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Abstract

We consider the quasi maximum likelihood estimator obtained by replacing each transition
density in the correct likelihood for a non-Markovian, stationary process by a transition
density with a fixed number of lags. This estimator is of interest because it is asymptotically
equivalent to the efficient method of moments estimator as typically implemented in dynamic
macro and finance applications. Under standard regularity conditions we derive a necessary
and sufficient condition for the existence of a score vector defined over the infinite past.
Upon imposing this condition, we show that the asymptotic variance of the finite lag quasi
maximum likelihood estimator tends to the asymptotic variance of the maximum likelihood

estimator as the number of lags tends to infinity.

Key words: Maximum likelihood, non-Markovian, quasi maximum likelihood, finite lag ap-

proximation.



1 Introduction
We consider a stationary process
{yoeRM t=0,+1,42 .}

defined on a probability space (§2, F, P) whose finite dimensional density functions are pre-

sumed to be in the family
B =A{pWsr--ry530) 15 <t =0,£1,%£2,.. .}

for some p° € R. We assume that the process {y;} is not Markovian, in the sense that for

some Borel set A € RM,
PlE(Tal 7)) = (i) <1

for all finite L, where F,' denotes the smallest sub-o-algebra of F such that the random
variables {ys, ..., y:} are measurable.

Such processes can arise in a variety of ways, e.g., a linear system with moving average
errors, but we are primarily interested in parameterized processes that are well suited to
estimation by efficient method of moments (EMM) implemented by means of a seminon-
parametric (SNP) score generator. A leading example is a process obtained by discretely
sampling a subset of the state variables of a continuous time process that evolves according
to a system of nonlinear stochastic differential equations (Gallant and Long, 1997). Other
examples are in Gallant and Tauchen (1996).

Although other simulation estimators are applicable in this situation (Ingram and Lee,
1991; Smith, 1993; Gourieroux, Monfort, and Renault, 1993; Duffie and Singleton, 1993), the
distinguishing characteristic of the EMM/SNP estimator is that, as shown by Gallant and
Long (1997), it is asymptotically equivalent to the quasi maximum likelihood estimator p,
that is obtained by replacing each transition density in the correct likelihood by a transition
density on L lags. Specifically, the objective function

n

Qn(p) =2Wo, - - - yr—1,p) [ P(Welve—r,- - - Y1—1,0)
t=L



replaces the standard likelihood
n
Ln(p) = p(o, p) [ p(welvo, - - - ve-1, p),
t=1
and the estimator is

pn = argmax Qn (p)
PER

Note that p(ye|ys—r,---,%—1,p°) is the correct density for y, given vy r,...,y;_1; the er-
ror in the approximation of L, by @), is due to truncation, not to misspecified func-
tional form. A salient effect of this truncation is that for finite L, the truncated scores
(0/0p) log p(yt|yo, - - -, Yt—1, p°) do not necessarily form a martingale difference sequence.

Because the EMM estimator implemented by means of SNP is asymptotically equivalent
to pn, a high level assumption that the quasi maximum likelihood estimator is asymptotically
equivalent to the maximum likelihood estimator as L tends to infinity implies that EMM
is as efficient as maximum likelihood in the limit. Gallant and Long (1997) obtained their
efficiency result by imposing this assumption.

While a high level assumption that the quasi maximum likelihood estimator is asymptot-
ically equivalent to the maximum likelihood estimator is plausible, one would prefer a result
that was deduced from more standard and more primitive assumptions. That is our goal
here. We show that the Gallant-Long assumption is implied by standard assumptions for
maximum likelihood estimation of the parameters of a non-Markovian, stationary system.

Our proof strategy is to construct the score vector for the case when data extend to
the infinite past. The construction of the score on the infinite past and its properties are
of some interest in their own right. Further, from these properties, one can deduce that
these three estimators are asymptotically equivalent: quasi maximum likelihood with an
objective function formed from n transition densities that condition on the infinite past,
quasi maximum likelihood with an objective function formed from n transition densities
that condition on L lags (in the limit as L tends to infinity), and maximum likelihood with
an objective function formed from n transition densities that condition back to the first
observation. This equivalence implies our main result.

The plan of the paper is as follows. In Section 2, we discuss the standard assumptions

of nonlinear dynamic modeling in a setting applicable to the case of maximum likelihood



estimation for non-Markovian data. In Section 3, we construct a notion of a score on the
infinite past. In Section 4, we deduce some properties of this score and use them to obtain
our main result. Although our results are motivated by the EMM/SNP application, they
are more general in that they apply to any non-Markovian, stationary process that satisfies

standard regularity conditions.

2 Maximum Likelihood Estimation
We begin by formalizing the conventions of Section 1.

ASSUMPTION 1 Let {y;} . with y; : @ — RM be a stationary process defined on a

—0o0

complete probability space (2, F, P).
For contiguous subsequences (ys, .- .,y;) from {y,;}, s <t =0,41,+2,..., define

Fr=0s, -, 90,

where o(ys, ..., y;) denotes the smallest complete sub-o-algebra of F such that the random

variables (ys,...,y;) are measurable. Throughout, for F-measurable integrable g, £(g) =

Jg(w)dP(w), llgll- = (ElgI)"", and |lgll = llgll-.

ASSUMPTION 2 For each p in a parameter space R C RP» and for each L = 1,2,...,
pr(, p) : RMEIF) 5 R+ is a probability density function with respect to Lebesque measure

on RMUIAY  For x € RME and y € RM, define

pr(@,p) = /SRMpL(:r,y,p)dy

pr(z,y, p)
pL Y|z, = ———=1 z, .
L( | ,0) pL(:E,,O) [pL(z,p)>0]

We assume that for each p € R, (z,y) — pr(z,vy, p) satisfies the consistency condition

pu(@y,p) = [ punl(w,2), .6l du.

Further, for each (z,y) € RMEAD py(z,y,) : R = R, pr(x,-) : R — R*, and pr(yl|z, ) :

R — Rt are continuous on R, L =1,2,....



Throughout, x;_1 = (ys—1,---,y:—1)- We shall drop the subscript L when all arguments
are given explicitly; e.g., p(v¢|vo, - - -, ye—1,p) or p(Ys, - - -, ys, p). With these conventions,

P = {ps;--sth,p) 15 <t =0,£1,£2,..}

= {pr(zi_1,y,p) :t=0,+£1,£2...; L=1,2,..}.

PROPOSITION 1 (a) Given assumptions 1 and 2, there exists a function p, : 2 - R

measurable — F such that

pn = argmax Qn(p),
PER

where

Qn(p) =pr(xr-1,p) ﬁ PL(Y|Ti—1, p)-

t=L

We call p,, the quasi-maximum likelihood estimator (qmle).

(b) Given assumptions 1 and 2, there exists a function p, : © — R measurable — F such

that
pn = argmax L, (p),
PER
where

La(p) = p(o, p) [T p(¥tlv0, - - -, ye1, p).-
t=1

We call p,, the maximum likelihood estimator (mle).
We assume that the model {P,, p € R} is correctly specified in the following sense.

ASSUMPTION 3 The finite dimensional densities of {y;};°_. are in the family P, for

—0oQ
some p° in R. For each L, the parameter space R contains the closure R¢ of an open ball

RS9 containing p°, and the Kullback-Leibler discrepancy

au(p) = [ [1ogpL(vl, p) pu(a.y, ) dyds

has an isolated minimum over R at p°.

Regularity conditions for consistent estimation of the parameters p° of a dynamic model

by quasi maximum likelihood and by maximum likelihood are stated in Gallant and White
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(1988), Gallant (1987), Davidson (1994), Levine (1982), Potscher and Prucha (1996) and
White (1987, 1994) and do not differ substantively among authors. Under additional stan-
dard regularity conditions the gqmle and the mle are asymptotically normal. Among other
things, these conditions ensure that log p(v:|vo, - - ., ¥: 1, p), is continuously differentiable of
order two in p over RY, and that its first and second partial derivatives with respect p,
are dominated by a function dy,(z,y) suitably integrable with respect to pr(x,y, p°). In this

literature, mixing conditions such as the following are standard.

ASSUMPTION 4 The process {y:}°_., is strong mixing of size —4r/(r — 4) for some
r > 4 with respect to the filtration {F’_}2

—oQ”

The expression for the asymptotic variance of the maximum likelihood estimator sim-
plifies through elimination of quantities involving second derivatives when integration and
differentiation interchange, and it is customary to impose these interchange conditions when

deriving the asymptotics of the qmle and the mle. For the qmle these conditions are

ASSUMPTION 5

—=p°

/agppL(x,p) dm‘p:po = (%/PL(J%P) dx‘p

/8,582,0: pr(z, p) dx‘p:p" - %/%pL(x’p) dm‘p=p"

To define the asymptotic variances of the quasi maximum likelihood estimators, we define

0
St,L = a—plngL(yt|$t—1aPo)
VIO,,T = S(St,L ‘Z—T,L) (1)
Vi o= Vig+ Vi + (Z VZ,T> : )
=1 T=1

The matrix V¢ given by (2) is assumed to be nonsingular. Under appropriate regularity
conditions and with application of the interchange assumption, which eliminates quantities

involving second derivatives from the asymptotic variance of the qmle, it can be shown that

A~ 0 L 0 - 0 4 -
V(pa = p°) 5 N[(0,(V2,0) (V) (VE,0) ]
For the mle the correct specification assumption is stated as follows:
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ASSUMPTION 6 The finite dimensional densities of {y;}2__ are in the family P, for

—0oQ0
some p° in R. The parameter space R contains the closure R° of an open ball R° centered
at p® and

_ . 1 n
I(p) = lim gzﬁlogp(ytlyo,---,yH,p),
t=1

n—oo

has an isolated minimum over R° at p°.

Standard regularity conditions that deliver asymptotic normality ensure that the log
density log p(y:|vo, - - ., yi—1; p) is continuously differentiable over R® and that its first and
second partial derivatives with respect to p are dominated by a function dy(yo, - . - , y;) suitably
integrable with respect to p(vo, - .., yt)-

As for the gqmle, the asymptotic covariance of the mle simplifies under conditions per-

mitting interchange of integral and derivative. Specifically,

ASSUMPTION 7

0 0
/a—pp(yo,---,yt;p) dyo---dyt\p:po = a—p/p(yo,---,yt;p) dyo---dyt\p:po
(92 82
—apap,p(yo,---,yt;p)dyo---dyt\p_po = apap,/p(yo,---,yt;p)dyo---dyt\p_po

To define the asymptotic covariance matrix for the mle, we define

0
St,t = 8_p 10gp(1/t|2/0, e Y1, Po)
o __ : 1 S !
v o= Jim 3 e(sus) ®

The matrix V° given by (3) is assumed to be nonsingular. For the mle, appropriate regularity

conditions ensure that

Vo = p%) 5 N[0, (v3) 7]

3 A Score Vector on the Infinite Past

In this section we construct a score vector on the infinite past for the family P,.
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LEMMA 1 Assumption 5 implies

&

0 0
—1 gy ITH ? s =1 Sy Yty ’
9 og p(y Yrs P°) ] 95 ogp(y Yi, 0°)

for every 0 < s <t <.
Proof Let u = (Y5y- -+, Ys-1), V= (YUsy- -, Yt), and w = (Ygy1, .- -, Yr)-

|

= //—logp U, V, W p)wdudw‘
p(v, p°) p=p°

0
—1 0
£ lap 08P (Yo - -+ Yrs P°)

p(”’”’ w’p)
= — dud
//6 p(u, v, w, p) p(u, v, w, p°)p(v, p°) Y w‘pzp"

- //puvaddw‘
5,0 p=p°

(0/9p)p(v, p)
p(v, p°)

p=p°

= a%logp(v, ).

LEMMA 2 Let Assumptions 3, 5, and 6 hold. Then there exists
St,oo € LQ(QaJ:: P)

such that
Jim [[Syp = Sieol| = 0

if and only if

2

0 0
li N1 L) R ) N1 5L,p)| =0
Jim sup 5l5< 9p ogp(T-1,p )\ H) 9p og pr(z¢-1,p°)

for every X\ # 0.

Proof Let A # 0 be given and for J > I > L let

0 0
Ly = £ (8_/) logpj(ﬂft—l, PO)‘f;tq) - (9_,0 logpl(-Tt—la Po)-
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Using the law of iterated expectations and Lemma 1,
ENSt1) (NSes— NSi1)]

' 0 0
= 5{()\ St,l) [)\ a—IOgPJ(l"t 1, Y, P ) )\a—logpl(ﬂft 1, Yt, P )]}

! ! 8 (o] ! a (]
- 5{()\ St,I) l/\ 8_ IOgPJ(l“tfl,P ) —A a_plogpI(xtflap )] }

0
= { )\Stl l < long Ti—1,Yt, P )‘};t—l) —5(/\'a—p]0gp1($t1,?Jt,l)o)‘-7:tt—1>]}

a 9
E(N— 3 log ps(e—1, p°) Jifz) —5<A'a—pl°gi"1($t—1’po)‘7531)]}

~ef s [e (v}
0
= 5{ (N'Se1) 5<)\' Bp log ps(z¢—1, p°) g<)‘la_plogp1(xtlapo)‘£tl

0 0
(N'Si.1) ( 3p — log ps(xi—1, p°) f;t_z> — )‘Ia_plogpI(-Tt—lapo)‘|}
= —&[(NSy) ()\ Zy17)]

Then
0 < ||NSir—

(NSy.s)? = EWNSur)’ + 2E[(NSes) (N Zu1)] .- (6)

Suppose that Equation 5 holds. By Assumption 6 the sequence {€(X'S;,,)*}32; is bound-

ed. Therefore Equation 5 implies

lim sup2E[(N'Sy.r) (N Zy 1)) = 0.

I—oo g5

The positive, bounded sequence {€(N'S;1)*}3%, has at least one limit point. If there are
more than one, let a < b denote two of them and choose subsequences L; < I, < J; such
that lim;_, L; = 00, lim;_ 00 & ()\’St,h)2 = b, and lim;_,o E(N'S;, J,.)2 = a. From Equation 6

we would then have

b= lim EN'S,,)° — lim 2E[(X'S,1,) (N Zz,5,)] < lim ENS..) =a

17— 00

which is a contradiction. Therefore limy, o, € (N’ St,,;)2 exists and given € > 0 we may choose

L large enough that I, J > L implies
0 < |INSer— NSy sl = ENSs)” = ENSer)’ +2E[(NSis) (N Zess)] < e (7)
Equation 7 implies {X'S; 1}7. | is Cauchy. Therefore {\'S; 1}, has an L,(Q2, F, P) limit.

8



Now suppose that {\'S; }7., has an Ly(Q, F, P) limit. Then {\'S, 1}, is a Cauchy se-
quence and we have from Jensen’s inequality, the law of iterated expectations, and Lemma 1,

that
EINSes — NS
> £[e (VS - NSu| B

0 0
= l (A'a—logpj (41, Yty p )‘.E%) —5</\,8_plogpI(fEt—layt:po)‘};tI)

I
] d ?
g<)\,8_p ogps(xi—1,p°) '7711) - 5<)\Ia—plogpl($t—1,00)‘f£t—1> ]
) ] 2
= [5 (A’a—p ong L1, p ) ﬁt1> —5<)\'a—p10gp1(xt1,p°)‘]';t1)]
= ele(v 2 )| A P ( ”)2
= ap log ps(2—1, p t—1I ap 0gPpr\Ti—1,pP
O
REMARK 1 Let (R, A, P,) denote the probability space induced on R*® = X2__ R by

the finite dimensional densities P, via the Daniel-Kolmogorov construction (Tucker, 1967,
p. 30). Inspection of the proof of Lemma 2 reveals that S; . can be viewed as a random
variable defined on the probability space (R*, A, Po) with infinite dimensional argument
(Yt Y4—1, - ..). Because (R, A, Po) is the range space of the random variables {y:(w)}52_
defined on the probability space (€2, F, P), St is a composite function that is ultimately
defined on (2, F, P). O

In view of Lemma 2, we consider the following

ASSUMPTION 8

2

a 0 t ! a 0 _
Jim sup 5l5< a—plogm(mm,p )\ ﬁr) - A a—pIngz(xtfl,p )| =0

for every A\ # 0.
4 Asymptotic Efficiency

In this section we deduce some properties of the score and then prove our main result.

9



REMARK 2 Throughout we use these facts: If X; — X and Y7, — Y in Ly(Q, F, P),
then XY, — XY in Ly(Q, F, P) (Chung, 1974, p. 70). Because [ |X. Y, — XY|dP — 0
implies [(X. Y, — XY)dP — 0 and X Y7 and XY in L;(Q,F, P) implies [ XY dP and
[ XY dP exist, we have X;, - X and Y, — Y in Ly(Q, F, P) implies XY, — EXY. By
putting Y, = Y, we have X; — X in Ly implies £X Y — £EXY. By putting Y, =Y =1,
we have X; — X in L, implies £X;, — £X. O

LEMMA 3 Let Assumptions 3, 5, 6 and 8 hold. If s < ¢, then
g(St,oo) - 0

E(S5,005¢00) =0

E(Ss,0055,00) = €(St00900)-
Proof A standard result from the theory of maximum likelihood estimation is

E(Sur

_ 0 o
7= 5 08PL o1 ) pulylos, ) dy |, =0,
whence £(S; ) = 0 for every L. Because S; 1, — St in Lo, we have that

0= I;h—{{olo g(St,L) = g(St,oo)
For s < t and large J,
E(Ss LSt IR = Sa (St | RS = 0,
whence £(S;,1.S/ ;) = 0. Because S; ; — St in Lo, we have that
0= Jli_)ngoé'(Ss,LSt’J) = E(S6,.5/ o)

Because £(S,,15; ) = 0 for all L and S, — S in Lg, we have that
0= Lh_)rglo E(S5,.5] 00) = E(S5,005¢ 0)-

Lastly, S,z — Ss00 and Sy — Spoo in Ly together with £(S,1S; ;) = £(S;,.S{ ) because

Of slationarity imply
6 (SS,OOSSI oo) liIIl 5 (ES,L*SSI 1/) liIIl é (St,LEtI L) 5 (St,OOSt,oo)'
’ L—oo ’ L—oo ’ ’

10



Lemma 3 implies

1 & 1 &
Var(— S,oo)z— E(St00St00) = E(50,0050.00) »
5 5) = B elsaste) ~(sunsic
which permits the following definition.

DEFINITION 1
1 n
Vooo =& S(),OOS,OO = Var (— St,oo) . (8)
( 0’ ) \/n t:ZI
LEMMA 4 If Assumptions 4, 3, 5, 6 and 8 hold, then

lim Z )\ 5 St—H' LStIL)A

L—>oo

for every \ € RPr.

Proof A standard mixing inequality is

]1/2—1/4'

?

[EXNSuirnl FLO)| < 20212+ 1) INSiirsll, [ B, Fo)
see, e.g., Gallant (1987, p. 507) or Davidson (1994, p. 211). Assumption 4 implies

sup a(FRL, F')=0 (T"”/(T"l)) ,

—oo<t<oo
which is uniform in ¢ by stationarity.
Assumption 6 bounds ||A'Si;, ||, uniformly in ¢. Applying Cauchy-Schwarz and the

above, there is a § > 0 such that
‘5[()‘,St’f3) 5(/\ISt+T,L‘-7':too)H <IN Sesrelly Hg(AIS?H-T,L|fjoo) H2 <0 (7’717‘5) ;

where O (7"1_‘5) does not depend upon L or t. Therefore

00 T
> NE(Srrr SN = 30 NE(Srrs )N + O (T70),

T=1 T=1
where O (T“s) does not depend on L. By the same arguments as in the proof of Lemma 3
we have imy, o0 £(St4r,05¢ ) = €(St1r,005¢ ) = 0. Therefore,

nggo Z NE(SirrSip)A =0 (T7),

where T is arbitrary. O
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THEOREM 1 Assumptions 4, 3, 5, 6 and 8 imply

Vo = lim V¢ =V°,

L—oo

where the variance matrices are given by (3), (2), and (8), respectively.

Proof Recall that ,
V= Vo 3Vt + (L)
=1

=1
where V7 | = 5<St,L SQ,T’L). Lemma 4 implies limy_, 3572, V7 . = 0. Further, Sy — Sy
in Ly implies

Lh_)ngo Vie= ngfgof:(St,L éL) = g(St,oo éoo) =V

Therefore, lim;,_, V; = V2. By stationarity,
lim £(SS7,) = Jim €(S04S5,) = Jim V7 =V,

whence

5 Conclusion

In this paper, we have constructed a score vector S; o, defined over the infinite past for a non-
Markovian stationary process {y:}° ... We have shown that its variance does not depend
on t and that this variance is the same as the asymptotic variance of the maximum likelihood
estimator. It is also the limit, as the number of lags L goes to infinity, of the asymptotic
variance of the quasi maximum likelihood estimator on L lags. The regularity conditions
used to obtain these results are the standard regularity conditions for the asymptotics of
the quasi maximum likelihood estimator and the maximum likelihood estimator in nonlinear
dynamic models plus and additional condition that we show to be necessary and sufficient.

Of particular interest in these derivations are Lemmas 1, 2, and 3. Lemma 1 gives an
explicit expression for the conditional expectation of the derivative of a log density when the

conditioning variables are a subset of its arguments. Using this result, Lemma 2 provides

12



a necessary and sufficient contditon for the existence of a score defined on the infinite past,
which is the L, limit of the finite dimensional score. Lemma 3 derives some useful properties

of this score.
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