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Abstract

Evaluation of forecast optimality in economics and finance has almost exclusively been conducted
under the assumption of mean squared error loss. Under this loss function optimal forecasts should
be unbiased and forecast errors serially uncorrelated at the single period horizon with increasing
variance as the forecast horizon grows. Using analytical results we show that standard properties of
optimal forecasts can be invalid under asymmetric loss and nonlinear data generating processes and
thus may be very misleading as a benchmark for an optimal forecast. We establish instead that a
suitable transformation of the forecast error—known as the generalized forecast error—possesses an
equivalent set of properties. The paper also provides empirical examples to illustrate the significance
in practice of asymmetric loss and nonlinearities and discusses the effect of parameter estimation
error on optimal forecasts.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Properties of optimal forecasts under mean squared error (MSE) loss include
unbiasedness of the forecast, lack of serial correlation in one-step-ahead forecast
errors, serial correlation of (at most) order 4 — 1 in h-step-ahead forecast errors, and
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non-decreasing forecast error variance as the forecast horizon grows. Although such
properties seem sensible, they are in fact established under a set of very restrictive
assumptions on the forecaster’s loss function. While bias in the optimal forecast under
asymmetric loss has been established by Granger (1969, 1999) and characterized
analytically for certain classes of loss functions and forecast error distributions by
Christoffersen and Diebold (1997), failure of the remaining optimality properties has not
previously been demonstrated.!

In this paper we first show that, in general, asymmetric loss and nonlinear dynamics in
the data generating process (DGP) leads to violations of standard properties that an
optimal forecast must possess. We next provide new analytical results under linear-
exponential (linex) loss and a Markov switching DGP. Linex loss is frequently used in the
literature on asymmetric loss, c.f. Batchelor and Peel (1998), Varian (1974), Zellner (1986),
Sancetta and Satchell (2004) and Elliott and Timmermann (2004). Similarly, following
Hamilton (1989), Markov switching processes have been widely used as a way to identify
nonlinear dynamics in macroeconomic and financial time series. We show that not only
can the optimal forecast be biased, but forecast errors can be serially correlated of
arbitrarily high order and both the unconditional and conditional forecast error variance
may be decreasing functions of the forecast horizon. We thus demonstrate that none of the
properties traditionally associated with tests of optimal forecasts carry over to a more
general setting with asymmetric loss and possible nonlinear dynamics in the DGP.?

Our results are of particular interest due to the revived interest in forecasting and
econometric modeling under asymmetric loss, c.f. Christoffersen and Diebold (1996, 1997),
Diebold (2004), Granger and Newbold (1986), Granger and Pesaran (2000), Nobay and
Peel (2003) and Skouras (2006). When coupled with common findings of nonlinearities and
dynamics in higher order moments, e.g. in the form of ARCH effects, in most
macroeconomic and financial time series this means that the typical situation facing an
economic forecaster may be well represented by our stylized example.

The insights provided in the paper also have important empirical implications. For
example, it is common to test for rationality by testing for serial correlation in forecast
errors.> Our paper shows that this implication of rationality fails to hold under even minor
deviations from symmetric loss when combined with nonlinear dynamics in the DGP, and
that serial correlation can be expected in the forecast errors from optimal forecasts under
very plausible assumptions. This suggests that many of the conclusions in the empirical
literature concerning suboptimality of forecasts may be premature.

The contributions of our paper are as follows. First, we establish conditions under which
the standard properties that an optimal forecast possesses under MSE loss fail to hold.

"Under asymmetric loss functions such as lin—lin and linex and assuming a conditionally Gaussian process,
Christoffersen and Diebold (1997) characterize the optimal bias analytically. Their study does not, however,
consider the other properties of optimal forecast errors such as limited serial correlation and non-decreasing
variance.

“Hoque et al. (1988), and Magnus and Pesaran (1989, 1991) discuss violations of the standard properties of
optimal forecasts caused by estimation error, rather than by a choice of a loss function different from MSE. In this
paper we focus on the case of zero estimation error to rule this out as a cause of apparent violations. However, we
also discuss the effect of estimation error on forecasts in Section 6.

3The literature on forecast rationality testing is extensive. For a list of references to papers that use the Survey
of Professional Forecasters data set maintained by the Federal Reserve Bank of Philadelphia, see (http://
www.phil.frb.org/econ/spf/spfbib.html).
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Second, we provide tractable, analytical results for the multi-step forecast errors under a
nonlinear DGP in common use and a popular way to represent asymmetric loss. Due to
difficulties with time-aggregation of many nonlinear processes, such as GARCH processes,
this has not previously been done. Third, we demonstrate, again through analytical results,
that the “generalized forecast error” (which is a simple transformation of the forecast
error) inherits some of the standard properties such as lack of bias and serial correlation.
Finally, we provide empirical examples that demonstrate the importance of these effects
using data on stock returns and output growth and we show how to account for the effect
of parameter estimation errors on the optimal forecast.

The outline of the paper is as follows. Section 2 reviews the properties of optimal
forecasts under MSE loss. Section 3 provides some general results on forecast optimality
under asymmetric loss. Given the difficulty in obtaining results in very general cases,
Section 4 provides detailed analytical results for a particular combination of asymmetric
loss and DGP, establishing the violation of the standard properties on (absence of) bias
and serial correlation in forecast errors. Section 5 shows which properties actually do hold
for a transformation of the forecast error known as the generalized forecast error. Section
6 discusses the impact of estimation error on our results, and Section 7 provides empirical
illustrations using data on stock returns and GDP growth. Section 8 concludes. An
Appendix contains proofs.

2. Optimality properties under MSE loss

We are interested in studying optimal /-period ahead forecasts of some univariate time-
series process, { Y.}, computed conditional on some information set, % ,. The information
set is assumed to include all lagged values of Y, and possibly lagged values of other
variables. The conditional distribution function of Y,y given F, 18 Fyp, while the
associated density is f, i Generic forecasts are denoted by Yt+h, and forecast errors are
erthy = Yipn — Y,+/,,, giving rise to a loss, L(Y ., Y,Jrh /). Under MSE loss,
L(Y, Y) = L(e) = ¢*. The optimal /-period forecast computed at time 7 is denoted by
Y ", and its forecast CITOr 1S €, .

An optimal forecast (in a population sense) is defined as the value of Y,+;,, that,
conditional on the information set at time ¢ and taking the parameter values and the DGP
to be known, minimizes the expected loss:

rphy = arg min E[L(Y 1, Y i)l 7 1] €))
Yt+/1,t

= arg min [ L0, V10,0 dF s, ). @
YH—h,t

Provided that the forecast errors are covariance stationary,* under MSE loss optimal
forecasts satisfy the following four properties (c.f. Diebold and Lopez, 1996):

1. Forecasts are unbiased (so the forecast error, e;,, ,, has zero mean).
2. The variance of the forecast error (e}, ,,) is a non-decreasing function of the forecast
horizon, h.

t+h,

“This is implied by, but does not itself require, covariance stationarity of[YH.h, Y,+/”] For example, both Y,
and Y,H,, could contain unit roots, but the linear combination Y, — Y,H,, still be covariance stationary.
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3. h-period forecast errors (¢, ) are not correlated with information dated by 4 periods or
more (Z,). Hence the h-period forecast error is at most serially correlated of order
h—1.

4. Single-period forecast errors (e}, | ) are serially uncorrelated.

These properties are easily derived under MSE loss. Suppose that Y, is covariance
stationary, and without loss of generality assume a zero unconditional mean. Wold’s
representation theorem then establishes that it can be represented as a linear combination
of serially uncorrelated white noise terms:

Y, = Z 0ier—i, (3)
i=0

where ¢ = Y, — 2(Y,|y,_1,Y,_2,-..) 1s the projection error which is serially uncorrelated
white noise, WN(0, 6%). The h-period forecast thus becomes

R o0
e = Z Optieii. 4)
=0

This is an optimal forecast provided that ¢, is Gaussian or can alternatively be viewed as an
optimal linear forecast given {y,_;,»,_,,...}. The associated forecast errors are

h=1
=Y Oitceni. )
i=0
It follows directly that

Ele},,,]=0

h—1
* _ 2 2
Var(e,Hl’,)—a E 0;,
i=0

) . Z” 10,0,; forj<h,
COU(er+lz,t’et+/1—./,ff/) = 0 for j=h ©

This accounts for properties 1-4, respectively.
3. Some general results

It is difficult to establish general results for the properties of optimal forecasts under
nonlinear DGP and asymmetric loss. The reason is that the form of the DGP interacts with
the shape of the loss function in determining the optimal forecast. Assuming that Z(.) only
depends on the forecast error, e = Y — Y, is analytic and hence can be represented by a
power series (c.f. Rudin, 1964, p. 158), this interaction is perhaps best seen from a simple
Taylor series expansion of the loss function L(e) about the point u:

m

E[L(ersn)l 7 ] = L(w) + L'(w)(Elersl 7] — 1) + ZL“’”( )Z , ( ,u Eley 17 1),
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where L (u) is the mth derivative of L evaluated at e = u. Clearly all higher order
moments of the predictive density as well as higher order derivatives of the loss function
will matter in determining the optimal forecast. Conditions on both the shape of the loss
function and the density function are therefore required to obtain analytical results.

The first optimality property (unbiasedness) is a direct consequence of the first-order
condition characterizing an optimal forecast under MSE loss, ie. EJ[0(Y,1n—

o) 0P = —2E[L(Y 4 — Y5, )1 =0, so that ¥F,, = E[Y.], where E,[] is short
for E[-|#]. It need not hold for other symmetric families of loss functions. For example
under absolute error loss (so L(e) « |e|), the optimal forecast is the conditional median of
Y,1n. This will differ from the conditional mean unless f is symmetric. Hence double
symmetry, i.e. symmetric loss and a symmetrlc conditional density, f,,,, are required to
obtain unbiasedness of the optimal forecast.’

To better understand the properties that an optimal forecast must have under more
general conditions than the standard ones, assume that the loss function, L(.), can be
represented as the sum of a symmetric component, L(.), and a component, {(.), that
captures the asymmetry:

L(e) = L(e) + {(e).

Without loss of generality, assume that {(.) only applies to positive forecast errors:

Assumption L1. { = 0 for <0, and (>0 for e>0 with { convex and {'>0 on a set with
probability greater than zero.

Assumption L2. I(e) is convex.

The results can easily be extended to modify these assumptions. All standard asymmetric
loss functions in common use, including lin—lin and linex, can be written in this form.
Furthermore, let the DGP for Y, take the form
Yiih = Rephs + Oahiesn, (7

where &y | T ~F i,

Elesl 7] = 0, E[, 17 = 1,

t+h

where Hovns = E/[Y ;] and at+h, =E[(Y,+h Moy, ,)2] are the conditional mean and
variance given information at time ¢, % ,. We shall also be making use of the following
assumptions on the DGP:

Assumption D1. ¢, has a symmetric and unimodal conditional density, '/,
Assumption D2. The conditional second moment of Y,,; is time-varying, i.c.,

E[(Y iin — B[Y 31| Z DHZ £ E[(Y o — E[Y 4|7 ,])*] for some ¢, and all h<oo
Assumption D3. Y., exhibits declining “volatility of volatility”. That is, V[o? is a
decreasing function of /4.

t+h, t]

SMore specifically, Granger (1969) has shown that the conditional expectation of ¥, is an optimal forecast
provided that L(e) is symmetric about e = 0 and f',,, is symmetric about the conditional mean and either of two
conditions hold: (1) L'(e) exists almost everywhere and is strictly increasing; or (2) f,,,, is continuous and
unimodal.
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D1 is the traditional density symmetry assumption. We use ““‘unimodal’ in the sense that
S t+n, has a unique local maximum. Time-varying conditional variance is widely observed
in both financial and macroeconomic data, and so D2 is not a particularly strong
assumption. Assumption D3 is satisfied by many common volatility models such as the
GARCH(1, 1) process and the Markov switching volatility model, as we show in the next
section.

Using these assumptions we have the following result:

Proposition 1. (1) Let assumptions D1, L1 and L2 hold. Then the optimal forecast, Y* s IS
biased.

(2) Let assumptions D1, D2, L1 and L2 hold. Then, generically Elef,, |Z,]1#E[e;,, ] for
some Z; € F,, and so the optimal forecast error is predictable using F ;.

(3) Let assumptions D2 and D3 hold. Then the optimal forecast error variance need not be
a weakly increasing function of the forecast horizon, h.

This proposition, along with other results, is proved in the Appendix. The assumed DGP
is nonlinear in the sense that there is dynamics in the second moment of the process, as
indicated by the model in Eq. (7) if 6,15, varies with ¢, but the conditional mean is left
unrestricted. Predictability of the forecast error, €}, ,, may or may not take the form of
serial correlation. We emphasize that the conditions used to establish the results are
sufficient but not necessary—for example it is possible to construct examples where the
optimal forecast is biased when both the density and the loss function are asymmetric, so
D1 fails to hold. Nevertheless, Proposition 1 establishes basic conditions under which
violations of the standard properties of an optimal forecast can be shown.

While the first part of Proposition 1 follows readily, establishing the second and third
points requires more structure on the problem due to the interaction between higher order
moments and higher order derivatives of the loss function. Even simple types of
nonlinearities and asymmetric loss tend to lead to complicated expressions for expected
loss that are difficult to evaluate. For example, our assumptions on the signs of the
derivatives, 0 Y* /0a>0 and Y /(000K)<0, are not primitive and cannot be derived
without substantially more structure on the DGP and loss function.

The absence of a set of analytical results demonstrating the second and third points in
Proposition 1 poses a severe limitation to our understanding of the factors contributing to
violations of standard optimality properties of an optimal forecast, let alone their
empirical relevance. For this reason we next provide analytical results with reasonable
assumptions about the forecaster’s loss function and a nonlinear DGP which show that
each of the optimality properties (1)—(4) cease to be valid when the assumption of MSE
loss is relaxed.

4. Asymmetric loss and a nonlinear process

We establish our results in the context of the linex loss function that allows for
asymmetries

L(Y (4n — ?IJrh,t; a) = exp{a(Y ) — )}Prh,t)} —a(Y iy — ?t+h,t) -1, a#0. (3

This loss function has been used extensively to demonstrate the effect of asymmetric
loss, see e.g. Varian (1974), Zellner (1986) and Christoffersen and Diebold (1997).
It is included in the family of loss functions in Proposition 1. To see this, note that (8)
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can be written as

L(e) = L(e) + (o),
where

L(e) = exp{—ale|} + ale| — 1

{(e) = (exp{ae} — exp{—ae} — 2ae)1(e>0) 9)

where 1(e>0) is an indicator function equaling one if e>0, zero otherwise.
Assuming that we may interchange the expectation and differentiation operators, the
first-order condition for the optimal forecast, Y7, ,, under linex loss takes the form

A

OL(Y o — Yy 59)
0 Yt+h,t

= a— aEJexp{a(Y 1y — V7, )} = 0. (10)

t

We derive analytical expressions for the optimal forecast and the expected loss using a
popular nonlinear DGP, namely a regime switching model of the type proposed by
Hamilton (1989).° Thus, suppose that {Y,} is generated by a simple Gaussian mixture
model, with constant mean and volatility driven by some underlying state process, S;, that
takes a finite number (k) of values:

Y = 1+ 05, Vi1,
Pr~iid. N(O, 1),

S =1,... k. (11)

We assume that the state indicator function, Sy, is independently distributed of all past,
current and future values of v,.;. To establish analytical results we assume that the
parameters of this DGP are known but we allow S; to be unobservable, i.e. S; is not
adapted to #,. The state-specific means and variances can be collected in k£ x 1 vectors,
p=m, 6> =(0},...,07), where 1 is a k x 1 vector of ones. Conditional on a given
realization of the future state variable, S;1; = 5,41, Y,y is Gaussian with mean p and
variance afm, but future states are unknown at time ¢ so Y,;; can be strongly non-
Gaussian given current information, .

At each point in time the state variable, S,,, takes an integer value between 1 and k.
Following Hamilton (1989), we assume that the states are generated by a first-order

SChristoffersen and Diebold (1997) characterize analytically the optimal bias under linex loss and a
conditionally Gaussian process with ARCH disturbances. They derive analytically the optimal time-varying bias
as a function of the conditional variance. For our purposes, however, this process is less well-suited to show
violation of all four properties forecast errors have in the standard setting since this requires characterizing the
forecast error distribution at many different horizons, 4. The problem is that while the one-step-ahead forecast
error distribution is Gaussian for a GARCH(1,1) process, this typically does not hold at longer horizons, c.f.
Drost and Nijman (1993).
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stationary and ergodic Markov chain with transition probability matrix

Pu P Pk
Py P :
P(StH |St) =P= . . . 5 (12)
: : Pr—1k
Pik1 o Prk-1 Pik

where each row of P sums to one. To allow for unobservable states, define a k£ x 1 random
vector, &, of zeros except for the jth element which is equal to unity if s, = J:

(100---0) fors, =1,
010---0) fors, =2,
=9 : (13)

00---01)Y fors, =k.

It follows from this definition and (12) that E[¢,|£,] = P¢,. However, when states are
unobserved this is not the relevant conditioning information set which is instead often
given by past realizations, i.e. %, ={y,,V,_{,.-.,V;}. In cases where the parameters,
0 = (u, 62, P), are known, the unknown state probabilities can be derived as follows. Define
the vectors of conditional state probabilities as f,‘, = (Pr(s;, = 1|F;0) Pr(s, = 2|7, 0)
Pr(s, = k|7 ;0))', §z+1|z = (Pr(sip1 = 1|17 130) Pr(s; = 2|7 ;0) Pr(s; = k|7 ;0)) and
letn,=(,ls: =1, Z,.1,0), fOlse =2, -1,0),....f(|s, = k, F,_1,0)) be a vector of
probability densities conditional on the underlying states and past information, #,_;. For
a given starting value, %1|0, an optimal estimate of the unknown state probabilities can then
be derived by iterating on the equations (c.f. Hamilton, 1994)

& _ (8t|t—1 on,)
" l/(§z|t—1 on) ,
En = P&, (14)

where O represents the Hadamard (element-by-element) product and 1 is a £ x 1 vector of
ones. We refer to & as the vector of unconditional or ergodic state probabilities that solves
the equation Ep=¢E. Uncertainty about the parameters can be handled in a Bayesian
context as we show in Section 6.

4.1. Unbiasedness

We will consider an idealized /-step-ahead forecasting problem where, in addition to
knowing that the form of the DGP is the Markov switching process in (11) and (12), the
forecaster is assumed to also know the parameters of this DGP, removing estimation error
from the problem. Forecasts in this example are thus perfectly optimal and easy to
construct: neither estimation error nor irrationality is driving our results.
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Using the conditional normality of v,y;, and letting é(mhm be the s.,;th element of the
vector &y, i.e. the probability that S;; = s, given F, the expected loss is’

E/[L(ei1ns; @) = Eifexp{a(Y i1n — Yion)l] — aB [ Y] + a¥ pp, — 1

k
= Z f(s,+,l|z)Et[eXp{a(Yr+h — YonHNSern = Siqnl

S =1
k ~ A
—a Z f(s,+,,|z)Et[Yr+h|St+h = Sin] +aY e — 1
Si4h=1
A/ /1 A (12 7 Al h A
=¢,P exp{ay —arY n, + 50 } —a&, P'u+aY, -1 (15)

Differentiating with respect to I?',Jrh,, and setting the resulting expression equal to zero
gives the first-order condition

, . 2
1= meh exp{ay —a¥y,,, + %02}.

Solving for ¥ r+n, WE get an expression that is easier to interpret:
A 1 ~t
Vi =n+_log(¢, P'e), (16)
where ¢ = exp{(a®/2)6?}. The h-step forecast error associated with the optimal forecast,
denoted e7,, . is

1 A/
* _ h
e[Jrh’[ - O-SIJrhvl-H? - Zlog(éﬂtl) (P)

This expression makes it easy for us to establish the violation of property 1 (unbiasedness)
in our setup:

Proposition 2. The unconditional and conditional bias in the optimal forecast error arising
under linex loss (8) for the Markov switching process (11)—(12) is given by:

. 1
E/fe}y,] = —~log(¢, Ple),

1 4 1 =/
E{éilh,,} = —a'flh - —alog(é ®) ash— oo, (17)

where Ay, = log(P"g). Thus, generically, the optimal forecast is conditionally and
unconditionally biased at all forecast horizons, h, and the bias persists even as h goes to

infinity.

The proof of the proposition is given in the Appendix. For purposes of exposition, we
present some results for a specific form of the loss function (¢ = 1) and regime switching
process:

n=10,07,

¢ =0.5,2],

7All exp{-} and log(-) operators are applied element-by-element to vector and matrix arguments.
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\ — Linex loss function
\ — - Unconditional error density
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Fig. 1. Linear—exponential loss function and unconditional optimal forecast error density, two-state regime
switching example.
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The unconditional mean of Y, is zero, and the unconditional variance is 5/62 = 1.5. This
parameterization is not dissimilar to empirical results frequently obtained when this model
is estimated on financial data, see Section 7 for example. For this particular
parameterization the optimal unconditional bias in ej,,, is —1.17, indicating that it is
optimal to over-predict. Fig. 1 shows the unconditional density of e,y and also plots the
linex loss function. The density function has been re-scaled so as to match the range of the
loss function. This figure makes it clear why the optimal bias is negative: the linex loss
function with @ =1 penalizes positive errors (under-predictions) more heavily than
negative errors (over-predictions). The optimal forecast is in the tail of the unconditional
distribution of Y,: the probability mass to the right of the optimal forecast is only 10%.
Under symmetric loss the optimal forecast is the mean, and so for symmetric distributions
the amount of probability mass either side of the forecast would be 50%. In Fig. 2 we plot
the optimal unconditional bias as a function of the forecast horizon (using the steady-state
weights as initial probabilities), as well as the optimal bias when the state is known. The
unconditional bias for this case is an increasing (in absolute value) function of & and
asymptotes to —1.17.

4.2. Non-decreasing variance

We next demonstrate the violation of property 2 (non-decreasing variance). Let © be the
Hadamard (element-by-element) product. The result is as follows:
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Optimal bias for various forecast horizons
-0.2 T T T T T T T T

-0.49 —e—S[t]=1 i
—— Unconditional
—a—S|[t]=2

Horizon

Fig. 2. Bias in the optimal forecast for various forecast horizons, two-state regime switching example.

Proposition 3. The variance of the forecast error arising under linex loss (8) for the Markov
switching process (11)—(12) associated with the optimum forecast is given by

I
Var(ey,;,) = Ea” + ;%((fl/) OI—¢&8) (18)

This variance need not be a decreasing function of the forecast horizon, h. In the limit as h
e . . . . z
goes to infinity, the forecast error variance converges to the steady-state variance, & 6°.

Conversely, under MSE loss, the unconditional forecast error variance is constant across
forecast horizons, h:

Var(ej, ;) = E[o? v*,]

St+h i+h
k
— 3 2 2 —
= E f(s,Jrh)UlerhE[VHh|St+h = Se1i]
S4h=1
4
=E&d,

where E(sr+h) is the s5,,th element of &.

It is also common to consider the MSE of the forecast. This is closely related to the
forecast error variance but differs by the squared bias. The corresponding result for the
mean squared forecast error (MSFE) is as follows:

Corollary 1. The MSFE arising under linex loss (8) for the Markov switching process
(11)—(12) associated with the optimum forecast is given by

_, 1 _
MSFE(e,,) = €0° +— 1 (&) © Dy (19)
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Optimal variance for various forecast horizons
4 T T T T T T T T

q —e=— S [t]=2
3.5 —»— Unconditional 7
—6— S [t]=1

N

Variance

Horizon

Fig. 3. Variance of the optimal A-step forecast error for various forecast horizons, two-state regime switching
example.

The MSFE need not be a decreasing function of the forecast horizon, h. In the limit as h goes
to infinity, the MSFE converges to e+ (1/a) log(é/(p))z.

A surprising implication of Proposition 3 is that it is not always true that Var(e},, ,) will
converge to & 62 from below, that is, Var(ey, ;) need not be increasing in A. Dependfng on
the form of P and &2, it is possible that Var(ej,,,) actually decreases towards the
unconditional variance of Y,. Corollary 1 shows that a similar result is true for the MSFE.

Using the numerical example described above, the unconditional variance of the optimal
forecast error as a function of the forecast horizon is shown in Fig. 3. For comparison the
figure also shows the optimal forecast error variance when the state is observable. It is
clearly possible that the forecast error at the distant future has a lower variance than at the
near future.® The reason for this surprising result lies in the mismatch of the forecast
objective function, L, and the variance of the forecast error, Var(e;1s,), which does not
occur when using quadratic loss (see next section). A similar mismatch of the objective
function and the performance metric has been discussed by Christoffersen and Jacobs
(2004), Corradi and Swanson (2002) and Sentana (2005).

Using the expression for Var(ef,,,) in Proposition 3, we can consider two interesting
special cases. First, suppose that ¢; = g, = ¢ so the variable of interest is i.i.d. normally
distributed with constant mean and variance. In this case we have

- 1 - - == =
Var(e;,, ) = E1o” + ;log(é o (&) 01— EEnlog(Ep) = o’

8Using the same numerical example it can be shown that the MSFE decreases when moving from A = 1 to 2, but
increases with / for 1>2. We do not report this figure in the interests of parsimony.
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And so the optimal forecast error variance is constant for all forecast horizons as we would
expect.

The second special case arises when the transition matrix takes the form P = 1€ . That is,
the probability of being in a particular state is independent of past information, so the
density of the variable of interest is a constant mixture of two normal densities and thus is
1.1.d but may exhibit arbitrarily high kurtosis. In this case we have 4, = tlog(f/(p) for all 4, so

- 1 - = zz =
Var(ey,;,) = Ea” + alog(¢ PN (&) 01— & nlog(C )
= &6’

Thus the optimal forecast error variance is constant for all forecast horizons. This special
case shows that it is not the fat tails of the mixture density that drives the curious result
regarding decreasing forecast error variance in our example. Rather, it is the combination of
asymmetric loss and persistence in the conditional variance. This is consistent with
Proposition 1 from the previous section.

In Proposition 1 we obtained a more general non-decreasing variance result by making
the high-level assumption that the volatility of volatility for the variable of interest is
declining in A, i.e. that V[af+h’,] is decreasing in h. Below we derive the volatility of
volatility for the Markov switching process in Egs. (11)—(12).

Proposition 4. The volatility of volatility for the Markov switching process (11)—~(12) is given by
VIVTY ol 7] = E(P'a*6” P © In — € P'a’e™ PVE
and asymptotes to zero as h — 0.

The volatility of volatility under the numerical example described above is presented in
Fig. 4, and clearly shows that it is decreasing with the forecast horizon.

4.3. Serial correlation in optimal forecast errors

In the standard linear, quadratic loss framework an optimal A-step forecast is an MA
process of order no greater than (& — 1). This implies that all autocovariances beyond the
(h — 1)th lag are zero. This particular property of an optimal forecast is usually tested by
regressing the observed forecast error on its own lagged values of order /& and higher:

n

€y = 0o + E Biet—i,t—i—h + Ugpy-
i=0

Here it is assumed that u,,, has mean zero and is serially uncorrelated. Under MSE loss
and forecast rationality, 0p = o =--- = f, = 0.

Outside the standard setting with MSE loss this property need no longer hold. In
particular, we have:

Proposition 5. The h-step-ahead forecast error arising under linex loss (8) for the Markov
switching process (11)—(12) is serially correlated with autocovariance

Covle},jpr €irp il = €67 jmg) + ;lh((fl/) OP —¢&&) (20)

Although this converges to zero as j goes to infinity, it can be non-zero at lags larger than h.
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Volatility of volatility for various forecast horizons
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Volatility of volatility
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Fig. 4. Unconditional variance of the /-step conditional variance under the Markov switching DGP, for various
forecast horizons.

Using the same parameterization as in the earlier example, the autocorrelation function
for various forecast horizons is presented in Fig. 5. Note the strong autocorrelation even at
lags much longer than the forecast horizon, 4. Thus the optimal forecast error in our set-up
need not follow an MA(h — 1) process and the one-step-ahead forecast error need not be
serially uncorrelated (property 3).°

It is easily verified that, under MSE loss, the autocovariance of the optimal forecast
errors under the regime switching process is zero:

* * _ )
Cov(eyy et+/1—j,z—j) = E[asm,_j sy Virh—jVi+h]

k k
= 2 : § : 6(‘Yt+h—j)é(‘vr+h‘St+h—j)o-st+l1fjgst+h
Stth—j=1 S4p=1

X BVigh—jvernlSivn—j = Stvn—j» Stvh = Syl
0 for j#0.

Thus optimal forecast errors under MSE loss are conditionally and unconditionally
unbiased, have constant unconditional variance as a function of the forecast horizon, and

“We can again consider the two special cases: iid Normal (6| = 0, = ), and iid mixture of normals (P = 15/).
Following the same logic as for the analysis of forecast error variance, it can be shown that in both of these cases
the autocorrelation function equals zero for all lags greater than zero.
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Optimal forecast error autocorrelation function
for various forecast horizons
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Fig. 5. Autocorrelation in the optimal A-step forecast error for various forecast horizons, two-state regime
switching example.

are serially uncorrelated at all lags. This is because under MSE loss the optimal forecast
error in this example is simply the term a5, v,4s, Which is (heteroskedastic) white noise.

4.4. An alternative DGP

Readers might wonder whether the results established thus far are peculiar to the regime
switching process in Eqs. (11)—(12). This is not the case as we show here for the most
widely-used model for conditional variance, namely the GARCH(1,1) process, c.f.
Bollerslev (1986):

Y = p+ e,
Erpl = Oy Vg1,  Ugr~idd. N(O, 1),

orp1 = 0+ ag] + fo;, (1)

where >0, 0, 0. We assume that (x4 f)* + 262 <1, which is sufficient for both the
unconditional second and fourth moments to exist:

E[O-?H] = ﬁn
2
Elo,,] = o (1+a+p)

(1-322 =2 = 22p)(1 —a— )’

Under linex loss the one-step-ahead optimal forecast has a bias of —(a/2)af+1, and so the
optimal forecast error is €}, |, = 6141041 — (a/2)07,, and

—daw

E[e}kﬂ,;] = ma

(22)
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which establishes the violation of property 1 (unbiasedness). Using this equation the first
order auto-covariance of the forecast error is

a a a a
* * 2 2 2 2
Covleyy e, 1) = EKJ,HU,H 41+ ‘73) (a,v, o; + ae)}

2 2 2 2
_a oot
=7 @+p (E[o,] 0z ﬁ)z>
. a*w*o? (o + )
T 2(1— (e + B —202)(1 —a— B)?
>0. (23)

Serial correlation is absent when o = 0 so the optimal bias does not depend on past
(squared) innovations.

For multi-step-ahead predictions we can no longer obtain closed-form expressions since
the innovations are not conditionally Gaussian. However, we are able to show that the
volatility of volatility for this process is decreasing for reasonable parameter values,
suggesting that the optimal forecast error variance can be decreasing in / for this process,
using part (3) of Proposition 1. First, note that we can write the multi-step ahead
conditional variance as
: C—w+mh

6t+/1,t = 1 — o — ﬁ

— 2 2
= o+ Buor, g + oy

>+ﬁw+m“%54+wa+m“wf

We then obtain

ooy + By) w
l—a—f 1—wu—p

E[O-?-&-h,t] = E[(l)h + ﬁhoit—l + 05/1}/?] = W) +

2wy + Br) | @ (1 + o+ B)3ai + Br + 204B,)
l—a—p (1 =302 — B> = 20f)(1 — o — B)

>

T U—a—py

In Fig. 6 we plot the wvolatility of wvolatility for the above process using
(w,0, ) =(1,0.05,0.9), which are common parameter values for data such as daily stock
returns.

Given the absence of a closed-form expression for the multi-step ahead conditional
density in the GARCH case, we do not examine the autocorrelations for multi-step ahead
forecasts or the forecast error variance as a function of forecast horizon for the GARCH
example. Again this serves to show how difficult it is, in general, to characterize the
moments of multi-step forecast errors under asymmetric loss and nonlinear DGPs.

Efo}, ] = o} +

as h — oo.

5. Properties of a ‘““generalized forecast error”

We demonstrated in the previous sections that all the properties of optimal forecasts
established under MSE loss can be violated under asymmetric loss and a nonlinear DGP.
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Volatility of volatility for various forecast horizons, GARCH DGP
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Fig. 6. The unconditional variance of /-step conditional variance for a GARCH(1,1) process with (w,a, f) =
(1,0.05,0.9).

In this section we establish the properties that a simple transformation of the optimal
forecast error—known as the generalized forecast error—must have.

Following Granger (1999) and Patton and Timmermann (2005), the generalized forecast
error, ¥y, ,» is defined from the first-order condition of the loss function

A

_ OL(Y 11— Y}k+h,;; a)

o = ~ , 24

lpH_h’t 0 Yt+h,t ( )
which in the linex case simplifies to

lp;k-q-h,z =da-— aexp{aasHhvl_H, - lOg(%mPhq’)}- (25)

The generalized forecast error is thus related to the “generalized residual” of Gourieroux
et al. (1987) and Chesher and Irish (1987), and can be alternatively interpreted as
the “score” at time ¢4/, evaluated using the forecaster’s loss as opposed to the
likelihood function. Clearly a correctly specified density model is a prerequisite
for computing good (point) forecasts. The generalized forecast error exploits the
property of an efficient forecast that, at the optimum, there can be no gain from changing
the forecast by an amount that is a function of variables in the forecaster’s current
information set. For example, if bias is traded off against variance in the forecaster’s
loss function, at the optimum a reduction in one component due to a change in Y t+hit
must exactly be offset by an increase in the other component. It is easy to establish

that, although the forecast error, € ine need not be mean zero, the generalized forecast
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Expected loss from optimal forecast as a function

of forecast horizon
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Fig. 7. Expected loss from the optimal forecast for various forecast horizons, two-state regime switching example.

error, ¥y, ,, has mean zero:
Fophgy!
El‘[lp;k-k—h,t] =da— a(észl‘P) Et[eXp{agsHth-y-h}]

~l _1n 612
a— a(ﬁ,ltPhq)) 1§,|,Ph exp{7¢r2}

=0,

and E[y7,, ] =0 by the law of iterated expectations. Thus the generalized forecast error
has conditional and unconditional mean zero for all forecast horizons.

Turning to the second optimality property, while we saw that the variance of the optimal
forecast error need not be non-decreasing with the forecast horizon, thus violating the
second standard optimality property, the unconditional expected loss will always be non-
decreasing in the forecast horizon. The expected loss corresponds exactly to the forecast
error variance under MSE loss, but not generally.

Proposition 6. Under linex loss (8) and the regime switching process (11)—(12) the
unconditional expected loss is

E[L(Y 11 Vi @) = E 4y — log(E) as h — oo.

For the numerical example used above, Fig. 7 shows the expected loss as a function of
the forecast horizon. As expected it is a non-decreasing function of /.

For the third property, we saw that in a nonlinear framework, optimal /-step forecast
errors need not follow an MA(h — 1) process. However, the generalized forecast error will
display serial correlation of, at most, (2 — 1)th order:

Proposition 7. The generalized forecast error from an optimal h-step forecast made at time t
under the regime switching process (11)~(12) and assuming linex loss (8) has the following



902 A.J. Patton, A. Timmermann | Journal of Econometrics 140 (2007) 884-918

Optimal generalised forecast error autocorrelation

x 1073 function for various forecast horizons
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Fig. 8. Autocorrelation in the optimal generalized forecast error for various forecast horizons, two-state regime
switching example.

autocovariance function:
k z h \—2 Y :

—a® + @Yo Eo (1, PPo) (1), Pl j=0,
k z h\—1

—@ @’y &)@, Pe)

xYem1 &l @, PPO) - (0 © (1, PP P
0 j=h,

COU[I//;_/L[, l//;ﬁ-&-h—j,r—j] = 0 <j< h,

where ¢* = exp{2a°6?}.

Using the numerical example above, Fig. 8 presents the autocorrelation function for the
optimal generalized forecast error. As implied by Proposition 6, the autocorrelations are
non-zero for j<h and equal zero when j=h.

An alternative approach to evaluate the optimality of a forecast that is often used is
based on the so-called probability integral transform proposed, in this context, by
Rosenblatt (1952). This is simply the one-step forecast cdf associated with a given model
evaluated at the observed data point. If the model is correctly specified, these probability
integral transforms should constitute a sequence of i.i.d. uniformly distributed random
variables. This approach requires, however, that the density model used by the forecaster is
known in order to compute the probability integrals. It is not applicable in the common
situation where the forecast evaluator does not know the forecaster’s model and only a
sequence of point forecasts generated under some loss function is observed.

6. Effect of parameter estimation error
So far we have established our theoretical results ignoring parameter estimation error.

However, in practice this source of error can significantly influence optimality properties.
Hoque et al. (1988), for example, show that for small sample sizes the MSFE is a
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decreasing function of # when the DGP is a mean zero AR(1) process with a small
autoregressive coefficient (less than 0.2 in absolute value in their example), and the
unknown coefficient is estimated using least squares. Further, although least squares
methods provide the best linear unbiased estimator, for forecasting purposes least squares
estimators are in fact inadmissible and dominated by shrinkage estimators and predictors
that are biased though consistent. Requiring each of the elements of if to be unbiased may
be undesirable if the objective is to minimize the MSE of the estimator of . By dispensing
with this requirement, shrinkage estimators can reduce the MSE.

More specifically, consider a linear forecasting model based on the n-vector of predictor
variables, X; = (X1, ..., Xu),

Y =Xp+s, (26)

where Y= (Y;--- Y1), X=(x(---X7_;) and &= (¢ ---&r)". In the simple case where
X'X =1,, e~N(0, I) and letting 5 be the least squares estimator, the James and Stein
(1961) estimator, By, that shrinks the least squares estimator towards a vector of zeros is

A a A
Bis=\|1—==—|Bs
s ( ﬁlsﬁls) 1

for some scalar, a. Under squared error loss the risk R(iijs,/f) = E[(ﬁjs - ﬁ)’(ﬁjs - Pl
associated with this estimator is (c.f. Judge et al., 1985)

R(Bys, B) = n — al2(n — 2) — alE[1/72 ],

where Xﬁ, ; 18 a non-central chi-square variable with degree of freedom parameter, n, and
non-centrality parameter A= f'B/2. The bias of this estimator, f — E[Bys], equals
aE[l/xiz]ﬁ. Provided that we choose 0<a<<2(n — 2), it follows that R(Bys, f) < R(Bis, B)
for all B so the least-squares estimator is inadmissible. Furthermore, the James—Stein
estimator with the smallest risk sets @ = n — 2, i.e.!”

A n—2\a.
ﬁ = 1 T A AT pS'
" ( ﬁlsﬂls) l

It follows from these results that biased forecasts can be optimal even under MSE loss,
once parameter estimation error is accounted for. Empirical evidence seems to confirm
this: Zellner and Hong (1989) find that shrinkage helps in forecasting growth rates of
output in a large international data set, while Zellner and Chen (2001) find that a prior that
shrinks disaggregate (sector) parameters in the direction of a common mean improves
forecasts of US GDP growth.

1%In the more general case where E[z¢'] = ¢2I and ¢ is unknown, the optimal (feasible) James—Stein estimator
takes the form

(T = n)(n—2)8% -+

ﬁ}(s = (1 - N~ )pls’
(T — n+2)(BsBys)
where 67 is the usual variance estimator. This estimator has risk:

n—2T —n

Ry =n-"2 20 g2
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Outside the framework that assumes a linear forecasting model and a quadratic loss
function, parameter estimation uncertainty is best dealt with in a Bayesian context. Under
the Bayesian approach the evaluation of a set of predictions is no different from evaluation
of a set of unknown parameters. If the data is taken as given (non-random), expected loss
can be used to evaluate predictions, while the risk function and average or Bayes risk can
be used to this end when the data is viewed as random. Moreover, Bayesian predictions
that minimize average or Bayes risk have the desirable property that they are admissible so
that no other predictor has lower average or Bayes risk.

More specifically, let X' = (x; - - - X,)’ be the data up to time 7 and let % be the set of
possible outcomes of Y, while @ is again the parameters of the underlying model assumed
to lie in some space ®. The Bayesian approach chooses a forecast, f’,+h,,, that minimizes
expected loss given the available data, X':

Y;k+h,z = arg min / LG Yein )Pl XD Ay, (27)

YH—h,r

where the predictive density is given by

POroalXe) = /@ POXOp(,4X', 0)do, (28)

and the posterior parameter distribution is proportional to the prior of the parameters and
the conditional density of the data: p(0]X") o p(0)p(X |@). Under quadratic loss the optimal
forecast is simply the conditional mean, Y, e = = [, yp(yIX)dy. However, under
asymmetric loss the forecast will generally not be easy to characterize in closed form.
One exception pointed out by Zellner (1986) is for linex loss and a Gaussian density,
P(44X"), in which case

Plpe = E[YiaalX] =5 Var(Y o4/X). (29)
Again it is clear that, in the presence of parameter estimation error, the optimal forecast is
biased under asymmetric loss. Serial correlation of the optimal forecast error will also
continue to hold even under MSE loss, c.f. Magnus and Pesaran (1989, 1991). We are not
aware of any demonstrations of how it affects the variance of multi-period forecast errors,
however, where the bias depends in a complicated manner on the persistence of the true
DGP.

7. Empirical illustrations

In this section we present two illustrations of the above results for financial and
economic data. The purpose of these empirical illustrations is to show that the simple
model employed in the paper is a reasonable case to consider. Further, the results
emphasize that using the standard properties of optimal forecast errors (unbiasedness,
increasing variance, restricted serial correlation) in the presence of asymmetric loss and
time-varying volatility could lead to the rejection of a perfectly optimal forecast.
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Optimal variance for various forecast horizons
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Fig. 9. Variance of the optimal A-step forecast error for various forecast horizons, Exxon stock returns, January
1970-December 2003.

7.1. Forecasts of stock returns

Using maximum likelihood methods we estimated a two-state regime switching model,
with unobservable state variable S;:

Y[ =u + 05,85 S[NN(O, 1), (30)

on weekly returns for Exxon over the period January 1970 to December 2003, and
obtained the following parameter estimates:

fL=0.1323
& =1[0.9698,1.67117,

P 0.9756 0.0244
T 10.1014  0.8986 |

Thus the annualized return on Exxon over this period was 6.9%. The steady state
probabilities implied by the estimated transition matrix & = [0.8061,0.1939] indicate that
returns were drawn from the low volatility regime four times as often as from the high
volatility regime.

If we assume a linex loss function for the forecast user with @ = 1, then Proposition 2
shows that the unconditional mean of the optimal Exxon return forecast errors is —0.7292.
Given the asymmetry of the loss function it is not surprising that it is optimal to over-
predict, leading to forecast errors that are negative on average.

Using the expression given in Proposition 3 we obtain the unconditional variance
of the optimal forecast errors for different horizons, and plot these in Fig. 9 which
is the empirical counterpart to Fig. 3. We again see, under linex loss and a regime
switching model for Exxon stock returns, that the unconditional variance is a decreasing
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Optimal forecast error autocorrelation function for
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Fig. 10. Autocorrelation in the optimal /-step forecast error for various forecast horizons, Exxon stock returns,
January 1970 to December 2003.

function of the forecast horizon. The MSE of the optimal forecast errors (not shown)
is similarly monotonically downward sloping. Taking the standard properties of
optimal forecasts as a guide, this figure would suggest that it is about 7% easier
(variance of 1.31 versus 1.41) to predict the one-week return on Exxon in the period
between nine and ten weeks from today, than the return on Exxon over the coming
week. As we discussed above, this interpretation is misleading when the forecast user’s
loss function is not the MSE loss function. If we instead use expected loss to measure
forecast difficulty, we find that it is about 8% harder (expected loss of 0.72 versus 0.67) to
forecast the 10-step ahead one-week return than it is to forecast the return over the coming
week.

Using Proposition 5 we obtain the autocorrelation function of the optimal forecast
errors in this illustration, and plot this in Fig. 10 for A =1,...,5. The one-step ahead
weekly return forecast, for example, has first-order serial correlation of almost 0.07, and
even at the 20th lag the serial correlation is still greater than zero. This implies that the
forecast error is predictable using lagged forecast errors, albeit only weakly in this case. It
does not imply that the forecast is suboptimal, however: the generalized forecast error
exhibits the serial correlation properties presented in Proposition 7.

7.2. Forecasts of output growth

We next show the effect of asymmetric loss in a two-state example that accounts both for
parameter estimation errors and an unobservable state, S;. Given the strong evidence of
regime-dependence in the mean of output growth (c.f. Hamilton, 1989), we extend (30) as
follows:

Yo =, +0gen  e~N(O,1), 31)
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When both the underlying state and the parameters 0 = (u, iy, 37, 03,py1,P2) are
unknown, a Gibbs sampling approach can be used to compute the predictive density, c.f.
Albert and Chib (1993) and Kim and Nelson (1999, Chapter 9). The first step generates a
vector of states, Sy = (S1,...,S7), from the conditional density f(§T|0, yr), where
¥7 = (1, Y2 - .., y7). The second step generates (u, ft;, 93, 67) from f (i, 11,03, 63137, S7).
Finally, the third step generates the state transition parameters, p,;,ps, from f(p,,, p|St)
using that, conditional on S, these state transitions are independent of ¥;.

Following Chib (1996) we assume that the priors of the state transition probabilities
follow Dirichlet distributions. Multiplying by the likelihood function for P conditional on
a simulated vector of states this means that the posterior is also Dirichlet. We set the prior
mean of each element equal to 0.5 and the standard deviation equal to 0.25. Assuming a
Gaussian prior for y; conditional on d7, i.e., y;|67~N(b, By), the posteriors for the mean
parameters are (for i =1,2)

wila?, St,¥7~N(by;, By,
by = (By' 4 o7 2tp1r) " (By by + 0720 Y1),

i

By = (Bal + O'i_2l/TlT)_l.

In both cases we use basically uninformative priors, i.e. by = 0, By = 1000. With y; in place
we assume that the priors for the variance terms are inverse Gaussian,
af|,u,»~IG(vo/2, 00/2), where vy =2 and Jy) =0.001 so we again have basically unin-
formative priors. Conditional on ST,yT this yields an inverse Gaussian posterior,
02|, St, Y 7~1G(v1 /2, 61:/2), where vy = vg + T and 8; = Jy + ZtT:l(y, - ,u,;)zl(st = ).

In our empirical illustration we use quarterly data on US GDP growth from 1952Q]1 to
1994Q3, and save the last 20 observations of this data set to compare against our
predictions. This data was also used by Kim and Nelson (1999). We compute the one
through 20-step ahead forecasts starting from the last date in our estimation sample,
1989Q3. Using 7500 draws from the Gibbs sampler, the posterior means of the growth rate
parameters in the two states were 1.09 and 0.05, respectively, with variance parameters
equal to 0.49 and 1.00, and transition probability parameters centered at 0.74 and 0.62
(each associated with a standard deviation of 0.12).

In Fig. 11 we plot the optimal forecasts under MSE and linex loss (with a = 1) against
the realizations of GDP growth. These forecasts are computed using Eq. (27). Note that
actual GDP growth is greater than the linex forecast of GDP growth for only three out of
20 cases; this reflects the greater penalty this loss function applies to under-predictions
relative to over-predictions. In contrast, the MSE forecasts are exceeded by the actual
GDP growth figures in nine out of 20 cases. Hence the optimal forecast under linex loss is
clearly above that under MSE loss even after accounting for parameter estimation error.'?
Fig. 12 shows how the one-step predictive density from model (28) differ from the normal
distribution. Note also the pronounced negative skew in the regime switching density
forecast.

""'We are grateful to Davide Pettenuzzo for providing us with his Gibbs sampling code for this application.
In related work based on the lin-lin loss function, Whiteman (1996) finds that asymmetric loss can
significantly change the mean of the optimal forecast. His application is to budget surpluses for lowa.
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Forecasts and realizations of US GDP growth
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Fig. 11. Optimal one- to 20-step ahead forecasts of US GDP growth, as at 1989Q3, under MSE and Linex loss.
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Fig. 12. Comparing estimates of the one-step ahead predictive density of GDP growth.

8. Conclusion

This paper demonstrated that the properties of optimal forecasts that are almost always
tested in the empirical literature hold only under very restrictive assumptions, and are not
generally robust to even slight departures from these assumptions. We showed analytically
how they are violated under more general assumptions about the loss function, extending
the seminal work of Granger (1969) and Christoffersen and Diebold (1997). The properties
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that optimal forecasts must possess were generalized to consider situations where the loss
function may be asymmetric and the DGP may be nonlinear but strictly stationary.
Illustrations using data on weekly stock returns and quarterly output growth confirmed
that our findings have much empirical relevance.

A number of implications follow from this paper. Most importantly, our results suggest
the need to develop new and more general methods for forecast evaluation that are robust
to deviations from MSE loss. Most economic time series have some dynamics in the
conditional variance. This means that even small deviations from MSE loss will overturn
the standard properties that an optimal forecast must have. One approach—proposed by
Elliott et al. (2005)—is to assume that the loss function belongs to a family of
parsimoniously parameterized functions that nests MSE loss as a special case. This
approach can be used even with the small sample sizes typically obtainable with forecasting
data. Furthermore, the parameters of the loss function can be estimated by GMM and
forecast optimality can be tested by means of a standard J-test when the model is
overidentified. Another approach, suggested by Patton and Timmermann (2005), is to
adopt robust test procedures that are valid for broad classes of loss functions and DGPs.
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Appendix A

Proof of Proposition 1. Part 1: We know from Christoffersen and Diebold (1997) that
Y;‘Jrh,, = Wps + %thg Where o, depends on the loss, L(.), Fyip, and 6,45, but not on
Hepng SO without loss of generality, consider a process with conditional mean zero:

Y= O t4h,tEt+h-

Proving that f’}ﬂrh’, is biased then amounts to showing that f/;‘;,w;eo. Under assumptions
L1 and L2 we have L(e) = L(—e), and {(e) = {(—e) for all >0 and so the optimal forecast

satisfies Y7, ,>0. To see this, define

A 0 A
I'( Yt Ur+h,t) = ﬁEt[L(GIJrh,tgth - Yt+h,t)]
= - / E(“Hh,rﬁﬂrh - f/th,t)f (&) deryn

- / §/(0t+h,r8t+h - ?t+h,t)f (&rgh) deryns (A.1)

Yith,t /o t+h,t

assuming that we may interchange expectation and differentiation operators. I'(Y, o),
evaluated at Y = 0, is negative since the first term in (A.1) equals zero (if L were the loss
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function then zero would be the optimal forecast under the given assumptions) while the
second term is negative (the integral term is positive since {'>0 and {'>0 on a set with
measure greater than zero). In the following we drop time-subscripts where these are not
needed. Using the convexity of L and { we can show that oI’ /af/>o:

TE)_ 0 ([ proras— | o s
T_af/<—/L(aa Y)f(e)de Agg(a& Y)f(a)d«s)

= / '(oe — V)f(e)de + / Oog”(ae— Y)f(e) de+z/(0)l
Plo o
>0. (A.2)

The existence of an interior optimum (by the convexity of L(.), c.f. Lechmann and Casella,
1998) then implies that Yt+,”>0 proving that the optimal forecast is biased.

Part 2: To prove that the optimal forecast error is not in general a martingale difference
sequence with respect to #, note that ;. , = Grin&rn — Y* '\ n.» Where v '\ 18 that value
of Y, for which (A.1) equals zero. Provided that aYt 't/ 00111, #0, time-variations in
a:+h Will translate into predictable time-variations in the forecast error by means of the
same variables in %, that forecast ¢,y;,. To show that aYH_ht/@GHh;#O we use the
implicit function theorem: 0 Y*(¢)/dc = —(0I' /d5)/(dI'/dY). The denominator equals:

OL(Y,0) _ 0 [ [ oveande— [ Elos— PV(e)de
T_Gf’< /L(ae Y)f(e)de A/g((az, Y)f(a)d«s)

o0

17 > 1 / 1

= /L (oe — Y)f(s)da-l—/ ((oe — V)f () de—i—C(O)E. (A.2)
Vo

Since both L and ( are convex, oI’ /af/ is guaranteed to be positive. (This further implies

that Y*>0 as I'(Y ;s = 0,0,44,)<0.) To derive 0Y*(¢)/00 note that

w — _/L//(O-g _ ff*)&f({;)d(‘) _ /ﬁ/o: (U(GS _ ?*)6f(8)d6 _ 4/(0)% ¥

The last term in this equation is negative under assumption L1. The terms in the above
expression will only cancel out in very special cases and so, generically,
oI (Y*(0), o) /da#0. For example, if L(e) = ae® the first term equals zero and the second
term is negative, so 0I'/dog<0 which implies 0Y*/d6>0. If 0I'/dg#0 then serial
dependencies in 64, Will generally translate into serial dependencies in the optimal bias,
Yt oo and hence in the forecast error. To see this, let 6; and o, be two distinct possible
values for 6,1, which is time-varying by assumption D2. If we know 6Y*/60>0 then

Y*(<)'1)7'é v* (02), dnd so we have E[€,+/1[|0't+hz =01 = E[0t+h t&r+h — t+/”|0-t+ht =o01] =
E[UZ-HHE [er4n] — Y (Jt-s-h t)|<71+/1r =o01] = _Y*(Ul)9é Y*(UZ) = E[et+/1,|01+ht = 03]
Ele;,, ] can equal at most one of E[e},, |0/, = a1] or E[e},, ,|0:1n; = 2], which proves

the claim.

Part 3: To understand the factors bringing about the possibility of a declining variance
of the forecast error in /, consider first the case of MSE loss. In that case, Y,+h, Moo
and so Eef,, ] = 0. Using the law of iterated expectations and assuming the process is
covariance stationary, the optimality of Y*_,  implies:

l[el+h t]<El‘[ez+ht /] VjZO,

t+h,t
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SO

[ t+/1 t] < E[ z+h t j]
and

Viet < VIeip—] = VIerpi-

Thus the unconditional variance of the optimum forecast error is weakly increasing
in the horizon. Now consider the general case of asymmetric loss: note that
z+/1r = Orvheerh — Y;:’ht’ S0 V(e;:-h t) E[V,(€f+,1 t)] +V(E[e 7+h r]) E[Jz+h z] + V( Yt+h t)
Comparing this across different values of 4, under covariance stationarity the first term is
constant, so we focus on the second term, V(¥* "n)- We establish the result through a
Taylor series expansion under the assumption that Y., is covariance stationary and
en|F ~F(0,1,k;,), where kj, is independent of %, and non-decreasing in h. We
demonstrate that under sign restrictions on the derivatives, 0¥*/d0>0 and
3°Y*/(960K) <0, V(et,,,)< V(e ). Note that

T—ﬁ-h,l = Y (Gr-t,-h > K/z)
Ok =2 2
Y*(Gh’ Kh) + Y:(O-h’ K/1)(6t+hl O-h)

5 S22 P )
= Y} + Y355 k)07, — Gi)s

%

where &7 is selected to satisfy Y*(ah,;ch)_ Yh = E[V* rrhel- Then E[YHh ]~ E[Y] +
V(87 k1) (07, — ‘7/1)] Yh+ Y*/(Glp"h)(E[ tend = 03) = &, ~ Elot,, 1= 0} Vh. So
YV, A Y+ Y*/(a}, kp)o2, . —¢ ) for all i. Then

t+h,t t+h,t
VIV, = VIV + Yo, k)07, — o)l = Y"(o3, 1) Vior,, ]
Similarly,
VIYio )= Y705, Ve, ).
So

V[ Yt+l t] V[ Yt+2 t] ~ )’}*/(Gi, KI)Z(V[O-tZ+1 t] V[Gprz 1])
+ Vo2 MV (@2 0 + V(0 k)) (V2 (02 k1) — V(02 K2))
>0.

Here we used that (V[s7,, ] — V[o7,,,])>0 by D3, while V[o7,,,]>0 by assumption D2,
f’*’(a2 Kk1)>>0 and (f’*’(aﬁ, K1) — )7*’(02 K2))=0 by the assumption that 3¥*/d¢>0 and
o Y*/606K<0 and the fact that x; <x,. Thus the variance of ¢*
completing the proof. [

711, 18 greater than that of
l+2,t’

Proof of Proposition 2. The /-step-ahead forecast error has a conditional expectation of

. 1 N
E’[et+/1,t] = o lOg(éz\rPh(P)a
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which, since P is a probability matrix with one eigenvalue of unity, is different from zero
even when & — oo. The unconditional expectation of the forecast error is

E[e}k+h,,] = E[E [et+h t]]

k
1 N
= E S,)E - log(énzph(p)'St =8
a

St=

1 _
T Z ) log(l:*,,tl)h(l’)

S[:l
1.
= - _6 A’ha
a

where 4, = log(P"¢) and 1, is a k x 1 zero-one selection vector that is unity in the s,th
element and is zero otherwise.
The unconditional bias remains, in general, non-zero for all 4. In the limit as 7 — oo,

1 =/ = 1 =/ =/ 1 -
Elef,), ] > ——&log€ @) = ——Lrlog(C p) = —— log(E @),
which is also, in general, non-zero. [

Proof of Proposition 3. From Proposition 2 we have
Var(eirh,t) = [ t+h, r] lhfé A

=E

1 ~l h 2 1 -4
O‘S[+hvt+h - E log(§f|)‘P (P) - ; héé lh

2 N 1 N | R
= E[O?Hh Vz2+h] - _E[O'XH.;, Vith IOg(CmPh(P)] + ;E[IOg(meh(pf] — ?lhfé A

|-
Z Eren LS, Vical Sevn = sie] = — & Dy
Si4p=1

1, S oo g
+ > &Ellog(&, P'p) - log(E, P 9)IS, = 5]

S[:]

k k
] Do s
= Z 5(,s,+,,)0§t+h - ;lhfé Ap + ?Z & log(@ Py, L, log(P"¢)

YH»h:l A‘[:l

= 662 *l/ (Z é(&j)li‘{ 5[>lh l;qéglh

sr=1
662+ (&) O 1= EE)iy.

Here f(,-) is the ith element of the vector &, the outer product lytls is a k x k matrix of all
zeros, except for the (s;,s,)th element, which equals one. To examine the variance of the

optimal /-step ahead forecast as 4 — oo, note that

lim 4, = tlog(& o).
h— 00
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Furthermore, for any vector & such that &1 = 1,

(@ ol-En=y(@G) o -1 1=&-EyéEy=0.
So, as i — oo, the variance of the optimal A-step ahead forecast therefore converges to
- 1 =, - -
Varlej,,] — €0° + 5 log(€ p)t (&) © 1 = EE)rlog(E )
= E’az. O
Proof of Corollary 1. Follows directly from the proof of Proposition 3. [

Proof of Proposition 4. The conditional variance of the variable of interest is

k
VilY i4n] = Z f(sHh\t) Vt[gs‘,+/1vt+h|St+h = Se+4]

Sppn=1

k
_ Z % 2 _ ¥ ph2
- é(SH_h‘t)aSH,h - é[\fP o,

S4h=1
and so
k - ~l
E[V[Y 4] = Z &) EIE, P"a?|S, = 5]
k = 4
— Z é s,)lsIPh 2 fPhd'z,
‘[=
and

E[V.[Y 4] E o EIE P"a*a” P"E,|S, = 5]

é_ Xt)l;t})//10_26,2/P/111S[ — E/(PhO_ZO,ZIPh/ o I)l,

MM'M*

St

which yields the expression given in the proposition. As 4 — oo,
E/Phdzo'z/Ph/é—)E/léol 2/616 60_2 2/6
EP'e*6?P" © In — EGE6*6”E O In = EGE 667 E) = E6%6” ¢,
so VIV [Yunl] = 0. O

Proof of Proposition 5. The autocovariance function for an /-step forecast is

1 N
COU[ t+h,t> H—h—j,l‘—j] = E[(O-S[+h,jo-st+hVt+h7jvt+h)] - 5 E[O-J‘[+h,jvt+/17j log(ét\tph(p)]

1 N
T a E[Gs,+/,Vt+lz IOg(C;__/|zijII‘P)]
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! ¥ ph 4 h 1o zz
+ ;E[log(émP ®) log(é‘ﬁjlij @) — 5 48 Ay

= &0’ 1j—q) — lh §lh+ " Z Zf(y,_l)é(ms, P

St j_IA,

A/ ~t
xE[log(¢, P"¢)log(,_;,_P'@)ISij = s, S = 5/]

z/ 1 ! g2/
= 5621{/:0} - lh§§ o

Z Z Eipists_p log(t, P'o) log(r; _P"p)

s, =1 s=1

- -
= 80" 1ym0) = 4EE D

Z é(gf —) (Z i(fr\sz ])er> o

K j_l

_ 1 oo
=&a’1j—g — 2 W EE Ay,
k
_ , )
Z é(st—j)P/ Lsijbs,; i
St—j=

_ 1 _ L
= &0y + S 2(E) O P — E)iy.
For fixed A, as j — oo, Coulej,, . € theji] = (1/a®)4), (&) GE)-E&a=0. O

Proof of Proposition 6.

E[L( Yt+ha i];k_,_h,[)]
= Elexp{ac,,, ,vien — log(€,, P"@)}] + E[log(&, P"p)] — 1

k k
= Z Z 5(s,)~f(s,+h\s[)E[eXP{aasHhVHh - 10g(§;|,Ph‘P)}|St+h = Sen, St = 81

S[:l A\‘H_h=l

k
+Y &Ellog(& P'o)|S, = s]— 1
=1

k k
Z < St)‘f(éz+h\5t) exp{— IOg(l?tPh(p) +5 O-YH—h} + Z é(sf)l;t IOg(Ph(P) -1

St+h= 1

a2
s[)ls[(Ph(P) ! Z é(AI‘F/ll‘St {2 St+h} Z f(A,)lyt log(Ph(p) —1

St+h=

Il
M» =

Il
—_

St

|
M»

&
Il

5 st (P"@) ™ (P ) + Z Espts, log(P'p) — 1

S[:l

Il
M»

Zz
Il
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k
= Z Es s, log(P"p)
St=1

= &'log(P'g).
As h — oo the expected loss becomes: E[L(Y 14, f’;‘:rh,t;a)] = &log(P"p) — &log(i€ ¢) =
E1log('p) = log(lp). O

Proof of Proposition 7.

Covl¥rp s Viin—ju—]
= @ - aElexplac,,, v — log(&, P'p))]
— aElexplacs,,,_viiij — 10g(&_,_ P )]
+ @ Elexplacs,,, Viun + a0, Veriey — 108(&, P ) —log(€_;,_ P )]
=GBy, ] + @By, ] — &
+ @Elexplacy,,, vien + acy,,, v — log(&, P'g) — log(,_;,_,P'p))]
= —d’+ azE[exp{aa‘YHhvwh +ags,,, Verh-j — log(a‘tPh(p) - log(%;_j‘t_jPh(p)}].
If j = 0 we get the variance of the generalized forecast error:

VIiind

ko k
=—d+d Z Z &5 sy plsn) exp{—2log(t, P"o) + 20263t+h}
si=1545=1

k k
=—d’ +d’ Z 5(5;)(';,1’]1‘1’)_2 Z i(swh\st) exp{2a20§’+h}

Sf:l ‘YHJIZI
- 2
z r ph,\— Y
=—d+a» &, 1, Po) (1, Ple),
sr=1

where ¢* = exp{2ad’6*} =@ O 9 O ¢ O ¢.
For 0<j<h we get:

COU[‘//TJrh,r’ lﬁ?+,17j’,7j]
k k

k k
_ 2 2 z P P %
=—a +a Z Z Z Z i(ftfj)é(ff‘Sz—j)é(5r+/z—j\3t)é(5;+h\SH.h__/)'

Se—j=lsi=1 =1 81p=1
Al
h
. E[exp{aosHh Vieh + ads,, ) Vith—j = log(ftltP ®)
~l
/
- log(ftfjpijI‘P)HSt—j = Si—j> Stth—j = Stxh—j> St = St, St4h = Sth)

k k k k
2 2 z P P P
=—@+@ Y D DD E o)t Sralseany)

Sl—j:l S[:l AY,+1171-=1 ‘YH»h:l
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/i h a , a’
/ 1 /
exp{ log(z, P"¢p) IOg(‘s,,jP o)+ > T + > 51+h ,}

v U
= —a +a2 Z é(vl j)(le ]P (P) Z&(y[m j)(ls,P (P)

si—j=1 St=

Z é(sH.h_jISz) Xp{ s,+h j} Z 5(51+11\51+h—1) {2 9t+h}
St4h—j= Sr4h=1
k
2 2 z h, \—1 p / -1
= —a +a Z é(sf—j)(l;t—jp (P) Zé(sAs[_j)(l;tP’(P)
Sl_j=1 S[:l
/ Y

Z i(VHh —jlst) exp{ 2 5t+h—] }151+h—jP ¢

3t+h—]—1

si—j=1 s=1
and for j=h we get:

C"U[‘ﬁjlh,rs ¢T+h—j,1—j]

k k k k
2 2 z p p p
—a +a Z Z Z Z f(sf—j)é(swhfﬂsz—/)‘/’Z(Sﬂswrh—j)’/:(Sth‘Sl)

$—j = Sppp =1 s1=1 s =1

AL y
[eXp{aastM Vi+h + aGAH_h Vith—j log(émpl(p)

- log(é[_j\[_jp (P)”Stfj = St—j» St+h7j = St+h—j» St =84, Sevn = Styn]

k k k k
2 2 z P P P
==+ Y D DD EopConn S S

$1—j= 1 Sppp—j=1 se=1 5144 =1

2 2
! ph ’ y/] a 5
. exp{— log(r;, P"¢) — log(tst_jP ®)+ 5 T + 7 SHh ,}

k k 2
2., 2 z hN—1 2 )
= —4a +a Z é(ft—j)(l;rfjw('o) ' Z Seren il CXP{EG“‘W;—/}

$1—j=1 Si4h—j=1
k 2
P 1 ph
’ Z §(St|sr+/1—j)(lé'tl)z(p) Z 6(st+h|g’) eXp{ 2 51+h}
sr=1 Se4h=1
k 2
_ 2 2 z ’ /i
= Y, P Y G o5, )
A‘[,j=l YH—h _] =1

k
= —d+a Yy & 0, Pe)a_Pe =0

A‘,_j:l

The autocovariance is zero for all lags greater than or equal to the forecast horizon.

k k
—d+a Yy & )@ P Y S p@ Pl (0 0 (PP

O
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