @8+ 3 miolalas o)

for someg;.

Also, it follows from Lemma 5 that for ever > 0, there arel, € R/l and
% % x A x Z_ij — RI9l such thai(¥i, %) satisfies constraints (i) through (iii) of
(LP-Individual) and such thaX; - ¥ > Tk+ (T — 1)|A; - %i]. Let

Vi=1z 5T<'+ZZ5T1>
and

1-9

ey (NRa_" +;5T1 @ )>'

Then this(vi, x;) satisfies constraints (i) through (iii) of {LP). Also, letting

x(Ra_,ok,---,00) =

K> max [%(Ra.,0-)|+ max (T-1)|z(a.i,o-)l,

(Ra_j,o_j) (ai,0-i)

condition (iv) also holds. Sinc -v; >k, the lemma follows. Q.E.D.
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