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S.1 Technical Proofs

Lemma S.1.1. Given Assumption 2.5 and the null hypothesis in (2.8), it holds that Zf:l 9T 0.

Proof. Applying integration by parts yields that

gir = —E [(T5T)1/2K/ <€t> ht:| = —(T5T)1/2ht/K/ <e> fi(e)de (S.1.1)
’ 5T 5T
:T1/25;/2ht/K <e> fl(e)de — T~Y/253h, [K (6) ft(e)] T (S.1.2)
5T 5T e=—00

As lime, 100 K(€) = 0 and f; is bounded from above, the latter term is zero a.s. for all T € N. By

transformation of variables, it further holds that

gir = T—1/25:1/2ht/K ((;) flle)de = T—1/25§/2h,t/1((u) Fl(67u) du. (S.1.3)

A Taylor expansion of f;(dru) around zero is given by

(5TU)2 "

fi(6ru) = f;(0) 4 (67u) f;(0) + 5 i

(Co7u), (S.1.4)

for some ¢ € [0,1] and f/(0) = 0 holds under the null hypothesis specified in (2.8). Consequently,
T

T
> dir _T1/25:5r/22ft”(0)ht/uf( (u) du (S.1.5)
t=1

t=1

T
+%T’1/26;/22ht / K (u) fI" (Copu) du. (S.1.6)
t=1

As [uK (u) du = 0 by assumption (A5), the first term is zero for all T € N. As sup,, f/"(z) < ¢ by
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Assumption (A4) and [u?K (u)du < ¢ < 0o by Assumption (A5), we obtain
1 a 1 1 o
5T—I/Q(s;” 3 ht/UZK (w) f1"(¢Oru) du < S (Té%)l/zf S h o, (S.1.7)
t=1 t=1

as T6% — 0 for T — oo by Assumption (A6) and 4 ST hy il E[h:] by a law of large numbers

for stationary and ergodic sequences. The result of the lemma follows. O

Lemma S.1.2. Given Assumption 2.5 and under the null hypothesis in (2.8), it holds that

S Var (zer) = @ = AT Qajode)-

Proof. We first observe that Var (z;,7) = E [()\T (gt;p — gfyT))ﬂ as E [/\T (gt,T — gfyT)} = 0. Hence,

Var [z7] = E [(ATgt,Tf] _E [(ATg;T)Q] , (S.1.8)

as £ [(/\TgfyT) : ()\Tgtj)} =K [()\Tgte,T) - By [)\Tgt;p]] =E [()\Tgf’T)ﬂ. For the first term in (S.1.8),

we obtain

E [(ATgt,TY} —E [(T67) (AT hy)?E, [K’ (Xt;TYt“>2” (S.1.9)
=F (T5T)—1()\Tht)2/K’ <5€T)2ft(e)de] (S.1.10)
- %E [(ATht)Q/K' (u)? f,(67u) du] : (S.1.11)
As 67 — 0 when T" — oo, we find
d T 2 T 2 ! u 2 U= T T ! u 2 u
;E{()\ gt;r) ] —>E[(A hy) ft(O)}/K( )2 du = A E[ft(O)htht}A/K ()2 du. (S.1.12)

For the second term in (S.1.8), inserting the equality in (S.1.3) yields

9 2 2
(Agir) = (63/2T1/2<ATht> / K (u) f;<6Tu>du) < ST IR

/ K (u) fl(udr)du
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As sup, |f/(z)] < c and | [ K’ (u) du| < ¢ by assumption, it holds that

T ) L I
T 3 21y]2 2
S| (Vair) | < sNE (1 B IIRP)) o (5.1.13
t=1 t=1
as 6% — 0 as T — oo. The result of the lemma follows by combining (S.1.12) and (S.1.13). O

Lemma S.1.3. Given Assumption 2.5 and under the null hypothesis in (2.8), it holds that

Zz:l th,T i> @2 = )‘TQMode)\-
Proof. We define

T T
hir = Z (thT — E, [Z?T]) and ho = ZEt [zZT] — @2, (S.1.14)

t=1 t=1

L
such that Z;‘FZI Zt2,T —? = hi+ho . We first show that hy 1 —2 0 for some 1 < p < 2 sufficiently
small enough and thus hy 1 i) 0. For this, first notice that thT — E; [Z?T] is a Fy41-MDS by
definition. Thus, we can apply the von Bahr and Esseen (1965)-inequality for some p € (1,2) for

MDS (in the first line) in order to conclude that

T p T
E(lhrlP) =B || 22 =B [227]| | 2D E[|2fr — B [277]]"] (S.1.15)
t=1 t=1
T T
<2) 7 (B[] +E B []]) <2 Y E[lmal®],  (81.16)
t=1 t=1

where we use in the second inequality that |a + b[P < 2P7!(|alP + [b|P) for any a,b € R. Using the

same inequality again yields
2 T T 2p 2p—1 T p T p
E[|zt’T| p} —F ‘)\ gt — A g;T] < o1 (E ’)\ gt,T] +E ’)\ gZT’ . (S.1.17)
Thus,

S E U)\Tgtjrp] - (TdT)l_p;zT:E UAThtfp/\K’ (u)[* ft(dTu)du] 0, (S.1.18)

t=1
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as (Top)'™P = 0 forallp € (1,2), E UAThtEP} < oo for p > 1 sufficiently small such that 2p < 24§
(for the § > 0 from Assumption (A2)), and [ |K’ (u)|* f;(0ru)du < cc®~! [|K' (u)|du < oo as

J 1K' (u)|du < o0, sup, |K’ (u)| < ¢ and sup,, fi(z) < ¢ a.s. by assumption. Similarly, we obtain

T
1
] = 63 (Tor) "> [’)\Tht ‘/K’ ) fo(ru)du
t=1

T % 2p
S E D)\TgtT ] -0,  (S.1.19)

t=1

which shows that hq 7 i 0 for some p > 1 sufficiently small which implies that hq 7 i> 0.

We continue by showing that ho 7 £ o. Using the same argument as in (S.1.8), we split

T T T
hor =Y Ei[22y] —o? = E [)\ gr) } S (ATgir)? — @™ (S.1.20)
t=1

t=1 t=1

Applying a transformation of variables yields

MH

T 2
Tgir)? = %% > (AThy)? </ K’(u)ft(éTu)du> (S.1.21)
t=1

< b7 < XT: AThy) > <C/|K’(u)|du>2 0, (8.1.22)

t=1

2

as op — 0, %Z;‘F:l()\Tht)Q = E[(ATh)?] + op(1) and ([ |K'(u)|du)” < [|K'(u)?du < oo by

assumption. Furthermore,

TIE Agr)?] = (T6r) ITATh =)’ S.1.23
;t[( gt,T)} ) ; t) ! <5T>] (S.1.23)

1 T
= (T >_(AThy) ) [ K@ horode S E[OOTR] [ K=ot (s120
t=1

as for all u € R, %Zle(/\Tht)zft@Tu) L E [f:(0)(AThy)?]. Thus, we find hor L5 0 and

consequently Zthl sz RN 0, which concludes this proof. 0

Lemma S.1.4. Given Assumption 2.5 and the null hypothesis in (2.8), it holds that

P
maxj<t<T ’hth‘ — 0.
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Proof. Let ¢ > 0 and § > 0 (sufficiently small such that E [||h|[*™] < c0). Then,

T
P h =P R, |2+0 246 | < P < R, | 240 2+5)
<1I£ta§XT| b7l > () <1I£ta§XT| L™ > ¢ = ; lheo|7° > ¢
- T (S.1.25)

T
< PN (b = ¢ 0w Y B |l
t=1 t=1

by Markov’s inequality. Employing the same steps as in the proof of Lemma S.1.3 following Equation
(S.1.17) and replacing the exponent “2p” by “2 + §” yields that Zthl E Uzt,T|2+5] — 0. As wr —
w? > 0, this directly implies that P (maxi<i<7 |he| > ) — 0.

O

Lemma S.1.5. Given Assumption 2.5, Assumption 3.1 and Assumption 3.2, for all A € RF such

that ||l|2 = 1, it holds that Y_/_, Var (¢} 7(60)\) = o2

Proof. As 97 1.is & Fy1-MDS, it holds that E[¢7 1-(60)A] = 0 and thus, Var (67 7(60)A) = E | (67.1(60)0)°].
We further find

T
> E[(01r(00))°] = ZE{ (ATWM%H’“)QE?}
=1
1 2 (\T 2 2
+ T ZE 920 <)\ WMedht) (]]'{€t>0} - ]]'{€t<0}) :|
=1 L
1 r [ 2 T 1 g €t ?
+TZE 039 (>\ WModeht> op K <5T>
=1 |
T
+ % ZE 910920 ()\ WMeanht) (ATWMedht) et(Lge,>0p — ]1{st<o})]
=1
T
+;§;E 010050 (A" Wateanhe) (A Wasoache ) 21y 1/2K,<—5T >]
t—
T
+ % ZlE 920930 ()\ WMedht) (ATWModeht> (]l{at>0} - ]1{5t<0})5_1/2K (;:t):|
t—

+ZE [(ue,7(Bo) A —QZE[UtT 00)\) (6e,7(60) A )}

(S.1.26)
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For the last two terms, we have Zthl E |:(’U,t7T(60))\) 2} — 0 and Z;le E {(ut,T(Ho)/\) (ggt;r(@o))\)} —

0 by assumption. For the fifth term,

_ —&
E [010930 ()\TWMeanht> <>\TWM0deht) 57 VR, [stK’ <5Tt>” (S.1.27)

M| o
E

o~
Il

1

E [910930 ()\TWMeanht) (ATWModeht) 532 / uK' (u) ft(éTu)du] 0, (S.1.28)

Il
|
N
-

as 5;/ 2 0, [uK'(u)du < oo and the respective moments are finite. The sixth term converges to

zero by a similar argument by bounding !]l{st>0} — ]l{€t<0}‘ < 1. For the third term, it holds that
or

2 —\? 1< 2
0 (A Watoacht) o7'K' <t> = > E [93,0 (A" Wsoach:) / K’ (u)? ft(dTu)du]
t=1

1 X
72 E
t=1

2 T 2 ! 2
— E |05 (A Wasoacht) f,(0) / K’ (u) dul .
The remaining first, second and fourth terms obviously converge to the equivalent quantities of o2
by employing a standard CLT, which concludes the proof of this lemma. O

Lemma S.1.6. Given Assumption 2.5, Assumption 3.1 and Assumption 3.2, for all X € RF such

that [[Al|2 = 1, it holds that 31, (¢77(60)A)* - 0.

Proof. We apply the same factorization as in (S.1.26) (however without the expectation operator).
By applying a law of large numbers for stationary and ergodic sequences (Theorem 3.34 in White

(2001)), we obtain that

b0 (1 Witan) )" 2| (610 (] Whrcant) )]

el
[M]=

H
Il
—_

=l
M=

H
Il
—

(
<020 (htTWMed)\> (Lger>0p — ]1{6t<0}))2 LR [(020 (h:WMed)\> (Tge,>0p — ]l{at<0}))2:| ;
(

6010620 (h:WMean)\> <h;rWMed)\> et (Tge>0p — 1{5t<0})>2

I
I

RN
M=

L5 9E {(910920 (h;rWMean)\) (h;—WMed)\) et(Tge>0y — ]1{at<0}))2] :
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Furthermore, a slight modification of Lemma S.1.3 (multiplying with 9%0 (h;r WMode)\)2 instead of

(RT\)?) yields that

T 2

1 2 —c 2

=2 0% (hj WMode/\) S K ((5;) B [ego (hj WMOde/\> £(0) / K’ (u)Qdu]. (S.1.29)
t=1

We now show that the remaining four terms vanish asymptotically (in probability). For the
mixed mean/mode term, we apply a similar addition of a zero (adding and subtracting E,[...]) as
in the proof of Lemma S.1.3. For this, we first note that

2 & - €

T 29 0830 (htTWMean)\) <htTWMode)\> 5T1/2Et [ K’ ( 5;)] (S.1.30)
t; .
- = Z 10830 (1 Wasean) (B WatoaeA) 87/ / uK' (u) fi(6ru)du -5 0, (S.1.31)

as 53/ 2 5 0. In the following, we further show that

'ﬂ

T
z z:: 10030 (h't WMeanA> (ht WMode)\) O 1/2{ K/ <6T ) Et |:€tK/ ( (5T >:|} i 07

for any p € (1,2) small enough. As in the proof of Lemma S.1.3, we apply the von Bahr and Esseen

(1965) inequality and Minkowski’s inequality in order to conclude that

T
E T T —-1/2 rf sty 1 Et
T ; 10030 (ht WMean/\) (ht WMode)\) op {é‘tK 5 E; |et K o

op+2 L
STpZ{E[

t=1

010050 (htTWMean A) (h,j WMode/\> o2 ! (511)

+E { Ouofs0 (] Watean)) (i Wasoae) 67/ E, [EtK, <§;>}

where the first term is bounded from above by

K (£
‘ <5T>

< 2;:;2 ET:]E {‘910930 (htTWMean)\) (thMOdeA) ‘p 5Tp/2/
=1
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T
:2P+25},,+p/2T1—p%ZE [’910930 (htT WMean)\> (htT WMode/\) )p / k! (u)|? fu(6ru)du| — 0,
t=1

as 5;” 2 0, T'=P — 0 for any p > 1 and as the respective moments are bounded by assumption.
Similar arguments also yield that the second term converges to zero (compare to (S.1.19)). Applying

the same line of reasoning for the mixed median/mode terms shows that

T

2 _ _

— E 020030 <h;rWMed)\) <h;rWMode)\) 5T1/2Et |:(]]'{€t>0} - ]l{et<0})K, (515):| i> 0. (8'1'32)
t=1

N

or
For the fourth and last term, Zle (ut,T(Go))\)2 L. 0 and Zle (uth(Ho))\) (q@t,T(ﬁo)/\) P9 by
assumption, which concludes this proof. O

Lemma S.1.7. Given Assumption 2.5, Assumption 3.1 and Assumption 3.2, for all X € R* such

that ||\||l2 = 1, it holds that maxi<e<r |0~ ¢} p(60)A| — 0.

Proof. Let ¢ > 0 and § > 0 (sufficiently small such that E [||h|[*"°] < oo holds). Then, as in

(S.1.25) in the proof of Lemma S.1.4, we get that

1<t<T

T
P(max o767 1 (B0)A| > g) < (020N E [|¢;T(90)Ay“5] , (S.1.33)
t=1

by Markov’s inequality. Furthermore, we get that

47279 i E |07 (00)A*"] < Z E [Jugr (60) ] (S.1.34)
t=1

246
2+5T“ ZE h] WhteanA

\et|2+5] (S.1.35)

s [ 249 248
+ 02T ZE htTWMed/\‘ e 50y — Ter<oy] *] (S.1.36)

[ ZEt
K<5T>

The first term converges to zero by Assumption 3.1. The second and third term converge to zero

246 244

op ?

i 246
2+6T" ZE h] WitodeA ] (S.1.37)

as T~% — 0 and the respective moments are bounded by assumption. For the last term, we obtain
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convergence equivalently to the proof of Lemma S.1.4,

T 246 _ 248 —e,\ |10
9§§5T“ ZE ‘hf Watode| 05 2 |K <5t> (S.1.38)
Ty or
246 sl +o /1246
<035°(Tor) 2?2 Uh WhlodeA /‘K (u)} ft(éTu)du], (S.1.39)

t=1

>

which converges to zero as (T07)” 2 — 0 and the respective moments are bounded by assumption.

O

Proof of Theorem 2.7. Let A € R, ||\||2 = 1 be a fixed and deterministic vector. Then,

AT ModeA — AT Qntode

We start by showing that the last line in (S.1.40) is op(1),

H \

1 - / X - Y, T _ , 2
T;Et [5;11( <t5Tt“> (AT ; )\Tht)25T1/K <;T> file)de  (S.1.41)
T

;Z A hy)? /K’ 2 (67w du -5 E [(ATht (0 /K’ 2 du ] , (S.1.42)

as fy(dru) — f1(0) < ¢, and by further applying a weak law of large numbers for stationary and
ergodic data as E [||h|[>T°] < oo.
We further show that the penultimate line in (S.1.40) converges to zero in L, (p-th mean) for

some p > 1 small enough. By applying the von Bahr and Esseen (1965) inequality for MDS, we get

(g o]

T 2
+2T ") E o 1K/(5 > (ATht)2]
T

t=1

1 T c 2 1 T
- 1yt [ CT T 2 -
§ j(sT K <6T> (AThy) ;leEt

p
<oT~ pZE

E,

|

oK' ( T> (AT hy)?
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For the first term, we get that

T pZ]E 1K’( T> ()\Tht)Qp

T . % )
— (Té7)! Z UA ht‘ /]K’ (u)] ft(éTu)du} -0,

2p

T
= (Tér) "> E

t=1

‘)\Tht‘zp/ ‘K’ <5€T)

ft(e)de]

as (T'67)* P — 0 for any p > 1, E [||h¢||*] < oo for p > 1 small enough, the density f; is bounded
from above, and [ |K'(u )|2du < oo by assumption. The second term converges by a similar argument
as further detailed in (S.1.19) in the proof of Lemma S.1.3. As L,, convergence for any p > 1 implies

convergence in probability, the result of the theorem follows. O

Proof of Theorem 3.4. For notational simplicity, we show consistency of the covariance estimator
by considering the bilinear forms A" <% Zthl ¢t,T(60)¢t7T(90)T> A and 02 := ATX(6p)A, given in

(A.20), for some arbitrary but fixed A € R¥ such that ||A||2 = 1. Then, we get that

T
_ 2
( Z¢tT (60)¢r.1(60) ) Z (htTWT,Mean)\) g2 (S.1.43)
_ . 5 2
+ 03 (htT WT,Med/\) (Tgers0) — Tgercoy)” + 63 <htT WT,Mode)\> o7 K ( 5?) (S.1.44)
+ 26010029 (h;r‘//‘\/T’Mean)\) (h;r‘//‘\/ﬂMed)\) Et (]l{et>0} — ]l{et<0}) (S.1.45)
+ 2010050 (b Wrntean? ) (Bd Wiratoae) e o7 K7 (‘ t) (S.1.46)
or
+ 2020030 (htT‘/"\/T,MedA> (h';rﬁ\/T,Mode)‘) (Ler>0y — Liey<0}) O VK <_5T > (S.1.47)

We show convergence in probability for the individual matrix components for the first term,

T T

1 —~ 2 o~ o 1

=305 (B Wratean)) & = >~ Wristeanis W rteant 75 3 Ooheadihehie}  (3.1.48)
t=1 34,0, t=1

2
Z W ntean,ij W Mean,i E [030hei)\jhe Nel] = E [9%0 (mT WMean)\> 53] . (S.1.49)
B,4,,1

Convergence of the remaining terms follows analogously by considering the terms component-wisely

and by applying similar arguments as in Lemma S.1.6. 0
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S.2 Kernel Choice

The asymptotic results presented in Section 2.3 rely on the chosen kernel K satisfying Assumption
(A5). Besides the normalization [ K(u)du = 1 and boundedness assumptions, we impose the first-
order kernel condition [uK (u)du =0 (and [u?K (u)du > 0 follows from the non-negativity of K).
As discussed in Li and Racine (2006), higher-order kernels allow one to apply a Taylor expansion
of higher order and can thereby obtain a faster rate of convergence, which could in theory be made
arbitrarily close to VT, at the cost of stronger smoothness assumptions on the underlying density
function. However, in our application of kernel functions to the generalized modal midpoint in
Definition 2.3, we need to ensure that the limit of this quantity is well-defined and unique, and
that the identification is strict. For this, we assume in Theorem 2.4 that the kernel function is log-
concave which is automatically violated for higher-order kernels. Consequently, we do not consider
higher-order kernels in this work.

It is well-known in the literature on nonparametric statistics that kernels with bounded support
can be more efficient. However, strict identifiability of the generalized modal midpoint only holds for
kernel functions with unbounded support, which motivates our usage of unbounded kernel functions
such as the Gaussian kernel. Figure S.3 further illustrates that the test power does not increase by

employing a biweight kernel, which has bounded support.

S.3 Bandwidth Choice

We follow the rule-of-thumb proposed by Kemp and Silva (2012) and Kemp et al. (2020) in setting
the bandwidth parameter, with one modification to deal with skewness. Specifically, as discussed
in Section 2.3, in order to obtain an optimal convergence for our nonparametric test (for first-order

kernels), we choose 07 ~ T~'/7. Following Kemp and Silva (2012), we choose d7 proportional to

7-0.143 1/7.

, which is almost T~

o = ky - ko - T7O113, (S.3.1)

As in Kemp and Silva (2012) and Kemp et al. (2020), we choose ki proportional to the median
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absolute deviation of the forecast error, a robust measure for the variation in the data,
ki = 2.4 x Medy (|(X¢ — Yig1) — Meds (X, — Yei1)|). (S.3.2)

The choice of the bandwidth parameter should be proportional to the scale of the underlying data
such that test results are robust to linear re-scaling. Using preliminary simulations, we found better
finite-sample results when this measure is scaled by 2.4.

Following early simulation analyses, we introduce a second constant, ks, to adjust the bandwidth
for the skewness of the forecast error, measured by the absolute value of Pearson’s second skewness
coefficient, 4.

3 (% Zt(Xt - }/t-i-l) - @t[Xt — }/t-i-l])
(Xt — Yiy1) '

ko = exp(—319]), where 4 = (S.3.3)

For symmetric distributions, k2 = 1 and this term vanishes from the bandwidth formula. For
such distributions, and assuming a symmetric kernel as in our empirical work, the generalized
modal midpoint equals the mode and employing a larger bandwidth increases efficiency. As skewness
increases in magnitude the distance between the mode and the generalized modal midpoint increases
for a fixed bandwidth, and to ensure satisfactory finite-sample properties a smaller bandwidth is

needed. Our simple expression for ko achieves this.

S.4 Power study for the mode forecast rationality test

To analyze the power of the mode forecast rationality test introduced in Section 2.3 of the main

paper we use the same DGPs as in Section 4.1 and consider two forms of sub-optimal forecasts:
(a) Bias: X; = X; + kox, where ox = /Var(X;) for x € (—=1,1), and
(b) Noise: X; = X; + N(0,k0%), where ox = /Var(Xy), for & € (0,1).

The first type of misspecification introduces deterministic bias, where the degree of misspecification
depends on the misspecification parameter k. We standardize the bias using the unconditional stan-

dard deviation of the optimal forecasts, 1/ Var(X;). The second type of misspecification introduces
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independent noise, and the magnitude of the noise is regulated through the parameter k: for Kk = 1,
the signal-to-noise ratio is one, as the standard deviation of the signal equals the standard deviation
of the independent noise, and as k shrinks to zero the noise vanishes.

Figure S.1 presents power plots for the “biased” forecasts and Figure S.2 presents power plots
for the “noisy” forecasts. In each of the plots, we plot the rejection rate against the degree of
misspecification k. For all plots, we use the instrument choice (1, X;), a Gaussian kernel, and a
nominal level of 5%. Notice that for k = 0 the figures reveal the empirical test size.

Figure S.1 and Figure S.2 reveal that the proposed mode rationality test exhibits, as expected,
increasing power for an increasing degree of misspecification. Also as expected, larger sample sizes
lead to tests with greater power, although even the two smaller sample sizes exhibit reasonable
power, particular in the case of biased forecasts. The figures also reveal that increasing degree of
skewness yields to a slight loss of power. This is driven through the bandwidth choice, where larger
values of the (empirical) skewness result in a smaller bandwidth, and consequently a lower test
power (analogous to the bias-variance trade-off in the nonparametric estimation literature).

Results corresponding to the “biased” forecast case when using a biweight kernel are presented
in Figure S.3. That figure reveals that the finite-sample size and power are very similar to those for

the Gaussian kernel.
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Figure S.1: Test power for the bias simulation setup. This figure plots the empirical rejection
frequencies against the degrees of misspecification x for different sample sizes in the vertical panels and for
the four DGPs in the horizontal panels. The misspecification follows the “bias” setup and we utilize the
instrument vector (1, X;) and a nominal significance level of 5%.
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Figure S.2: Test power for the noise simulation setup. This figure plots the empirical rejection
frequencies against the degrees of misspecification x for different sample sizes in the vertical panels and for
the four DGPs in the horizontal panels. The misspecification follows the “noise” setup and we utilize the
instrument vector (1, X;) and a nominal significance level of 5%.
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Figure S.3: Test power for different kernel functions.
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This figure plots the empirical rejection

frequencies for the Gaussian and the biweight kernels against the degrees of misspecification k for different
sample sizes in the vertical panels and for four skewness levels in the horizontal panels. We simulate data
from the AR-GARCH process, the misspecification follows the bias setup and we utilize the instrument vector
(1, X;) and a nominal significance level of 5%.
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S.5 Additional Plots and Tables

Table S.1: Empirical size of the mode rationality test: 1% significance level

Instrument set 1 Instrument set 2 Instrument set 3

Skewness 0 01 025 0.5 0 01 025 0.5 0 01 025 0.5

Sample size
Panel A: Homoskedastic iid data

100 09 11 1.2 24 1.0 1.2 1.3 1.9 1.2 1.2 1.2 1.8
500 1.0 1.2 20 28 1.0 1.2 1.6 2.2 1.0 1.2 1.7 1.8
2000 1.2 15 22 19 1.0 1.3 1.6 1.5 09 1.2 1.6 1.3
5000 0.9 1.6 1.8 14 1.0 1.2 1.7 1.3 1.1 1.0 1.5 1.2

Panel B: Heteroskedastic data

100 1.0 1.1 1.5 26 1.2 1.0 14 23 1.3 1.1 1.2 2.0
500 14 12 23 22 1.1 1.1 19 18 1.0 1.2 1.6 1.7
2000 1.0 16 25 18 1.1 14 1.9 1.6 1.0 1.3 1.8 14
5000 1.0 16 27 14 09 13 20 12 1.0 1.1 1.7 1.2

Panel C: Autoregressive data

100 09 08 13 26 1.2 08 1.1 1.7 14 1.1 1.1 1.6
500 1.1 1.2 20 3.1 1.1 1.2 1.5 24 1.1 1.1 14 21
2000 1.1 1.2 22 18 1.2 1.1 1.8 1.5 1.0 1.1 1.6 1.4
5000 1.0 1.5 1.7 1.6 1.0 1.5 1.6 1.2 1.1 14 1.6 14

Panel D: AR-GARCH data

100 0.8 0.8 1.1 2.6 09 11 1.1 2.0 1.0 1.1 1.2 1.9
500 1.0 14 21 28 1.2 1.3 1.6 24 1.1 1.2 1.5 22
2000 1.0 14 23 18 1.0 1.1 1.8 14 0.9 12 1.7 1.3
5000 1.1 16 20 1.5 1.0 14 1.7 1.3 0.9 12 1.5 1.1

Notes: This table presents the empirical size of the mode rationality test for a Gaussian ker-
nel, varying sample sizes, varying levels of skewness in the residual distribution and different
instrument choices for a nominal significance level of 1%.
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Table S.2: Empirical size of the mode rationality test: 10% significance level

Instrument set 1 Instrument set 2 Instrument set 3

Skewness 0 01 025 0.5 0 01 025 0.5 0 01 0.25 0.5

Sample size
Panel A: Homoskedastic iid data

100 9.5 98 11.3 153 104 11.0 114 14.7 10.5 109 122 141
500 10.9 12.0 14.3 14.7 104 109 13.3 138 10.8 109 132 13.2
2000 111 12.6 14.7 127 10.6 11.8 13.2 125 10.3 11.7 128 12.0
5000 10.2 114 128 11.6 10.3 11.0 119 11.2 10.0 10.8 119 10.6

Panel B: Heteroskedastic data

100 10.0 104 121 15.7 10.6 10.6 11.9 148 111 109 119 142
500 114 116 144 1438 115 111 136 13.1 109 111 134 125
2000 10.1 124 15.1 13.0 10.3 121 13.7 11.6 10.2 11.7 129 11.5
5000 10.3 13.0 154 120 10.1 119 137 11.8 10.1 114 128 11.1

Panel C: Autoregressive data

100 9.6 102 114 14.7 10.8 10.6 11.5 13.6 11.3 109 116 13.2
500 11.2° 12.0 142 15.1 10.7 11.2 13.1 14.1 10.8 109 125 13.7
2000 10.5 123 139 122 104 11.1 124 11.7 103 11.3 122 11.6
5000 10.2 121 133 11.9 10.6 11.8 12.0 11.6 104 11.2 119 11.1

Panel D: AR-GARCH data

100 9.6 9.7 11.1 16.6 10.2 10.5 114 15.2 10.7 10.6 11.8 148
500 112 122 146 153 111 11.6 13.7 145 11.2 109 13.0 139
2000 10.5 122 14.0 123 10.3 11.1 13.0 11.8 10.0 10.7 124 114
5000 10.0 12.2 139 12.0 105 114 125 115 10.3 11.3 120 11.2

Notes: This table presents the empirical size of the mode rationality test for a Gaussian kernel, varying
sample sizes, varying levels of skewness in the residual distribution and different instrument choices for
a nominal significance level of 10%.
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Table S.3: Empirical coverage of the confidence sets for central tendency:

Cross-sectional data

Symmetric data

Skewed data

Centrality measure OMean  OnMed  OMode 100 500 2000 5000 100 500 2000 5000
Panel A: Homoskedastic iid data
Mean 1.00 0.00  0.00 89.3 90.0 89.8 89.2 89.4 90.2 89.6 90.2
Mode 0.00 0.00 1.00 90.1 89.1 89.8 90.1 85.7 86.0 87.6 88.8
Median 0.28 0.00 0.72 90.0 889 894 89.7 91.3 93.0 93.3 92.2
Median 0.15 0.50 0.35 89.5 89.0 89.6 89.6 90.3 919 914 91.2
Median 0.00 1.00 0.00 89.5 89.5 89.7 89.6 89.5 90.2 89.8 90.4
Mean-Mode 0.15 0.00 0.85 90.1 88.9 89.3 89.9 91.1 922 922 92.1
Mean-Mode 0.08 0.18 0.74 90.1 89.0 89.4 90.0 90.7 92.2 92.0 91.9
Mean-Mode 0.00 0.37 0.63 89.9 88.7 89.6 89.8 90.6 919 91.8 91.9
Mean-Median 0.50 0.00 0.50 89.8 89.2 89.2 89.6 91.0 92.0 92.3 90.4
Mean-Median 0.49 0.29 0.22 89.8 89.6 89.6 89.5 90.4 91.1 90.3 90.4
Mean-Median 0.41 0.59  0.00 89.5 89.8 89.8 89.2 89.7 90.3 89.4 89.7
Median-Mode 0.08 0.00 0.92 90.1 889 89.6 89.9 90.2 91.0 90.8 91.3
Median-Mode 0.04 0.08 0.88 89.9 89.0 89.6 89.8 90.1 909 90.7 91.4
Median-Mode 0.00 0.17 0.83 89.9 889 89.6 89.9 90.0 90.9 90.7 91.4
Mean-Median-Mode 0.18 0.00 0.82 90.2 88.9 89.2 89.9 91.3 92,5 92.7 92.6
Mean-Median-Mode 0.10 0.24 0.66 90.1 88.9 89.5 89.8 90.9 92.3 92.3 91.8
Mean-Median-Mode 0.00 0.51 0.49 89.7 88.8 89.6 89.6 90.5 91.8 91.8 91.4
Panel B: Heteroskedastic data
Mean 1.00 0.00  0.00 89.2 89.9 89.6 90.3 88.7 89.6 89.4 89.5
Mode 0.00 0.00 1.00 89.5 89.5 89.9 89.8 85.8 86.4 87.9 88.7
Median 0.28 0.00 0.72 89.3 89.2 89.9 90.1 90.4 91.1 91.1 91.8
Median 0.15 0.50 0.35 89.0 89.8 90.1 89.9 90.0 90.9 90.8 90.7
Median 0.00 1.00 0.00 89.3 89.9 90.1 90.2 89.3 89.9 89.7 89.5
Mean-Mode 0.15 0.00 0.85 89.3 89.4 89.8 89.9 90.2 91.3 91.1 91.4
Mean-Mode 0.08 0.18 0.74 89.2 89.5 89.8 90.0 90.0 91.1 91.0 90.9
Mean-Mode 0.00 0.37 0.63 89.3 89.7 89.9 90.0 89.9 90.8 90.7 91.0
Mean-Median 0.50 0.00 0.50 89.1 89.4 90.1 90.3 89.5 90.0 89.6 90.5
Mean-Median 0.49 0.29 0.22 89.2 89.6 90.0 90.5 89.3 90.2 89.7 90.0
Mean-Median 0.41 0.59  0.00 89.2 89.8 89.9 90.6 89.0 89.8 89.2 88.1
Median-Mode 0.08 0.00 0.92 89.3 89.3 89.8 89.9 89.2 90.0 90.3 90.8
Median-Mode 0.04 0.08 0.88 89.3 89.4 89.8 90.0 89.0 90.0 90.3 90.8
Median-Mode 0.00 0.17 0.83 89.4 89.5 89.9 90.0 89.1 90.1 90.1 90.4
Mean-Median-Mode 0.18 0.00 0.82 89.2 89.4 89.7 90.0 90.6 91.3 91.1 91.5
Mean-Median-Mode 0.10 0.24 0.66 89.2 89.7 89.9 90.1 90.3 91.2 91.1 91.3
Mean-Median-Mode 0.00 0.51 0.49 89.2 89.6 89.8 90.0 90.1 90.9 90.6 90.9

Notes: This tables presents the empirical coverage rates of the confidence sets for the forecasts of central tendency
with a nominal coverage rate of 90%. We report the results for symmetric (y = 0) and skewed data (y = 0.5), for
four sample sizes (T = 100, 500, 2000, 5000) and the two cross-sectional DGPs. We fix the instruments h; = (1, X})
and use a Gaussian kernel. In this application the set of identification function weights (0) corresponding to a
particular forecast combination weight vector is either a singleton (for the mean and mode) or a line. For the cases
where the set is a line we present results for the end-points and the mid-point of this line.
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Table S.4: Empirical coverage of the confidence sets for central tendency:
Time series data

Symmetric data

Skewed data

Centrality measure OMean  OnMed  OMode 100 500 2000 5000 100 500 2000 5000
Panel A: Autoregressive data
Mean 1.00 0.00  0.00 89.2 90.1 89.9 90.3 89.4 89.4 89.8 90.3
Mode 0.00 0.00 1.00 89.2 89.8 89.3 89.9 85.4 86.2 88.0 88.7
Median 0.28 0.00 0.72 89.1 89.7 89.0 89.6 91.5 923 935 91.7
Median 0.15 0.50 0.35 89.0 89.8 89.1 89.7 90.4 90.7 92.3 90.7
Median 0.00 1.00 0.00 88.9 90.0 89.2 89.9 89.0 &89.2 90.7 89.9
Mean-Mode 0.15 0.00 0.85 89.1 89.6 89.1 89.8 90.5 92.0 92.7 91.7
Mean-Mode 0.08 0.18 0.74 88.9 89.9 89.2 89.7 90.5 91.6 92,5 91.3
Mean-Mode 0.00 0.37 0.63 89.0 &899 894 89.6 90.2 914 92.3 91.5
Mean-Median 0.50 0.00 0.50 88.9 89.8 89.3 89.9 90.8 91.0 92.8 90.1
Mean-Median 0.49 0.29 0.22 88.8 90.2 89.3 89.9 90.0 89.8 91.2 89.7
Mean-Median 0.41 0.59  0.00 88.8 90.5 89.6 90.0 89.2 88.8 90.0 89.4
Median-Mode 0.08 0.00 0.92 89.2 89.7 89.1 89.8 89.4 90.8 914 91.1
Median-Mode 0.04 0.08 0.88 89.1 89.9 89.1 89.9 89.4 90.5 91.5 91.1
Median-Mode 0.00 0.17 0.83 89.1 90.0 89.1 89.8 89.3 90.6 91.5 91.0
Mean-Median-Mode 0.18 0.00 0.82 89.0 89.7 89.1 89.7 91.2 92.2 93.2 92.2
Mean-Median-Mode 0.10 0.24 0.66 89.0 89.7 89.2 89.6 90.7 91.7 92.7 91.7
Mean-Median-Mode 0.00 0.51 0.49 89.1 89.7 89.2 89.6 90.2 91.1 92.0 91.2
Panel B: AR-GARCH data
Mean 1.00 0.00 0.00 89.2 90.4 89.9 90.0 89.5 89.9 89.9 89.8
Mode 0.00 0.00 1.00 90.0 &89.0 89.6 89.9 85.9 86.1 88.4 88.9
Median 0.28 0.00 0.72 89.5 89.1 89.1 89.4 91.1 925 93.1 92.0
Median 0.15 0.50 0.35 88.8 89.4 89.3 89.5 90.1 91.2 91.3 90.8
Median 0.00 1.00 0.00 88.6 &89.5 89.8 89.6 89.1 89.7 89.8 90.1
Mean-Mode 0.15 0.00 0.85 89.9 889 89.4 89.7 90.4 91.5 92.7 91.5
Mean-Mode 0.08 0.18 0.74 89.6 89.1 89.6 89.6 90.3 91.3 92.3 91.3
Mean-Mode 0.00 0.37 0.63 89.5 &89.1 89.6 89.6 90.2 91.2 92.1 91.1
Mean-Median 0.50 0.00 0.50 89.0 89.3 89.1 89.3 909 91.6 92.1 90.5
Mean-Median 0.49 0.29 0.22 88.7 89.7 89.3 89.4 90.1 90.7 90.8 89.9
Mean-Median 0.41 0.59  0.00 88.8 89.8 89.6 89.6 89.2 89.7 89.9 89.3
Median-Mode 0.08 0.00 0.92 90.2 89.0 89.5 89.7 89.4 90.5 92.1 91.0
Median-Mode 0.04 0.08 0.88 90.1 89.0 89.5 89.7 89.4 90.6 92.0 91.1
Median-Mode 0.00 0.17 0.83 90.0 89.2 89.6 89.7 89.3 90.5 91.8 90.8
Mean-Median-Mode 0.18 0.00 0.82 89.9 889 89.3 89.7 91.0 92.0 92.8 92.4
Mean-Median-Mode 0.10 0.24 0.66 89.6 89.2 89.3 89.7 90.4 91.7 92.3 91.2
Mean-Median-Mode 0.00 0.51 0.49 89.4 89.2 89.3 89.6 89.9 914 919 91.1

Notes: This tables presents the empirical coverage rates of the confidence sets for the forecasts of central tendency
with a nominal coverage rate of 90%. We report the results for symmetric (y = 0) and skewed data (y = 0.5), for
four sample sizes (T" = 100, 500, 2000, 5000) and the two time-series DGPs. We fix the instruments h: = (1, X;) and
use a Gaussian kernel. In this application the set of identification function weights (0) corresponding to a particular
forecast combination weight vector is either a singleton (for the mean and mode) or a line. For the cases where the
set is a line we present results for the end-points and the mid-point of this line.
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Figure S.4: Coverage rates of the confidence regions for central tendency measures for the

homoskedastic DGP.

(a) Cross Sectional Homoskedastic DGP with skewness v = 0
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(b) Cross Sectional Homoskedastic DGP with skewness v = 0.5
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This figure shows coverage rates of 90% confidence regions for the measures of central tendency for the
homoskedastic DGP. The true forecasted functional is given in the text above the triangle. The points
inside the triangle correspond to convex combinations of the vertices, which are the mean, median and mode
functionals. The color of the points indicates how often a specific point is contained in the 90% confidence
regions. The upper panel shows results for the symmetric DGP, where all central tendency measures are
equal. The lower panel uses a skewed DGP, with v = 0.5. We use a red circle or a red line to indicate the
(set of) central tendency measure(s) that correspond(s) to the forecast. We consider sample size T' = 2000,
instruments h; = (1, X;) and use a Gaussian kernel.
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