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Abstract

We consider European options on a price process that follows the log-linear stochastic volatil-
ity model. There are two stochastic integrals in the option pricing formula that are costly to
compute. We derive a central limit theorem that provides approximations to these integrals.
For thirty day at the money options with parameter settings appropriate to foreign exchange
data, our formulas improve computation speed by a factor of 1000 over brute force Monte
Carlo at comparable accuracy. This improvement in speed gets computational efficiency to
the point where Markov chain Monte Carlo (MCMC) statistical methods are feasible. We
verify that MCMC statistical methods perform well on simulated joint price and options
data that follow the log-linear stocastic volatility model. We provide estimates of model
parameters from daily data on the Swiss Franc to Euro and Japanese Yen to Euro over the

period 1999 to 2002.

Keywords: central limit theorem, option pricing, stochastic volatility, foreign exchange,

Markov chain Monte Carlo.



1 Introduction

Stochastic volatility models are used extensively in economics and finance in a variety of
contexts. Some early applications are Clark (1973), Taylor (1982), Tauchen and Pitt (1983),
and Gallant, Hsieh, and Tauchen (1991). A review is provided by Ghysels, Harvey, and
Renault (1996). When the application permits flexibility, the most common specification is
the log-linear form as, for example, in Danielson (1994), Geweke (1994), Kim, Shephard, and
Chib (1998), Gallant, Hsu, and Tauchen (1999), and Jacquier, Polson and Rossi (2004). Of
special interest are Yu (2002), which examines the out-of-sample forecasting performance of
the log-linear stochastic volatility model, Chernov, Gallant, Ghysels, and Tauchen (2003),
which discusses alternative continuous-time stochastic volatility specifications and compares
several to the log-linear specification using daily data on the Dow-Jones Industrial Aver-
age, and Scott (1987), which discusses the log-linear specification in connection with option
pricing.

An important and computationally intesive application of the log-linear stochastic volatil-
ity model is the simultaneous extraction of volatility from a multivariate time series consisting
of a returns series and option prices on the return series. Simultaneous extraction, where
the specification and parameters of the volatility process of the returns series are forced to
coincide with those of the volatility process used to price the options, both maximizes the
statistical efficiency of volatility extraction and permits recovery of risk premia. For the
arguments supporting this claim and discussion of the various statistical estimation algo-
rithms available, see Chernov and Ghysels (2000), Pan (2002), Jones (2003), Polson and
Stroud (2003), Eraker (2004), and Ait-Sahalia and Kimmel (2007).

Our work concerns estimating stochastic volatility models using financial data from the
two aforementioned sources: underlying asset returns and option prices. Adding option data
creates a significant computational challenge for the following reason. In a stochastic volatil-
ity model, a volatility time series consists of latent variables h;,, t = 0,1,...,T, where h;
is, e.g., the logarithm of volatility. Estimation of the series {h;} and the multidimensional
parameter € involved in a stochastic volatility model typically requires use of a Monte Carlo

based algorithm such as efficient methods of moments (EMM) or Markov chain Monte Carlo



(MCMC). Those algorithms yield updated values ™ and hgm), t=0,1,...,T in the mth
iteration, m = 1,..., M. In particular, as an important part of the mth iteration in fitting
a stochastic volatility model, an option price ft(m) is calculated by using a general Black-
Scholes pricing formula based on the stochastic volatility model with the current parameter

(m=1) and volatility value A " and is compared to the observed option price C.

value 6
The comparison will lead to the adjustment of hﬁm_l) to h§’"’ fort =0,1,...,7T and also the
updating of 81 to ™). The generalzed Black-Scholes pricing formula (Garcia, Ghysels,
Renault, 2007) for ft(m) requires high-dimensional numerical integration to compute a con-
ditional expectation over the space of sample paths of future volatility. This has to be done
for every ¢t and every m. The required computational time quickly adds up with large values
of T' (several hundred days) and M (typically more than 100,000 iterations).

So far there have been two ways to handle the computation in practice. The first way is to
use “brute force” simulation, i.e. to generate a large number of future volatility sample paths
and average over these paths. Brute force can be accelerated somewhat using techniques such
as antithetic variates. Even though we may neglect to mention it at times, all our “brute
force” computations do use antithetic variates.

The second way is to abandon the log-linear specification and use the affine stochastic
volatility model proposed in Heston (1993). Heston’s closed-form option pricing formula
avoids most of the numerical integration involved in non-affine models such as the log-linear
specification considered here. Pan (2002) and Eraker (2004) add jumps to Heston’s model.

Some approaches do not match option prices but rather rely on the the Chicago Board
Options Exchange Market Volatility Index (VIX) as a direct measure of the latent volatility
process. Jones (2003) follows this approach and stays within the CEV class. Ait-Sahalia and
Kimmel (2007) analytically approximate the joint likelihood of prices and volatility. The
approximations are derived form forward and backward Fokker-Plank-Kolmogorov partial
differential equations. These approaches rely on the assumption that the VIX, which is an
average of eight near-term near-the-money Black-Scholes implied volatilities from options
on the S&P 100 index, is an adequate proxy to the latent volatility process defined by a
stochastic volatility model. They explore the adequacy of this approximation within the

CEV family and find that it depends mildly on the model considered. Of course, using



option prices, as we do here, avoids the assumption entirely.

In this paper, we develop an integration scheme that is practicable for use in pricing
options on a returns process represented by a log-linear stochastic volatility model. We
propose an integration scheme based on a Gaussian approximation that is proved here. Its
accuracy is verified by comparison to "brute force” Monte Carlo integration schemes. In
principle the ideas are more generally applicable, but we do not make these extensions here.

In order to illustrate the ideas, we study the dynamics of two foreign exchange returns
processes — Japanese Yen per Euro (JPY/EUR) and Swiss Franc per Euro (CHF/EUR) —
and options on them. For this application, Melino and Turnbull (1990) argue that option
prices based on a stochastic volatility model are more accurate than Black-Scholes prices and
Jacquier, Polson and Rossi (2004), who fit only the returns process using statistical methods
similar to those proposed here, provide estimates and characterizations against which we can
cross check our results. One of our findings is that, indeed, incorporating the option price
information provides more precise parameter estimates than using the information embedded
in the return series alone, confirming the findings of Chernov and Ghysels (2000), Pastorello,
Renault, and Touzi (2000), Polson and Stroud (2003), and Eraker (2004).

The rest of this paper is organized as follows: Section 2 describes the log-linear stochastic
volatility model under the physical measure (P-measure), derives the transformation to the
risk-neutral measure ((-measure), and displays formulas for the computation of European
options in terms of the risk neutral measure. Section 3 derives our numerical integration
scheme. Section 4 implements MCMC estimation methods that use the scheme for data
on returns alone and joint data on returns and options. Section 5 describes and reports
simulation results. Section 6 presents empirical results for two foreign exchange applications.

Section 7 concludes.

2 Option Prices for Stochastic Volatility Models

This section describes the model under the objective measure, derives the risk-neutral mea-

sure, and sets forth formulas for option price in terms of the risk-neutral measure.



2.1 The Stochastic Volatility Model

Let S = {S;} denote a continuous-time process that describes the evolution of the price of

an asset. We presume that its logarithm follows the following stochastic volatility model:

Yy = IOg(St), (1)
1

dy; = pdt+exp (5 ht> {\/ 1 —p?2dWy + pdWay |, (2)

dhy, = (a+ Bhy)dt+ o dWay, (3)

where W = {W,} = {(Whs, Wa)} is a standard two-dimensional Wiener process defined on a
probability space (2, F, P). Let {F; : 0 <t < T} denote the filtration generated by W. The
parameter p is the correlation of the asset return process and the volatility factor process.
This model is analogous to the discrete-time logarithmic first order autoregressive stochastic

volatility model of Jacquier, Polson and Rossi (2004).

2.2 Equivalent Martingale Measure

To price an option on S we follow established convention (Pan, 2002; Jones, 2003; Polson and
Stroud, 2003; Eraker, 2004; etc.) and specify risk premia such that the stochastic differential
equation describing the returns process has the same functional form under both the physical

and risk neutral measures. They are

Uy = v+ hy, (4)
N = \/%p? {exp <—% ht> (u—r)+ %exp (ht)} - pﬁt} , (5)

where r is the short rate, presumed constant; 7; is the risk premium process associated with
{Wy} and )\ is the risk premium process associated with {W7;}. The time-t price of a
contingent claim g(Sy) (with ¢ > t) is the conditional expectation E? [e’r(t/’t)g(St/) | ft}
under the risk neutral measure ), which can be expressed either as the Radon-Nikodym

derivative with respect to the physical measure P, which is
d t t 1 st 1 rt
_ 4@ :exp<—/)\udW1u—/DudW2u—/)\idu—/Dﬁdu), (6)
7 0 0 2 Jo 2 Jo

&= —F
or as a system of stochastic differential equations in terms of the Wiener processes

- dP

t
we — Wy, + /0 Aydu, (7)
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t
W = Wy + /0 Dudu, ®)

which is
1 —
dSt = rStdt + exXp <§ht> St [ 1-— deng + deg 9 (9)
dhy = Jo— 10+ (B — 1o )hy] dt + ocdWS. (10)

2.3 European options

The price of a European call option under a stochastic volatility model can be computed
as the conditional expectation under the risk-neutral measure () of the call option price
calculated according to the Black-Scholes (1973) formula. Let 6 = {u,a, 3,0,p} and v =
{v1,11} denote the parameters of the stochastic volatility model described in (1)—(3) and
(9)—(10). Then, as shown by Romano and Touzi (1997), for maturity (expiration) date T*

and strike price K, a European call option price can be computed as

C(Si,hi, 0,v) = E?[CP (Syexp Zuge, Vi, r, K, T = t) | 7], (11)
Zyps = p/T*exp (%hu) dWQ% — %pQ /T*exp (hy) du, (12)
_ 1 i p2 T* t
Vi = ot /t exp () du, (13)

where CP9(.) is the Black-Scholes call option pricing formula; specifically,

CB (s,v,7,k,d) (14)

_ Sq)(log (s/k) w; v2/2)d> - ke_,,dq)<log(s/k) ;L\S%Jrv?/Q)d - N&) |

where @ is the cumulative standard normal distribution function. Notice that with constant

volatility and p = 0, (11) is the original Black-Scholes call option price. A put option
can be priced using the parity relation between a put (FP;) and a call (C;), which is P, =
Cy — Sy + Kexp [—r (T —t)].

3 A Gaussian Approximation for Pricing Options

We approximate the option price C(S;, hy, 0, v) in two stages. Stage 1 is a Euler discretiza-

tion approximation, U, A ~ ftT* e" du and V,, VA ~ ftT* ehul? dWQ%, to the two integrals
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appearing in (12)—(13), where

n—1

U, = Y eMia, (15)
7=0
n—1 )

Ve = > eMtire i, (16)
7=0

€r4(j+1)a are iid N(0,1), and n = (T* —t)/A. Stage 2 is an approximation to the distribution
of (Un, V,,) by a Gaussian random vector (U, V') obtained via a central limit argument. The
error in Stage 1 is of order O(A) for small A and fixed T* —t. Stage 2 accepts this A and then
requires large n = (T* —t) /A for good accuracy. The error in Stage 2 is of order O(n ™z log n)
(Dam, 1998). To get the option price, the quantity CZ9 (St exp Zype, Ve, K, T* — t),
which appears in (11), is integrated with respect to the Gaussian distribution with appro-
priately scaled (U, V) replacing [ e du and [/~ /2 dWE in (12)-(13).1

Stage 2 is not a fill-in asymptotic result because, while decreasing A does increase n, it
also increases the correlation between adjacent points so that reducing A does not necessarily
improve the accuracy of the approximation to (12)—(13). In applications to data, the available
option expiries are limited so that A is the only choice variable. It then becomes an issue of
whether or not accuracy in approximating C(Sy, hy, 8, v) is good enough for the chosen A,
which can be checked in a given application as we do in ours.

The obvious (and usual) approach to computing (11) is to discretize (9)—(10), generate
N sample paths according to the recursions implied by the discretization, evaluate (11)—(13)
over each sample path, and average (11) over the N repetitions. This is how we check the
accuracy of our proposed Gaussian scheme approach in Section 5. Duffie and Glynn (1995)
relates to this computation. They studied the trade-off between small A and large N for
discretization schemes such as Euler, Milshtein, or Talay. Decreasing A reduces bias while
increasing N reduces variance. Thus one can approximate to arbitrary accuracy and one
can choose a pair (A, N) that minimizes computation time for given accuracy. For most
purposes, even the minimizing choice is too computationally intensive to be practicable.
From this perspective, what we propose is to replace the N Monte Carlo repetitions with

a Gaussian approximation with A chosen to provide acceptable accuracy. Our proposal

IThe explicit formula is (29) expressed in terms of the discretization (17), Black-Scholes formula (14),
and equations (18)—(22) of Theorem 1.



follows.
The discretization of the volatility process under the risk-neutral measure @, i.e. (10),

by means of an Euler scheme (Kloeden and Platen, 1992, p.341) yields the recursion
ht—l—A :a+bht+cet+A, (17)

where a = (o — 110)A, b =14+ (8 — 1n0)A, ¢ = VAo, and €A is an independent N (0, 1)
random variable. Notice that our notation departs from convention because we have incor-
porated A into the expressions for a, b, and c in order to simplify later formulas. For fixed ¢,
let E;( - ), Var,( - ) and Cov,( - ) denote the conditional expectation, variance and covariance
operators, respectively, given h,.

Theorem 1 2 Assume |b| < 1, fir A > 0,t > 0, and an arbitrary initial state h;. As
n — oo, the limiting distribution of n=? (U, — EU,, V, — EV,,) conditioning on h, is

a bivariate normal distribution with mean (0,0) and covariance matric A = ZH Zu )
21 22
provided ai1a29 > a%Z, with
ay = TLILIQO n~'Var,(U,),
12 = Q91 = nh—>nolo n_lCovt(Un, Vn),
gy = nll_{& n~'Var,(V,,);
where
n—l a(l —b%) ~ A1 —v*)
E — 7 . 1
U, ;expll_b +bht+2(1—b2)]’ (18)
EV, = 0 (19)
n—1 n—2 n—1
Vary,(U,) = > Var,(e"+2)+2 > 3" Cov (e, eMin), (20)
i=0 i=0 j=i+1
n—1i—1 o ) ) 2_bz_b]2
Covi(Un, Vo) = DD ¢ b1 exp [(b’ + b]/2) hy + a3/ - /2) (21)
i=1 j=0 B
+c2 (5/4 — b* —b% /4 + b7 — b))
2(1 —b?)
Vary (Vo) = EUy; (22)
with
Var, (eft+ia)
B ; 2a(1 —b")  A(1—b%) A1 —b*)
— exp(tht—l— 1_b + 1—62 eXp W —1 s

2Details of the proof are provided in Appendix A.



Covt(eh”m7 6ht+jA)
B ; - a2—-b" —b) A2-b*—b¥)
= exp((b +)h + - + D)

X [exp (%) — 1] .

4 Estimation

The estimation strategy follows Eraker (2004). The idea is to discretize a diffusion model such
as (1)—(3) according to an Euler scheme (Kloeden and Platen, 1992, p.341) which provides
a likelihood. With a likelihood available, several estimation strategies become feasible. Our
choice is to use a Bayesian inference strategy implemented with MCMC methods because
it is computationally stable and efficient for the class of problems considered here. MCMC
methods generate a discrete-time Markov chain whose stationary distribution is the joint
posterior distribution of model parameters and latent variables, hence samples from the
posterior distribution of any marginal are easy to obtain by selecting elements from the joint
series.

Discretization to get a likelihood can introduce bias. This bias may be eliminated by
using any one of the fill-in methods proposed by Elarian, Chib, and Shephard (2001), Eraker
(2001), or Durham and Gallant (2002). But as verified by Eraker (2004), for the type of
data and class of models considered here, accuracy is adequate for a A of one day so there
is no need to use fill-in methods if data sampled at a daily frequency are available.

The method proposed by Eraker (2004) is a “Metropolis within Gibbs” approach. In the
manner of Gibbs, one block of parameters is sampled conditional on the rest and one cycles
through the blocks. But, because the normalizing constants for the conditional distributions
involved are not known, a Metropolis sampler is used to generate the draws. The conditional
distributions themselves are obtained by using the fact that when the data and a block of
parameters are held fixed, the conditional density for the remaining parameters is propor-
tional to the likelihood times the prior. The proposal densities required for the block moves

must be obtained by analyzing the problem. This, regrettably, is an art.



4.1 Estimation without options

Consider a time series of the fundamental asset returns Y, a set of latent state variables
h, and the model parameters # under the objective measure P. Because we will take A
to be the sampling frequency of the data, Y has elements y;;a for ¢ = 0,...,n, — 1 with
distribution determined by (2)—(3). Similarly, the elements h;;;a of h are determined by (3).
The parameters are 6 = {u, a, 3, p,0}.

The posterior distribution for parameters and latent variables is the conditional density

P (h,0|Y). Holding Y fixed, this density is proportional to the likelihood times the prior

P(h,0|Y)x P(Y,h|0)P(0) =P (Y |h,0)P(h|0)P(0) (23)
with
n—1
P(Y|h,0) P(h|0) ~ IT p(verarnalyevin, hevin, 0) p(heranalhiria, 0), (24)
=0

where p(Yit(it1)a|Ye+ins Petia, 0) is the normal density of y;4(;11)a with the conditional mean
UA + ypiin and conditional variance e+ A, and P(hiytvalhipia, 0) is the normal density
of hii(i+1)a with the conditional mean oA + (1 + BA)h.y;a and conditional variance o?A,
following the discretization of (2)—(3).

The Gibbs blocking is as follows. The elements within the block of A are moved one at
a time. The coordinate variable h;,;a at each i is generated from the conditional density
P(hegin | et —n)as Pes(i41)A3 Vit (i—1) a5 Yerin, Yer(i+1)a; 0) due to the Markovian structure in
the dynamics of (2)—(3). The drift parameters p and {«, 5} are moved as two separate blocks
and the diffusion parameters {o, p} as another. The priors are uniform on their supports with
the exception for p which has a conjugate normal prior, allowing © to be updated directly
without Metropolis-Hastings acceptance/rejection intermediation. All priors are proper with
boundary parameters set in the experiments to be effectively uninformative. The details are
in Appendix B.

The single-move Gibbs sampler is not as efficient as some other Bayesian MCMC in-
ference methods for estimating stochastic volatility models using only returns data Y. In
particular, the multi-move Gibbs sampler with Kalman filters introduced in Kim, Shephard,

and Chib (1998), Pitt and Shephard (1999), Chib, Nardari, and Shephard (2002) is more



efficient computationally. We use the single-move Gibbs sampler in this paper for estimat-
ing stochastic volatility models based on both returns and option data. To the best of our
knowledge, no multi-move MCMC methods are available for that task. Given that we must
use it for that purpose, we also use it for returns alone to reduce our coding and debugging

burden.

4.2 Estimation with options

We now consider the additional information provided by options on Y. The option prices
C we consider are on homogeneous instruments sampled at the same time as y;.;A so that
C has elements ¢, ;a for j = 0,1,...,n, — 1, where ¢;;;a is the logarithm of the observed
option price.

As is common in derivative pricing applications (Polson and Stroud, 2003; Eraker, 2004),
the distribution of C' is determined by both an option pricing formula, which is (11) in our
case, and an assumption of pricing errors. Pricing errors are not only required to permit
application of Bayesian and similar likelihood based methods but are also plausible reflections
of bid-ask bounce and similar micro structure considerations (Renault, 1997; Jacquier and

Jarrow, 2000). We assume that errors are additive in logs,
Ct+jA = ftJrjA—i-(ng, j :O,l,...,nc— 1, (25)

where, from (11),

frrin =1log [C (Stsin, hitjn, 0,V)], (26)

and the errors €;, j = 0,1,....,n, — 1 are iid N(0, 1) random variables, independent of the
processes S and h. Note that (25) treats observed option data as a noisy version of the option
prices predicted based on a corresponding pricing formula. In Jones (2003), a different but
somewhat equivalent approach is taken by considering the implied volatility data (VIX) to
be a noisy version of the latent volatility variables.

There are several unknowns now, including 6 = {u,a,3,p,0} and h that appear in
the returns dynamics (2)—(3), the risk premia parameters v = {vy, 12} that appear in the

risk-neutral dynamics (9)-(10), and the pricing error standard deviation ¢ from (25).
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We assume the three blocks {Y,h, 0}, v, and ¢ are mutually independent. Under this

assumption, the joint posterior distribution of interest becomes
P (h,0,v,6|C,)Y) x P(C|Y,h,0,v,6) P (Y|h,0) P (h|0) P(0) P(v)P (). (27)

We have expressions for P (Y'|h, ) and P (h|f) from Subsection 4.1. From (25), the likelihood

of the option prices is

ne—1 B Croin — f S )2
P(CD/, h, 9’ v, 5) x H) 5 1 exp (_( t+]A252t+]A) ) (28)
j=

The Gibbs blocking is as follows. As in Subsection 4.1, the elements h,.;a of h are
moved one at a time, the drift parameters p and {«a, f} are moved as two separate blocks,
and the diffusion parameters {o, p} as another. Priors for these are as in Subsection 4.1.
The risk premium parameters v and the pricing error parameter ¢ are moved as two separate
blocks. The prior on v is uniform. The prior for ¢ is the conjugate, so that ¢ can be directly
sampled from a product of inverse gammas without Metropolis-Hastings acceptance/rejection
intermediation. All priors are proper with parameters set to be effectively uninformative.

The details are in Appendix B.

5 Simulation study

As a theoretical result, Theorem 1 given in Section 3 requires large T* — t. In practice,
large values of T* — t are restricted to long-term options and moments become harder to
compute accurately for large values of T* — ¢t due to the powers involved in the moment
expressions. For that concern, we perform a series of simulation studies in this section to
check the applicability of the Gaussian approximation scheme for different terms to maturity.

Table 1 shows the accuracy of option pricing computations that use brute force Monte
Carlo and the accuracy of methods based on the Gaussian scheme (GS) for various matu-
rities and strike prices. To construct the table, a bivariate time series of security prices S
and volatilities h of length 600, which is the (rounded) length of our data, were generated
according to equations (9)—(10). The parameter settings are given in the table legend and
are roughly the same as found in our data except for a risk free rate of zero. At this point,

S, h, and all parameter values are known. Then 600 option prices that are regarded as the
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true values were computed for each of the strike prices and maturities shown in the table
using brute force Monte Carlo with 1,000,000 repetitions.

Brute force Monte Carlo uses a simulation of equation (10) from the current date to
expiry to approximate the integrals in equations (12) and (13). With these, C®% in equation
(11) can be computed. E?(-) is computed by averaging C?° over Monte Carlo repetitions of
these computations. The notation BF(/N) in the table indicates that the number of Monte
Carlo repetitions is N. We use an antithetic variates method to reduce variance in our Monte
Carlo computations. The antithetic variates method uses a pair of draws from the elemental
random nummber generator of opposite sign. This pair counts as two draws in reporting N
because drawing the random numbers themselves is a negligable cost. Computation of C'?°
for a given path is the costly part of the computation.

To implement the Gaussian scheme, substitute U,, and V,, into equation (11) using equa-

tions (12), (13), (15), and (16) to obtain the function

1 1-p?
C(u,v) = CP? [St exp(pv — §p2u> , (T* _pt>u,r, K, T — t} , (29)
where CB%(s,v,r, k,d) is the Black-Scholes formula given by (14). The integration to be

performed is
// C(u,v) n(u,v|m,A)dudv, (30)

where m = (E;U,, E;V,,) and A are the mean vector and the covariance matrix of the
bivariate normal density n(u,v|m, A) with E,U,,, E;V,,, and A given by equations (18)-(22)
of Theorem 1.

GS Monte Carlo uses N draws of (Uy,, V,,) from the bivariate Gaussian distribution with
mean vector and covariance matrix given by equations (18)—(22) to compute the integral (30)
by averaging C(U,,V,) over the N draws. If a draw of U, is negative, then we discard that
CB5 and repeat. The notation GS(NV) in the table indicates that the number of Monte Carlo
repetitions is V. An antithetic variates technique is applied so that one single draw from a
bivariate standard Gaussian distribution generates a pair of samples from the distribution
of (Up, V).

GS quadrature uses a Gauss-Hermite rule to compute the integral (30) directly. It is

implemented as follows. Factoring A as A = RR’, (30) can be rewritten in a form suitable
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for Gauss-Hermite quadrature as
// W_IC(m +V2 tR) exp(—t] — t3) dt, dt, (31)

where ¢ = (t1,t2). A Gauss-Hermite rule has the form

| s exp(=s*) ds = 3 Wi(s). (32

The L abscissae s; and L weight factors W, can be obtained from tabulations such as Ta-
ble 25.10 of Abramowitz and Segun (1964) or can be computed as needed using an algorithm
due to Golub (1973); see also Golub and Welsh (1969). Thus, we would use
L L
// C(u,v)n(u,v|m,A) dudv ~ Z;Zﬂ_10<m+\/583) W;W; (33)
i=1j=1
where s = (s;, 5;) except for the fact that the first element of m++/2 s R must be positive. We
deal with this as follows. Let S denote the set of indexes (i, j) of the double sum appearing
in equation (33) for which the first element of m + /2 sR is positive. Then the rule we
actually use is
Sigres C(m + V2 sR) Wil
Z(i,j)GS W;W;
(The 7 in (33) arises from Y. > W;W, = w. Therefore it does not appear in (34)). In the

// C(u,v)n(u,v|m,A)dudv ~ (34)

work reported here, we use a five point rule; i.e. L = 5. These are reported in lines labeled
GS(Q) in Table 1.

When quadrature is used, computation of the double sums in equations (20) and (21)
become the main computational burden. If one plots the elements S(i,j) of the sum as a
function defined on the integers (7, j) one observes that it is quite smooth. This suggests
that one could approximate by a polynomial and sum that instead. Consider equation (21).
Our strategy is to select four equally spaced integers i; =1 < iy <13 < 7y =n — 1, get the

marginal totals S(iy) = Z;’“;Ol S(ig, j), fit the cubic
S(ix) = ag + a1 (ix) + az(ix)® + as(iy)?, (35)
and compute the sum by using the expression

nfS(')—(') (G gy () (T (36)
VG |y Ty JaiT gy T fe Ty Ty Ty )%

=1
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Similarly for (20) using S(ix, — 1) instead of S(ix) to adjust for the fact that the index
starts at one rather than zero. (The same idea can be used to compute the marginal totals
S(iy) = Z;’;_Ol S(ig,j) and we do so.) Results for quadrature using these approximations
to the double sums to compute the elements A of equation (30) are reported as GS(QI) in
Table 1.

As a practical matter, only GS(1000), GS(Q), and GS(QI) are fast enough for use in the
estimations reported in Section 6. As seen from Table 1, their overall accuracy is roughly
the same. The entries in Table 1 are the root mean square error in the approximation to log
option prices over the 600 option prices available for each entry in the table. These can be
roughly interpreted as the average percent errors after multiplication by 100.

The time in seconds averaged over ten repetitions to compute an at the money option
price using each of the methods used in Table 1 is shown as Table 2. As just stated and as
indicated in Table 2, only GS(1000), GS(Q), and GS(QI) are fast enough to be practicable.
Of these, GS(QI) is by far the fastest and the one that we shall use in Section 6.

The effectiveness of the estimation strategy proposed in Section 4 is examined in Ta-
ble 3. Table 3 reports posterior means and standard deviations for estimation carried out
as described in Subsections 4.1 and 4.2 for simulated data on at-the-money call options and
the underlying. The simulated options prices are computed by “brute force” and the esti-
mation involving options is conducted using the Gaussian scheme as described in the table
legend. Omne concludes from the entries in the table that the GS(QI) scheme is adequate
for application in an estimation context. Also, the finding of Jacquier and Jarrow (2000),
Eraker, Johannes, and Polson (2003) and Eraker (2004) that estimation of model parame-
ters from joint data on options and the underlying returns series rather than returns alone

substantially reduces the standard deviations of estimates is verified.

6 Empirical Study

In this section, we apply the methods developed to currency price and options data.
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6.1 Data

The exchange rate data are daily closing rates as determined by trades from January 1999
through December 2002 on the Japanese Yen to Euro (JPY/EUR) and Swiss Franc to Euro
(CHF/EUR) obtained from the Pacific Exchange Rate Service web site (fx.sauder.ubc.ca).
The returns computed from these series are geometric, i.e., 7, = 1001log(p¢/pi—1), where p; is
the closing quote. The sample size is 1003 for each. Summary statistics for these two series
are shown in Table 4.

The options data are the average of the bid and ask closing quotes of over-the-counter
(OTC) options written on JPY/EUR and CHF/EUR expressed as implied volatilities on a
one month European contract with the strike price set to the one month forward currency
rate, referred to as at-the-money-forward (ATMF') contracts hereafter. The sample period is
September 2000 through December 2002 and the sampling frequency is daily, which yields a
sample size of 592 for JPY/EUR and 594 for CHF /EUR. These data were kindly provided
by Chien-te Hsu, CSFB. Because the OTC currency options are traded and quoted as im-
plied volatilities, one needs to use a modified Black-Scholes formula to convert the data to
the option premium (price). The convention for converting volatilities to prices in the OTC
foreign exchange market is the Garman-Kohlhagen (1983) option pricing formula. Mathe-
matically, the formula is identical to Merton’s (1973) formula for options on dividend-paying
stocks. One replaces the stock’s dividend yield in Merton’s formula by the risk free rate on
the Euro and the risk free rate in Merton’s formula by the risk free rate on the Japanese
Yen for JPY/EUR or the Swiss Franc for CHF/EUR. Here, the 3-month LIBOR rates for
the Euro, Japanese Yen, and Swiss Franc obtained from Datastream at the daily frequency
were used as the risk-free rates in the formula. The exchange rate, exchange rate returns,
ATMEF implied volatilities, and ATMF option premiums are plotted over the sample period
2000-2003 for the Japanese Yen to Euro in Figure 1 and for the Swiss Franc to Euro in
Figure 2. OTC options are used here rather than exchange-traded options because the OTC
market is usually more liquid. The bid-ask spread on quoted implied volatilities for these

contracts is about 4% (Chong, Ding, and Tan, 2003).
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6.2 Empirical results based on returns data

Table 5 reports the posterior means and standard deviations of the log SV model over the
sample period of January 1999 through December 2002 computed as described in Subsec-
tion 4.2.

The long-term mean of the volatility of the JPY/EUR series is —% = —0.6078 which is
higher than the value —3.3572 for the CHF/EUR series. The volatility persistence param-
eter ( estimates of -0.1341 (autocorrelation of 1 + 8 = 0.8659) for JPY/EUR and -0.1034
(autocorrelation 0.8966) for CHF /EUR are smaller and standard deviations are larger than
those reported in Jaquier, Polson, and Rossi (2004). This seems to be an effect of the amount
of information available. Later, in Section 6.3, we see that when the sample period is short-
ened estimates and standard deviations diverge further but that when options data is added
deviations are much smaller and the estimates much closer to those reported by and Jaquier,
Polson, and Rossi. The “leverage effect” parameter p is significantly negative in both series,
indicating that the return and the volatility processes are negatively correlated during this
sample period.

Figure 3 plots the returns on both exchange rate series and their annualized estimated
volatility paths (often called smoothed volatility). Comparing the visual impression of
volatility from the returns with the estimated volatility, the qualitative impression is that
the estimated volatility is reasonable. Notice in particular that the effects of the event
of September 11, 2001, on the Swiss Franc seems to have been captured by the volatility

estimates.

6.3 Empirical results based on joint data

Table 6 reports the posterior means and standard deviations of the log SV model over the
sample period of January 2000 through December 2002 both for returns alone, computed
as described in Subsection 4.1, and for returns with options, computed as described in
Subsection 4.2. For the JPY/EUR series there are 592 observations and for CHF /EUR
series there are 594 observations.

As seen in Table 6 there are large discrepancies in the estimates computed with and

without options data. Although the long-run means of the volatilities for each series with
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joint data (JPY/EUR: —§ = —0.2548; CHF /EUR: —% = —3.7990) are reasonably close to
their counterparts with returns data alone (JPY/EUR: —§ = —1.0032; CHF/EUR: —§ =
—3.2765), taking into account the standard deviations; the estimates of the volatility mean
reversion speed parameter (3 differ considerably, implying that the estimated spot volatility
process is much more persistent when estimated from the joint data than when estimated
from the returns data alone. As remarked in Section 6.2, this seems to be an effect of the
amount of information available. When the series becomes longer or options data are added,
estimates become more similar to those reported Jaquier, Polson, and Rossi (2004), who use
a long time series.

Estimates of the volatility of the volatility o are smaller with the joint data than using
the returns data alone for both series. Notice that the “leverage effect” parameter p of the
CHF/EUR series is negative, suggesting that the underlying return distribution is skewed
toward right. This finding coincides with the unconditional moments reported in Table 4
and a plot of the risk-reversal premiums for these data (not shown).

Figure 4 plots the estimated spot volatility paths based on the joint data (dotted line)
and returns data alone (solid line). We observe that the volatility paths estimated using
joint data are visually less volatile and more persistent than their counterparts based on
the returns data, which is consistent with the interpretation of the estimates in Table 6
immediately above.

The estimates for ¢, which is the root mean square pricing error, are below the bid-ask
bounce for these data.

The most striking observation that one draws from Table 6 is the large reduction in the
standard deviations of model parameters when returns data are augmented by options data,
which agrees with results reported by Chernov and Ghysels (2000), Ge (2000), Pastorello,
et. al. (2000), Eraker (2004), and Polson and Stroud (2003).

It is well known that adequately representing daily returns dynamics with a continuous
time model within the class of stochastic volatility models requires two factors: one to capture
the persistence in volatility and one to thicken tails. Moreover, the process that thickens
tails can be either an extra diffusion added to the volatility process or a jump process of one

form or another. On this see Bates (1996), Eraker (2001), and Chernov, Gallant, Ghysels,
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and Tauchen (2003). From this perspective, our model is misspecified. It is interesting to
see how this misspecification manifests itself.

To assess model specification, we plot the estimated residuals for the return and volatility
processes based on the returns data alone and the joint data in Figures 5 and 6, respectively.
In each panel is also shown the raw kurtosis for that series.

What one sees in comparing Figures 5 and 6 is that adding options causes the volatility
process to become both more persistent and less able to add the variation that fattens the
tails in returns. The fact that an extra factor is needed, be it a nearly white noise diffusion
or a jump process, becomes fairly obvious.

It does not seem possible to decide whether the extra factor should be a jump process or
a diffusion from data at the daily frequency because both models do about as well statisti-
cally (Chernov, Gallant, Ghysels, and Tauchen, 2003). Nonparametric methods using high

frequency data seem to favor the presence of jumps (Huang and Tauchen, 2005).

7 Conclusion

A Gaussian approximation was established that can be used to compute European option
prices on securities that follow the log-linear stochastic volatility models. It is efficient
enough to apply MCMC methods to the estimation of model parameters from joint returns
and options data.

Accuracy is adequate for one common application — foreign exchange options — as
verified by simulation and two applications. Accuracy is relatively easy to check in a give
application and one should.

Calculation of required moments in Gaussian approximations consumes nearly the entire
cost of the algorithm. The simple interpolation strategy used in Section 5 (see (35)—(36))
reduces the computational time by at least an order of magnitude with slight sacrifice in
accuracy. Possible future work includes more efficient methods for computing moments
in Gaussian approximations. Accuracy could be further improved if conditional skewness
and kurtosis can be calculated and included in Gaussian-like approximations (Edgeworth
expansions). More tedious computation will be involved.

Another task we are engaged in concerns two-factor log-linear stochastic volatility models.
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This direction appears more useful based on the comparison studies in Chernov, Gallant,
Ghysels and Tauchen (2003). Two-factor log-linear stochastic volatility models perform
much better wherein one slowly mean reverting factor provides volatility persistence and
one rapidly mean reverting factor provides fat tails. The evidence gathered in Chernov,
Gallant, Ghysels and Tauchen (2003) is only based on returns data (Dow Jones Industrial
Average — DJIA). Addition of option data in similar studies will surely need efficient methods
for computing option prices, such as Gaussian approximations introduced in this paper and

appropriate modifications.

A Appendix

Proof of Theorem 1: Fori=0,1,2,...,

1-v , i
htJrZ'A =a 171) + bzht +c Z blimEterA. (37)
- m=1
Hence (18) follows from
n—1
EU, = Y BEiexp(hirin)]
i=0

and
a(l—=0") . A1 —v*)
Ei[exp(hi4ia)] = exp ll—b +b'he + 2—)
To verify (20), note that for 0 <:<j <n-—1,
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in particular, if © = j + 1, then

Etija

: i— c?
€t4(j+1)A €XP (C b th—i—kA)] =ce /2

k=j+1

Hence for i > 7,

hesin a2
Ey(ehriseleinlPe, i)

2 2i—2; i—j
i [0 e - b)
= cb™’ exp[ ) + = Et{exp{(b ]+1/2)ht+jA”
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1—b
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= cb 7 exp l(bi+bj/2) hy +

which implies (21).
Although V,, itself satisfies a martingale CLT, Theorem 1 requires the joint asymptotic
normality for (U,, V},), not just for the two components separately. Using the Cramér-Wold

device, it suffices to show that

(%) for any u,v € R, n~Y2 [u(U, — E,U,) + vV,] converges in distribution to a normal

random variable with mean zero and variance aj; u? + 2a12 v + asy V2.

We invoke some CLT for strong mixing sequences. See the nice survey papers Bradley
(1986) and Peligrad (1986). Recall the definition of strong mixing. Let {X;, i =0,1,2,...}
be a stochastic process, and F" the o-algebra generated by X;, m <i < n. {X;} is said to
be strong mixing with rate «,, if

Qy, = sup sup |P(ANB) — P(A)P(B)] — 0

t>0 AeFl, BeF,

as n — oo. For fixed t > 0, A >0, and each j =0,1,..., let

& = u(elrin — Eyelrin) 4 vehtHA/%HUH)A, then u(U, — E,U,) + vV, = Z?;l ;. Note
that {hija, 7 = 0,1,...} is a strong mixing sequence with an exponential mixing rate, so
is the sequence {;} [since for each j, &; is a function of (hyyja, it (j+1)a)]. Theorem 1 is a

CLT conditioning on h;, hence {;} is not a stationary sequence. Based on the comments in

Peligrad (1986) (p216, section 4) and the calculation we have done, (%) will follow from that
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the sequence {£2} is uniformly integrable, and the sequence

su Var e e
B, — Prso Vary(§epra + - -+ &t 1)A)’ n=102 ..

Var(§ + - + i ne1)a)

is bounded. QFED.

B Appendix

In this section, we provide details of the MCMC algorithms given in Chapter 4 that calibrate
the SV models. The unknowns include the volatility sequence h and the model parameters
© ={60,v,6} with 0 = {u,a, 8,0, p} and v = {v1,15}. Our goal is to sample from the joint
posterior distribution of the unknowns conditioning on the data {Y, C'}. The general strategy
of the Gibbs sampler, as a special class of MCMC algorithms applied to current context, is
to cycle through several disjoint blocks of the unknowns, with each block simulated from the
conditional distribution given all other blocks. Here is a list of those conditionals where the

omitted variables are due to conditional independence:

e P(h]Y,C,0)

o P(o,p|Y,C h,u,a, 3,v,0)

o Pa,p|Y,C h,p,0,p,v,0)

e P(wY,C h,«,3,0,p,9) (p omitted)
o P(ulY,h,a,f3,0,p) (C, v, 8 omitted)
e P(S|Y,C h,«a,3,0,p,v) (p omitted)

Note here and in what follows, the capital notation P(-|-) denotes conditional probabilities
that involve the entire sequences Y and C, while the lower-case notation p(-|-) denotes
conditional probabilities that involve some coordinates of ¥ and C'

Due to the non-linear forms of the option pricing formulas (11)-(14), the first four con-
ditional distributions listed above are not available in closed forms. Therefore, we apply
Metropolis-Hastings algorithms (MH) to sample h and parameters {«, 3,0, p,v}. The pa-

rameters p and ¢ can be updated directly via Bayesian conjugacy without resorting to
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MCMC. Using MH to update a variable amounts to simulate a candidate value from a pro-
posal density then accept the proposed value with a certain probability expressed in terms

of the related MH ratio.

Updating volatility sequence h

Let ¢ = 1,...,G denote the successive MCMC iterations and A be the time increment
between two adjacent data points. In the g-th iteration, the coordinates hﬁi)j Ay J =1,...,nare
updated sequentially, following a single-move MH scheme. We first consider the intermediate
points j = 2,...,n — 1 then present a slightly different treatment to the two boundary points
j=1and j=n.

At each point j = 2,...,n — 1, we generate h;, ;5 from a proposal density ¢ of normal
distribution with mean a9=YA + (1 4+ g60-DA )hii (-1a and variance s (g@~1)?A follow-
ing the discretization of (3), where s > 0 is a tuning parameter for controlling the accep-
tance/rejection rate in the MH chain. We set s = 0.9 in our experiment.

To determine the acceptance probability, note that P (hiyjalheiia,k # 5;Y,C,0)
P(C,Y,h,©) < P(C|Y,h,©) P (Y,h|0). If we write P (C|Y,h,©) P (Y,h|f) as a product

of n factors, and collect terms that involve hiy;a, we will define the acceptance probability

w as
w = min{w1wQuJ3w4, 1}, (38)
where
o — p<Ct+JA’yt+jA,ht_i_]A,@(g—l))
' N )
plcirjnlyiria, ht+]A ,O-1)
P p(yt+(y+1 A, £+( +1)A|yt+]A7ht+]A’/’L(g_1)7a(g_l),ﬁ(g_l)7O'(g—l)’p(g—]_))
2 : )
PWna Il alesa, hifgX, plomD, ale=h, b, glab), plo=1)
B N DA B ar 1OV, o), 571 gla1) pla=n)
3 ! )
p(yt—l-jAa t+]A|yt+] 1)A,h§+)(j 1)A7u(g—1)’a(g_l)’6(9_1)’0(9_1)”0(9_1))
T Q(htﬂA]htJr(j 1)A’Oé(g 1) ’5(9 1) ,a(g 1))
4 B .
AL R0y aleD, B0, olaD)
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For j = 1, we adopt the stationary distribution of i as a proposal density of hj 4, i.e.

(g-1) (g—1))2
h: AT N _a 9 (U ) ;
+ pl=D7 Bla=1(2 4+ BlE-DA)

and the acceptance probability w is given by

where

For j =n,

where s = 0.9 is the same tuning parameter; then accept h;

where

w1

%)

ws

W = min{wlwgwg, 1},

plceralyera, hiia, CE

w“ro= -1 -1’

pleeralyera biia’, OU™Y)
-1 N _ _ _ _ _
N (Yo, h§i2A)|yt+Aa ht-}—Awu(g D, alo=D), Be=1) 5lo=1) pla-1))
- 1 1 ’
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q(h(gil)’a(g_l 6(9_1) U(g_l))

w3

q(hiyalals=, fla=, glo=D) °

we propose hj,, A such that
Fona ~ N (@9DA+ (1 4+ SO VAN L, s(e0TI2A),
+ina With probability

W = min{wlwgwg, 1},

p Ct+nA’yt+nAa ht+nA= 6(9_1))
P(Cranal¥isna, hE—I—nA)’ Ol—1)

p
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Updating parameters {o, p}
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At the g-th MH iteration (g = 1, ..., G), a pair {o*, p*} is generated by

o olo=1) S1€1
= + , (43)

P plo=t S2€2

where €; and €, are iid N (0, 1) random variables, while s; and ss are two tuning factors. We
set 1 = s, = 0.002 in our experiment. This proposal density ¢, referred to as a random walk
MH, is a symmetric function of {o*, 99} and of {p*, p¥=1} hence ¢(-|-) does not appear
in the following MH ratio.

To determine the acceptance probability, note that
P(o,p|Y,C h,pu, 0, 3,v,8) < P(C|Y,h,O)P(Y,hlu,a, 3,0,p)P(c,p). Assuming a unform
prior 7 (o, p) on the rectangle [0.0,1.5] x [—1.0,0.5], we accept {o*, p*} with probability

w = min{wywows, 1}, (44)

where

P(C|Y,h9 als=D) gla=1) o* p* 1(a=D §la=D)

T P(C|Y,h9) alo=1) pla=1) glo=1) ple—1) plo—1) §lg-1))’
P(Y, h(9) m(g_l)’ 05(9—1)7 ﬁ(g—l)’ o*, p*>

2T P @D, aleD, 3D ga-D) pla-D)’

A CAT

71'(0'(9_1)7 p(g—l)) )

Updating parameters {«, 5}

A similar random walk MH is used to propose {a*, 5*} by

*

a alo—D) S3€3
_l’_
It Blo=1 S4€4

with iid N(0,1) errors {e3, €4} and tuning parameters s3 = s4 = 0.002.
Assuming a uniform prior 7(«, #) on the rectangle [—1.5, 1.0] x [—0.9, 0.0], we accept
{a*, *} with probability

w = min{wjwews, 1}, (46)
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where

P(CD/? h(g)7 Oé*, 5*7 0(9)7 P(g); V(g_l)v 6(9_1))

i P(CY,hl@) als=1) Blo=1 5@ plo) ple=1) §lo=1)’
P(Y,h9|pl9=0 o* 5% 0@ pl9)

2T P O D, aleD, 3D 6@, pa))’

oy m(a*, 5%)

71'(0[(9_1)7 6(9—1)) '

Updating parameters {v, 1o}

We use a random walk MH with normal errors again to propose v* = {vj,v;}.

Note that P(v|Y,C, h,a, 3,0,p,6) < P(C|Y,h,©)P(v). Conditioning on ¢¥, we use a

2
=0.5 ﬂ} , and accept v* with probability

o9 1 5(9)

uniform prior 7w (v) supported on the square {
w = min{wywy, 1}, (47)

where

P(C|Y, h9) a9 5(5]) o@ p@) 1+ a1y

w1 P(C|Y,h9) @) B gl p@) ple=1) §e-1))’
_ 7w
w2 Ty’

Updating parameters p and o

To update u, we specify a conjugate normal prior 7(x) with mean gy = 0 and variance

1/po = 1,000,000. Then the posterior satisfies

D’ 1
Pu9Y, ) ~ N ( Y+ Py ) , (15)

D'D+py  D'D + py
where

1 /
D = \/Z{exp(—hHA) eXp(—*th(n-l)A)

1
Z/—ﬁ

1
(Yiton — Yiin)exp (—ihg&, cees (Yigna = Yig(n-1)a) €xp (—*hti)n na)
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Similarly, we specify a conjugate inverse gamma (IG) prior for 62, m(6%) ~ IG(ng, ngs3)
with ng = 2.0 and so = 0.005. Therefore, the posterior of §2 can be derived as

[Z?:l(CtJrjA - ft—o—jA)Q}
2

T-1
P(&2,|V,C, 29, a9 39 60) p) ) ~ G (no L . ),nosé .

(49)
where {cija,j = 1,...,n} are the logarithms of the observed option prices and { fi;a,j =

1,...,n} are the predicted option prices according to (11)-(14) and (26).
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Table 1. Accuracy of the Gaussian Scheme and Brute Force Monte Carlo

Maturity in Days

Method 30 90 180

In the Money: K/S =0.9

GS(1000) 0.0026  0.0044 0.0047
GS(10000)  0.0018  0.0032  0.0036
GS(100000)  0.0017 0.0031  0.0035
GS(Q) 0.0063 0.0041 0.0035
GS(QI) 0.0063 0.0044 0.0036
BF(1000) 0.0011 0.0021 0.0031
BF(10000) 0.0004 0.0007 0.0010
)

0.0002 0.0003 0.0004
At the Money: K/S =1.0

GS(1000
GS(10000

) 0.0039 0.0066 0.0063
) 0.0024 0.0053 0.0052
GS(IOOOOO) 0.0023 0.0053 0.0051
GS(Q) 0.0048 0.0067 0.0051

GS(QI) 0.0048 0.0072 0.0049
BF(1000) 0.0014 0.0023 0.0033
BF(10000) 0.0005 0.0008 0.0011
BF(100000) 0.0003 0.0004 0.0005

Out of the Money: K/S =1.1

BF (10000
BF (100000

0.0007 0.0008 0.0012
0.0003 0.0004 0.0005

GS(1000) 0.0090 0.0058 0.0074
GS(10000) 0.0085 0.0043 0.0063
GS(IOOOOO) 0.0084 0.0043 0.0061
GS(Q) 0.0043 0.0058 0.0062
GS(QI) 0.0044 0.0069 0.0054
BF(1000) 0.0021 0.0025 0.0035

)

)

Shown are the root mean squared errors of the approximation to a series of 600 sim-
ulated log call option prices using the Gaussian scheme with 1,000, 10,000, 100,000
Monte Carlo repetitions and quadrature both with (GS(QI)) and without (GS(Q))
approximation to the double sums in equations (20) and (21). Also shown are
the root mean square approximations by brute force Monte Carlo for 1,000, 10,000,
100,000 Monte Carlo repetitions. The option prices regarded as correct were computed
from a simulation of length 600 of the underlying prices and volatilities using equa-
tions (1)—(3) by brute force Monte Carlo with 1,000,000 repetitions using equations
(11)—(13) at the maturities and strikes shown in the table. Antithetic variates were
used for all Monte Carlo computations. The parameter values were set as follows:
©w=0.0,aa=0.0,6=-0.06,p=—-0.3,0 =0.2,v; = —0.5,5 = 0.0, = 0.0. Because of
the use of logarithms, table entries are approximate root mean percentage errors after

multiplication by 100.

32



Table 2. Computing Speeds of Numerical Integration Schemes

Maturity in Days

1.6313 4.6025 9.0705

Method 30 90 180
GS(1000) 0.0030 0.0152 0.0594
GS(10000) 0.0196 0.0305 0.0763
GS(lOOOOO) 0.1743 0.1893 0.2336
GS(Q) 0.0023 0.0150 0.0589
GS(QI) 0.0002 0.0003 0.0005
BF(1000) 0.0169 0.0460 0.0907
BF(10000) 0.1630 0.4665 0.9071
)

BF (100000

Shown are the time in seconds to compute at the money log option prices using the
central limit approximation with 1,000, 10,000, 100,000 Monte Carlo repetitons and

quadrature.
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Table 3. Posterior Means and Standard Deviations from Simulated Data

true returns  returns and options

parameter value only GS(QI)
I 0.0 0.0451 0.0566
(0.0376) (0.0291)
@ 0.0 -0.0605 -0.0333
(0.0370) (0.0164)
Ié] -0.06  -0.2528 -0.1038
(0.1009) (0.0051)
o 0.2 0.5032 0.3245
(0.1045) (0.0184)
p -0.3  -0.0123 -0.2079
(0.1063) (0.0430)
1 -0.5 -0.4929
(0.0633)
0 0.0 0.0145
(0.0020)

Using an Euler scheme with A =1 applied to (9)—(10) at parameter settings as shown
and r and vy fixed at zero and not involved in the estimation, ATM option prices,
where the strike prices are set to the asset price K = S, are computed for n = 600
and an expiration date of thirty days using “brute force” with 1,000,000 repetitions
to integrate (11)—(13). To these simulated data an MCMC chain of 500,000 iterations
(after discarding 500,000 iterations to dissipate transients) was generated as described
in Subsecions 4.1 and 4.2 using the Gaussian scheme with quadrature and interpolated
conditional means and variances to integrate (11)—(13). The means and standard de-
viations (in parentheses) of the chain are shown. The ratio of the posterior standard
deviation of the volatility exp(h:/2) without options to the posterior standard devi-
ation of the volatility with options was computed at each time point and averaged
over observations 4 through 594, which eliminates end effects. This average is 5.45,

indicating that volatility is much more precisely estimated when options are included.
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Table 4. Exchange Rate Sample Statistics

Series

Statistic JPY/EUR CHF/EUR

Mean -0.0067 -0.0112

Std. Dev. 0.8343 0.2351

Skewness -0.0125 -0.8543

Kurtosis 4.5195 13.6625

Sample size 1003 1003
Autocorrelations:

Lag 1 0.1109 0.2001

Lag 2 0.1360 0.1345

Lag 3 0.0694 0.1777

Lag 4 0.1081 0.1700

Lag 5 0.0116 0.2105

The data are daily exchange rates, Swiss Frank to Euro
(CHF/EUR) and Japanese Yen to Euro (JPY/EUR), from Jan-

uary 1999 to December 2002 expressed as a geometric return.

Table 5. Posterior Means and Standard Deviations
from Daily Returns Alone, 1999-2002.

parameter JPY/EUR CHF/EUR

" -0.0066  -0.0124
(0.0089)  (0.0071)
a -0.0815  -0.3468
(0.0352)  (0.1055)
3 -0.1341  -0.1033
(0.0496)  (0.0306)
o 0.3567  0.4064
(0.0778)  (0.0624)
P 0.1672  -0.3136

(0.0864)  (0.0822)

Values computed from MCMC chain of 40,000 (after discarding
20,000 to dissipate transients) run as described in Subsecion 4.1.
The means and standard deviations (in parentheses) of the chain

are shown.
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Table 6. Posterior Means and Standard Deviations from Daily
Returns and Options, 2000-2002.

JPY/EUR CHF/EUR

returns returns and returns returns and
parameter alone options alone options
o 0.0003 0.0005 -0.0000 -0.0002
(0.0196) (0.0266) (0.0063) (0.0067)

« -0.4323 -0.004 -1.1019 -0.0737
(0.1374) (0.009) (0.2610) (0.0219)

I} -0.4309 -0.0157 -0.3363 -0.0194
(0.1262) (0.0043) (0.0786) (0.0061)

o 0.8142 0.1664 0.7458 0.2508
(0.1052) (0.0223) (0.0930) (0.0113)

p -0.0705 0.0478 -0.0167 -0.4949
(0.1076) (0.0639) (0.0749) (0.0372)

2 0.5135 0.5917
(0.0865) (0.1127)

Vo 0.3867 0.2534
(0.0418) (0.0294)

) 0.0160 0.0345
(0.0029) (0.0016)

Values computed from MCMC chain of 500,000 (after discarding 200,000 to

dissipate transients) run as described in Subsection 4.1 for returns alone and

in Subsection 4.2 for returns and options using the CLT with quadrature

and interpolated contitional means and variances to integrate (11)—(13). The

means and standard deviations (in parentheses) of the chain are shown.
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Figure 1. Underlying and Options Data, Japanese Yen to Euro. Shown in the first panel are
daily JPY/EUR exchange rates at a daily frequency. The geometric return computed from the values
in the first panel are shown in the second. The third panel shows the implied volatilities for an ATMF
one month JPY/EUR option. The last panel shows option price computed from the implied volatilities
and the three month LIBOR rates on the Japanese Yen and the Euro using the Garman-Kohlhagen

option pricing formula.
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Figure 2. Underlying and Options Data, Swiss Frank to Euro. Legend as for Figure 1 but for
Swiss Franc.
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3. Volatility Estimated from Returns Alone.
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Geometric returns computed from the

data and volatility estimates (often called smoothed volatility) computed from MCMC chain of 40,000
(after discarding 20,000 to dissipate transients) run as described in Subsecion 4.1.
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Estimated Spot Volatilities of JPY/EUR Returns
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Figure 4. Volatility Estimated from Returns and Options. The solid line is estimated volatitility

(often called smoothed volatitltiy) computed from returns alone using the MCMC methods described
in Subsecion 4.1. The dotted line is the same computed from returns and options using the methods
described in Subsecion 4.2 and the CLT with quadrature and interpolated conditional means and vari-
ances to integrate (11)—(13). In both instances values computed from an MCMC chain of 500,000 (after
discarding 200,000 to dissipate transients).
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Estimated residuals for the returns on JPY/EUR exchage rate
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Figure 5. Estimated Residuals Based on Returns Data. Shown in the first panel is the estimated
residuals from JPY/EUR return process (2) based on returns data. The second panel shows the residuals
from JPY/EUR return volatility process (3) estimated based on returns data. The last two panels show
the estimated residuals as in the first two but for CHF /EUR. Also shown in each panel is the kurtosis for
the plotted residuals series. The returns residuals are normalized by the standard deviation computed
from smooted volatility series at each time point. The volatility residuals are computed from the smoothed

volatility process that is treated as if it were data that follow the autoregression (17).
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Estimated residuals for the returns on JPY/EUR exchange rate
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Figure 6. Estimated Residuals Based on Joint Data. Shown in the first panel is the estimated
residuals from JPY/EUR return process (2) based on joint data. The second panel shows the residuals
from JPY/EUR return volatility process (3) estimated based on joint data. The last two panels show the
estimated residuals as in the first two but for CHF/EUR. Also shown in each panel is the kurtosis for the
plotted residuals series. The returns residuals are normalized by the standard deviation computed from
smooted volatility series at each time point. The volatility residuals are computed from the smoothed

volatility process that is treated as if it were data that follow the autoregression (17).
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