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A.1: Empirical implementation details
A.1.1: Obtaining a factor copula likelihood

The factor copula introduced in Oh and Patton (2015) does not have a likelihood in
closed form, but it is relatively simple to obtain the likelihood using numerical integration.
Consider the factor structure in equations (5) and (6) of the main paper. Our objective is
to obtain the copula density of X;:

g (G (u1) ..., Gy (un))
g1 (G (ug)) -+ - gt (Gt (un))

where g; (1, ...,xx) is the joint density of X, gi (x;) is the marginal density of X, and

(1)

Ct (ula 7UN) =

¢ (u1, ..., uy) is the copula density. To construct the copula density, we need each of the
functions that appear on the right-hand side above: g¢; (z;), Gy (2;), g (21,...,xy) and
Gy (ui) .

The independence of Z and ¢; implies that:

Ixize (@ilz) = fo (2 — Xa2)
Fx,z4 (zilz) = F. (v — Ai2) (2)

gxizs (1, onl2) = H foo (@ = Aa2)
With these conditional distributions, one dimensional integration gives the marginals:
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and similarly
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We use a change of variables, u = Fz; (2), to convert these to bounded integrals:

gir (z;) = /Ofsi (zi — MFz () du
1

Git (1) = / F., (v — \aF g (u)) du (5)
01 .
g (1, mry) = | [ f (@i — XaFg () du
0 =1

Thus the factor copula density requires the computation of just one-dimensional integrals.
(For a factor copula with J common factors the integral would be .J-dimensional.) We
use Gauss-Legendre quadrature for the integration, using @) “nodes,” (see Judd (1998) for
details) and we choose ) on the basis of a small simulation study described below.

Finally, we need a method to invert Gy (;) , and note from above that this is a function
of both = and the factor loading \;;, with Gi; = G, if Aiy = Aj;. We estimate the inverse of
Gy by creating a grid of 100 points for x in the interval [, Tmax] and 50 points for A in
the interval [Amin, Amax| , and then evaluating G at each of those points. We then use two-
dimensional linear interpolation to obtain G~! (u;\) given u and A. This two-dimensional
approximation substantially reduces the computational burden, especially when A is time-
varying, as we can evaluate the function G prior to estimation, rather than re-estimating it
for each likelihood evaluation.

We conducted a small Monte Carlo simulation to evaluate the accuracy of the numerical
approximations for G and G~'. We use quadrature nodes Q € {10, 50, 150} and [Zmin, Tmax] =
[—30, 30], [Amin; Amax] = [0, 6] for the numerical inversion. For this simulation, we considered

the factor copula implied by the following structure:

Xi = )\0Z+6Z‘, Z:1,2 (6)

where Z ~ Skewt (vo,,), € ~tidt(vy), Zle; Vi
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where \g = 1, vy! = 0.25 and 1), = —0.5. At each replication, we simulate X = [X}, X;] 1000
times, and apply the empirical distribution function to transform X to U = [Uy, Uy]. With
this [Uy, Uy] we estimate [\, 771, 4] by our numerically approximated maximum likelihood
method.

Table A3 contains estimation results for 100 replications. We find that estimation with

only 10 nodes introduces a relatively large bias, in particular for v~}

, consistent with this
low number of nodes providing a poor approximation of the tails of this density. Estimation
with 50 nodes gives accurate results, and is comparable to those with 150 nodes in that bias
and standard deviation are small.

Table A4 studies the Normal factor copula (which can be obtained from the previous
equation when vy — oo and 1, = 0) for which we have a closed-form likelihood. We
compare estimating A based on numerical integration with 10, 50 and 150 nodes against
using the closed-form likelihood (corresponding to oo nodes). We again see that using only
10 nodes leads to a decrease in accuracy, while 50 and 150 nodes give approximately equally-

accurate results, that are just slightly worse than using the analytical likelihood. We thus

use 50 nodes throughout the paper.
A.1.2: “Variance targeting” assumptions

We investigate the plausibility of Assumptions 1(c) and 1(d) via simulations. We use
50,000 observations to estimate the true (unknown) mappings. Note that while the copula is
time-varying, we only need to study the mapping for a given day (set of shape parameters),
and so we do not consider dynamics in this simulation study. Moreover, the mappings are
pair-wise, and so we need only consider the (i, j) bivariate case. We consider three different
factor copulas: (i) v, =v. =5,9 =0.1 (ii) v, = v. = 4,9 = 0.25 (iii) v, = v. = 00,9 =0
(corresponding to the Normal copula). We fix \; = A; = A, and let A\ vary so that the
model-implied rank correlation ranges from 0.1 to 0.7, which covers the range of pair-wise
rank correlations we observe in our data.

The results are summarized in Figure Al. The left panel of this figure reveals that the

mapping from rank correlation to linear correlation changes only slightly with the shape para-



meters (v, V., 1), and in all cases the function is strictly increasing, supporting Assumption
1(d). In fact, we observe that for all cases the function is close to being the identity function,
and we invoke this approximation in our estimation to increase computational speed. The
right panel of the figure plots the mapping from rank correlation to log factor loadings, and
shows that the true mapping is reasonably approximated by a straight line, particularly for
values of rank correlation near the sample average rank correlation in our application, which
is around 0.4, supporting Assumption 1(c). Violations of either of these assumptions, if large
relative to sampling variability and other sources of estimation error, would manifest in poor
performance of the estimation of the “heterogeneous dependence” model. As discussed in
Section 3, the simulation results in Tables 1 and Al provide evidence that this estimation

has good finite-sample properties.
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A.2: Additional tables and figures

Table Al: Simulation results for the “heterogeneous dependence” model

True Bias Std Median 90% 10% Diff

(90%-10%)

w;  -0.030 0.004 0.017 -0.022 -0.005 -0.052  0.047
wy -0.029 0.004 0.018 -0.022 -0.005 -0.048  0.043
ws -0.029 0.004 0.016 -0.021 -0.005 -0.043  0.038
wg -0.028 0.003 0.017 -0.023 -0.005 -0.047  0.042
ws -0.028 0.004 0.016 -0.020 -0.005 -0.046  0.041
we -0.027 0.004 0.016 -0.020 -0.003 -0.044  0.040
wry -0.026 0.003 0.016 -0.022 -0.004 -0.042  0.038
wg -0.026 0.003 0.016 -0.020 -0.005 -0.043  0.038
wg -0.025 0.003 0.015 -0.019 -0.005 -0.041  0.036
wip -0.025 0.002 0.016 -0.019 -0.005 -0.041  0.036
wyp -0.024 0.002 0.015 -0.018 -0.004 -0.038  0.033
w2 -0.023 0.003 0.013 -0.018 -0.004 -0.037  0.032
wyz -0.023 0.003 0.014 -0.018 -0.004 -0.038  0.033
wig -0.022 0.003 0.012 -0.018 -0.004 -0.035  0.031
wis -0.022 0.002 0.013 -0.019 -0.004 -0.043  0.039
wie -0.021 0.002 0.013 -0.016 -0.003 -0.034  0.031
wy7 -0.020 0.003 0.011  -0.015 -0.003 -0.032  0.029
wig -0.020 0.002 0.013 -0.015 -0.003 -0.033  0.030
wie -0.019 0.002 0.012 -0.016 -0.003 -0.031  0.028
wy -0.019 0.002 0.011  -0.015 -0.003 -0.033  0.030
wy; -0.018 0.003 0.010 -0.013 -0.003 -0.028  0.025
wy -0.017 0.002 0.010 -0.013 -0.003 -0.028  0.025
wyz -0.017 0.003 0.009 -0.013 -0.003 -0.025  0.022
woe -0.016 0.002 0.010 -0.013 -0.003 -0.024  0.021
wys -0.016 0.000 0.010 -0.014 -0.003 -0.030  0.027




Table Al: Simulation results for the “heterogeneous dependence” model
(continued)

True Bias Std Median  90% 10% Diff

(90%-10%)

wge -0.015 0.001 0.010 -0.012 -0.003 -0.028  0.025
wyy -0.014 0.000 0.011 -0.011 -0.003 -0.028  0.025
weg -0.014 0.001 0.009 -0.011 -0.002 -0.023  0.021
wyg -0.013 0.000 0.009 -0.011 -0.002 -0.025  0.023
wsg -0.012  0.001 0.008 -0.010 -0.002 -0.022  0.020
wz; -0.012  0.000 0.008 -0.010 -0.002 -0.022  0.020
wzz -0.011 0.001 0.008 -0.008 -0.002 -0.019  0.017
wsz -0.011 0.001 0.007 -0.009 -0.002 -0.017  0.015
wsq -0.010 -0.001 0.008 -0.009 -0.002 -0.021  0.019
wss -0.009 0.000 0.008 -0.008 -0.002 -0.020  0.018
wsg -0.009 0.000 0.007 -0.008 -0.002 -0.018  0.016
wzy -0.008 0.001 0.005 -0.006 -0.001 -0.014  0.013
wsg -0.008 0.001 0.006 -0.005 -0.001 -0.016  0.015
wzg -0.007 0.001 0.005 -0.005 -0.001 -0.013  0.012
wgo -0.006 -0.001 0.005 -0.006 -0.002 -0.015 0.014
wg -0.006 -0.003 0.007 -0.007 -0.002 -0.019  0.017
w2 -0.005 0.000 0.004 -0.005 -0.001 -0.010  0.009
wgz -0.005 0.001 0.004 -0.003 0.000 -0.009  0.008
wge -0.004 0.000 0.004 -0.003 0.000 -0.010 0.010
wgs -0.003 -0.001 0.005 -0.003 0.000 -0.010  0.010
wge -0.003 0.001 0.003 -0.002 0.002 -0.007  0.008
wgr -0.002 -0.001 0.003 -0.002 0.000 -0.006  0.006
wgg -0.002 -0.001 0.003 -0.001 0.001 -0.006  0.008
wg -0.001 -0.001 0.004 -0.001 0.002 -0.006  0.008
wso 0.000 -0.002 0.004 -0.002 0.001 -0.007  0.008
ws;  0.000 -0.002 0.003 -0.001 0.001 -0.006  0.007
ws2  0.001 -0.001 0.004 0.000 0.004 -0.003  0.007
wsz  0.002  0.000 0.004 0.000 0.006 -0.003  0.009
wse 0.002 -0.003 0.004 -0.001 0.002 -0.005  0.007
wss  0.003 -0.001 0.004 0.001  0.007 -0.003  0.010
wse  0.003 -0.002 0.003 0.001  0.007 -0.002  0.009
ws7  0.004 0.000 0.004 0.003 0.010 0.000  0.010
wsg  0.005 -0.002 0.004 0.001 0.008 -0.001  0.009
ws9  0.005 -0.002 0.003 0.003 0.008 0.000  0.008
wego  0.006 -0.002 0.005 0.003 0.010 0.000  0.010




Table Al: Simulation results for the “heterogeneous dependence” model
(continued)

True Bias Std Median 90% 10% Diff

(90%-10%)

wer  0.006 -0.002 0.005 0.003 0.010 0.000  0.010
wez 0.007 -0.001 0.005 0.004 0.013 0.001  0.012
wez  0.008 -0.003 0.005 0.003 0.012 0.000  0.011
wea 0.008 -0.002 0.005 0.004 0.013 0.001  0.012
wes  0.009 -0.002 0.006 0.005 0.013 0.000 0.013
wee  0.009 -0.003 0.005 0.006 0.014 0.001  0.013
wer 0.010 -0.004 0.006 0.005 0.013 0.000  0.013
wes 0.011 -0.004 0.006 0.005 0.013 0.001  0.013
weg 0.011 -0.002 0.007 0.008 0.022 0.002  0.020
wyo 0.012 -0.004 0.007 0.007 0.017 0.001  0.016
wy o 0.012 -0.003 0.007 0.009 0.019 0.001  0.017
wry  0.013 -0.005 0.007 0.007 0.016 0.001  0.015
wrz  0.014 -0.004 0.008 0.008 0.020 0.001  0.019
wrg 0.014 -0.004 0.009 0.008 0.023 0.002  0.021
wrs  0.015 -0.004 0.008 0.009 0.019 0.002  0.017
wre 0.016 -0.005 0.009 0.008 0.025 0.002  0.023
wrr  0.016 -0.003 0.009 0.011 0.026 0.002  0.024
wrg  0.017 -0.004 0.009 0.010 0.024 0.002  0.022
wrg 0.017 -0.004 0.010 0.011 0.032 0.002  0.030
wgo 0.018 -0.004 0.009 0.012 0.026 0.002  0.024
wgr 0.019 -0.006 0.009 0.011 0.024 0.002  0.022
wgy 0.019 -0.005 0.010 0.012 0.026 0.003  0.024
wgz 0.020 -0.005 0.010 0.012 0.029 0.002  0.027
wge 0.020 -0.004 0.012 0.013 0.033 0.004  0.030
wgs 0.021 -0.006 0.011 0.014 0.032 0.002  0.030
wse 0.022 -0.006 0.011 0.014 0.029 0.003  0.026
wgy 0.022 -0.006 0.013 0.015 0.032 0.003  0.029
wgs 0.023 -0.006 0.011 0.014 0.032 0.004  0.028
wgg 0.023 -0.006 0.012 0.016 0.033 0.003  0.030
wgo 0.024 -0.006 0.012 0.016 0.036 0.003  0.033
wo; 0.025 -0.005 0.014 0.017 0.036 0.004 0.033
wgz 0.025 -0.005 0.014 0.018 0.039 0.003  0.036
wo3z 0.026 -0.007 0.012 0.018 0.038 0.003  0.035
wos 0.026 -0.006 0.015 0.018 0.040 0.004  0.036
wos 0.027 -0.006 0.014 0.018 0.040 0.004  0.036




Table Al: Simulation results for the “heterogeneous dependence” model
(continued)

True Bias Std Median 90% 10% Diff

(90%-10%)

woe 0.028 -0.007 0.015 0.019 0.042 0.004 0.038
woy 0.028 -0.006 0.015 0.019 0.042 0.004 0.038
wog  0.029 -0.006 0.015 0.020 0.045 0.004  0.041
wgg 0.029 -0.008 0.013 0.020 0.038 0.004  0.034
wioo 0.030 -0.007 0.016 0.021 0.040 0.004  0.036
a 0.050 -0.006 0.015 0.045 0.062 0.023  0.039
g 0.980 0.002 0.012 0.983 0.997 0.966  0.031
v~ 0.200 -0.002 0.009 0.199 0.209 0.186  0.023
v, 0.100 0.008 0.032 0.111 0.152 0.064  0.088

Notes: This table presents results from the simulation study described in Section 3 of the
paper, complementing those in Table 1 of the paper.
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Table A3: Simulation results for MLE with different numbers of
quadrature nodes, for the skew t-t factor copula

10 nodes 50 nodes 150 nodes
A vt Y A vt v A vt Y
True 1.000 0.250 -0.500 1.000 0.250 -0.500 1.000 0.250 -0.500
Bias 0.039 -0.062 -0.072 0.023 -0.018 -0.039 0.026 -0.002 -0.026
Std 0.126  0.038 0.203 0.144 0.049 0.168 0.135 0.045 0.144
Median 1.021 0.193 -0.532 1.014 0.236 -0.510 1.027 0.251 -0.500

90% quant 1.204 0.239 -0.341 1.208 0.293 -0.339 1.187 0.305 -0.349
10% quant 0.878 0.136 -0.990 0.846 0.163 -0.751 0.856 0.188 -0.704
diff (9o%-10%) 0.326 0.103 0.649 0.362 0.130 0.412 0.331 0.118 0.355

Notes: This table presents the results from the simulation study described in
Appendix A.1.

Table A4: Simulation results for MLE with different numbers of
quadrature nodes, for the Normal factor copula

10 nodes 50 nodes 150 nodes oo nodes

A A A A
True 1.000 1.000 1.000 1.000
Bias 0.0065 0.0051 0.0051 0.0049
Std 0.0476 0.0473 0.0473 0.0472
Median 1.0056 1.0040 1.0042 1.0038

90% quant 1.0704 1.0694 1.0698 1.0677
10% quant 0.9453 0.9430 0.9436 0.9430
diff wo%-10%) 0.1252 0.1264 0.1262 0.1248

Notes: This table presents the results from the simulation study described in
Appendix A.1.
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Figure Al: The left panel plots the mapping from rank correlation to linear correlation for
various choices of shape parameters in the factor copula. The right panel compares the true
mappings from rank correlation to log-lambda with a linear approximation.
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