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S.A.1: Extensions of Theorem 1

To streamline exposition, in this appendix we focus on the case that d = dim (Y;;) = 1 and

G = 2. All of the results below hold for any finite value of d and G.

We present a simplified version of Theorem 1 for d = 1, G = 2. In this instance, it is more

natural to consider a t-test of the difference in cluster means.

Corollary 1 Assume G = 2 and dim (Y;;) = 1. Let 4xp be the estimated group assignments
based on sample R, and let finp (Ynpg) be the estimated group means from sample P using group

assignments 4y ng. Define the t-statistic for the differences in the estimated means as
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(a) Under Assumptions 1 and 2,
tstathRi>N(0, 1), as N,P,R — oo (6)
(b) Under Assumptions 1 and 2/,

|tstatnpr| == 00, as N,P,R — oo (7)



First, we consider allowing for general time series dependence up to some lag M. To do so, we

define G; as the information set o ({Y;S}f\il ,8 < t) , and modify Assumption 1 to:

Assumption 1”: (a) The data come from Yy = m; + e, fori =1,..,N,and t = 1,..,T,
where m; € [m,m] C R and V [gy] = 0? € [g2,62] CRy Vi, EFleg] =0 and E “8%[4%} < 00
V i for some § > 0, (b) ejllejs V t,s, for i # j (c) exlLX for all X € G,_p, for V i,¢ and (d)

N,P,R — .

Assumption 1”(a) allows for cross-sectional heteroskedasticity, and heterogeneity more generally,
in the distribution of residuals, subject to them being mean zero and having finite fourth moments.
Assumption 1”(b) imposes cross-sectional independence, and 1”(c) allows for general time series
dependence up to lag M, but imposes independence beyond M lags. The main change required
when allowing for time series dependence is that the formation of subsamples now requires some

structure. We suggest using R ={1,2,..., R— M} and P={R+1,...,.R+P=T}.

Theorem 6 Let 5 ypr be the estimated group assignments based on sample R, and let fiyp (Yngr)
be the estimated group means from sample P using group assignments 4 g. Define the t-statistic

for the differences in the estimated means as

VNP (fiy xp (Ang) = fone (ANR))

tstatynpr = =
WNPR
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and Y;p = [Yi1, ...,Y;p]/ and tp is a P x 1 vector of ones.

(a) Under Assumptions 1" and 2,
tstatNpr 4N (0,1), as N,P — o0
(b) Under Assumptions 1" and 2,

|tstatnpR] L, 50, as N,P,R — o



Proof of Theorem 6. (a) We first find the limiting distribution of v N P (ﬂLNP (YNR) — flonp (nyR))

conditional on Fgr. Note that

N L I
fgnp (YNR) = (1 {3inr =9} 2 Z Yi,t)
9NE =1 t=R+1
L N
= ﬁz Y Yiet npl {five = 9}
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Then

VNP (finp Gnr) = fizne (Inr)) \/— Z Z Zi NREit

i=1 t=R+1

where ZZ-,NR = 7%1_,11\7131 {ﬁ/LNR = 1} Ty NRl {71 NR = 2} We now verify that we can invoke a
CLT for VNP5 f\il Zf:RH it N, Where § v = Z; Nreit- Note that conditional on Fg, the
sequence {fit’ N R} is heterogeneously distributed, and M-dependent by Assumption 1”(c) which
immediately implies strong mixing. Also note that conditional on Fg, &; yp is independent of

§jt,vr ¥V @ # j. Then note that
E [€4,nrIFR] = ZiNrE [e4| FR] = ZiNRE [E [eulGem] | Fr] = 0, for t > R +1
Next, let

£;,NPR = [5i,R+1,NRa "‘7§i,R+P,NR] = Zi,NR €, R+15 ~-~75i,R+P]I = Ai,NREQP
and note that
E & nvprEinpr| Fr) = ZEnRE [eireip] = 22 np
Note that by Assumption 1”(a) and (c), Q; is a Toeplitz matrix, with o? on the main diagonal,
Y1 = Covlgiyt, girt1] on the secondary diagonal, etc. out to v,y = Covleiy,€iym] on the
(M + l)th diagonal, and with zeros elsewhere. This structure simplifies the estimation of €2;.

Finally, define

N
Ovp = N,lli:'goo NP ; Zinntp e
1 N 9 N M
— 3 -~ 52 -
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The general estimator of the asymptotic covariance in Hansen (2007) is given below, which we then

simplify based on our M-dependence assumption.

M
OXpr = 7ZZZNRwZOP+ Z R(Z (1-k/P) T/hkP)
i=1 k=1

where {bi,k,P = 5 Z 'LP (Yti,t-i-k_YViP)a k=0,1,...M
t R+1

Our Assumption 1” is sufficient for Assumptions 1, 2 and 3(b) of Hansen (2007, Theorem 3), and

thus we have, conditional on Fg,
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This implies that the t-statistic obeys
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WNPR

As the limiting distribution of the t-statistic does not depend on Fg, its unconditional distribution
is also N (0,1), completing the proof.

(b) As in Theorem 1(b), note that iyp (Yvr) — #* = (iyr — 1*) + (Axp (YNR) — fing) - Our

Assumption 1” is sufficient for Assumption 1 of Bonhomme and Manresa (2015), and their Theorem

1 implies that the first term on the RHS is oy, (1), as N, R — co. The second term is:
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since our Assumption 1” is sufficient for Assumptions 1, 2 and 3(b) of Hansen (2007), which implies
that m Zf\i1 tR;lM gir = 0p (1) and 5 Zfil Z?:R—&-l it = 0p (1). This holds for g = 1,2,
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and thus fiyp (Yyg) —— 4*, as N, P,R — oo. This implies that fiy yp (Y5z) — fionp (Ynr) ——

wi — p # 0 by Assumption 2/(b). Thus |tstat]| L 0,as N,P,R—0c0. m

We next consider allowing for general time series and cross-sectional dependence, by adapt-
ing Assumption 1 of Bonhomme and Manresa (2015) to our application. Consider the following

assumption. Let K denote some finite constant.

Assumption 1”: (a) The data come from Y = m; + €, for i = 1,..., N, and t = 1,..,T,
where m; € [m,m] CR and V [g4] = 0? € [g2,62] CRy Vi, and E [nft] <E<ooVi
b) | Fr 2y £ 0 Eleusi)
O | bt Tia X X0y 0 Cov usies st
Q) & T TN [ S Bl < K < o0

e) VNT+~ Zi\il ZtT:1 e 5 N (0,2%) for some ©% > 0, and there exists an estimator 037

<K <o

<K<

(
(
(
(

that is robust to cross-sectional heteroskedasticity in {e;;} and is consistent for ©%, as N, T — oo.

(f) N,P,R — co.

Assumption 1”(a) allows for cross-sectional heteroskedasticity, and heterogeneity more gener-
ally, in the distribution of residuals, subject to them being mean zero and having finite fourth
moments. Assumptions 1”(b) and (c) imposes restrictions on the amount of time series depen-
dence in the data, and 1"”(d) limits the amount of cross-sectional dependence. Assumption 1”(e)
is a high level assumption that a CLT can be invoked for the sample average of {€;;}, and that a
consistent estimator of the asymptotic variance is available. There are a variety of CLTs and LLNs
that can be used in panel applications to satisfy this assumption, see Pesaran (2015) for a recent
textbook treatment of this area. The requirement that this estimator is robust to cross-sectional

heteroskedasticity is a mild requirement and is satisfied by many estimators in the literature.

Theorem 7 Let g be the estimated group assignments based on sample R, and let fixnp (YNR)

be the estimated group means from sample P using group assignments 4 np. Define the t-statistic



for the differences in the estimated means as

VNP (fiynp (Gnr) — Bone (FNR))
WNPR

tstathR =
where (Z)%VPR s an estimator of the asymptotic variance of
[~ - A1 .
§it NR = (”1,NR1 {’Yz‘,NR = 1} — Ty nrl {”Vz’,NR = 2}> Eit

and takes the same functional form as the estimator 031 in Assumption 1" (e).

(a) Under Assumptions 1" and 2,
tstathRi>N(0,1), as N, P — oo (8)
(b) Under Assumptions 1" and 2/,

|tstatypr| == 0o, as N, P,R — oo 9)

Proof of Theorem 7. (a) Note that
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Conditional on Fg, the weights, Z@ NR, On &;¢ are known, and are bounded since 7 > 0. Define the

A~

variable §;; yp = Z; NREit, and note that we have:

E &y nr| Fr] = ZiNrE [gi] = 0



Moreover,

E(|¢anel”| Fr] = |Zixa| Blleal?), for g st Elleul’] < oo
E &y nrGisnr| Fr] = ZiQ,NRE [eitgis] ¥ i,t,5
E [ nréjenr| Fr] = Zi NRZ; NRE [encjt] Y i, j,t
Cov [Ei nrEjtNr: St NREjs.NR| FR] = 2ZNRZJ2,NRCOU [eitejt; €is€js] ¥ 1,551, 8

and so the moment and memory properties of {fit, N R} are completely determined by the moment
and memory properties of {e;;} . Thus any CLT that applies to {e;;} , and which allows for cross-

sectional heteroskedasticity, will also apply to {Eit’ N R}, conditional on Fg. This implies that

1 N P .
T N glt,NR — N (07 72)
NP i=1 t=1
1 N P
where @? = Iim V |— .
iV |y ng]

By Assumption 1”/(e) we know that there exists an estimator 03 p such that ©%p, —— ©2, as

N,P — 00. As Zl NR is non-zero and finite, any estimator @?V p that is consistent for ©2, and robust
to cross-sectional heteroskedasticity, can also be applied to §;; yp, yielding an estimator &% pp that

is consistent for @?. This implies that the t-statistic obeys:

VNP (jiy xp (Ang) — Bionp (INR)) R

tstat = -
WNPR

N (0,1) as N,P,R — oo

As the limiting distribution of the t-statistic does not depend on Fg, its unconditional distribution
is also N (0,1), completing the proof.

(b) Note that fiyp (Yyr) — #* = (Anr — #*) + (Anp (Ynr) — fing) - Our Assumption 1" is

sufficient for Assumption 1 of Bonhomme and Manresa (2015), and their Theorem 1 implies that



the first term on the RHS is o, (1), as N, R — co. The second term is:

- . . 1 - R 1 1
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since 7 > 0 and using a LLN for ﬁ Zf\il > iep it and ﬁ Zf\il > e Ei,t which follows from
Theorem 1 of Bonhomme and Manresa (2015). This holds for g = 1,2, and thus iy p (Y5p) —— 1*,
as N,P,R — oo. This implies that ji; yp (Yyg) — fonp (Ynr) — K} — i # 0 by Assumption

2/(b). Thus |tstat| <~ co, as N,P,R — cc. m
S.A.2: Additional proofs

Proof of Lemma 1. We know that the limit of the objective function of the correctly specified

model is minimized at (p*,~*), and the MSE at that point is

N T &
MSE* (u*,v*) = N}Tirgoo NT;;; it — Hy) 1{%—9}
1=

L N
- N,lii“rgoo ﬁzzgi
1Y -

_ NZU?
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_52

Let v* be such that, for all 4,5 € {1,..., N}, 'y;k = 'y;' = i = ;- That is, all clusters defined by
~* can be generated by taking the correct set of clusters (given by 4*) and then splitting some

~*-clusters into two or more clusters. This implies that ,u;' = ,u;, for some ¢, for all g. For any



such (u*, ’y*) the limit of the objective function is

1 N T G 9 1 N T
UEEH ol BRIV TN =D 9D D) DI CERYT) IR ChEE] BN I D DD OE
’ i=1 t=1 g=1 ’ i=1 t=1

and so (u*, 7*) is a solution to the population G-cluster estimation problem. m

Lemma 3 For d =1, Assumption 2'(b) implies Assumption 3" (b).

Proof of Lemma 3. Consider the case that G = 3 and G = 2 for simplicity, and assume
i < py < ph. Every element of a group has the same mean (by Assumption 2') and so if it is
optimal for one member of a given group to be assigned to a specific group in the G-cluster model
then it is optimal for all members of that true group. This implies that there are no split true groups
between the G-cluster model groups. There are then three possible groupings for the G = 2 model,
in terms of the true group assignments: {1,(2,3)}, {(1,2),3}, {(1,3),2}. The latter allocation
can be easily shown to be suboptimal since uj < p3 < p3, so we need only consider the first two
cases.

In the first case, we have ,ul* = pj, since that group comprises all the true group one variables.

The other location parameter will be a convex combination of 35 and p3:

T2

2
7T2+773M 772+7T3H3

*
Mo =

Then note that ‘uf — M;“ =

ny — u;‘ > |pui — p3| > ¢, where the first inequality holds since
,u; € (u3, u%) and the second inequality holds by Assumption 2/(b). A similar inequality holds if

> |5 — pi| > ¢ since in this case we have

we consider the other allocation: ‘,uf — M;‘ = ‘uf — Q3
u; = p3 and ;[1* € (p7, p3) . The extension to the general case G > G > 2 is proven similarly.
Next we provide an example where this implication fails for d > 1. Consider d = 2, G = 3 and

G = 2. Assume p} = [0,0], p = [2,0] and pj = [1,V/3], ie., these points form an equilateral



triangle on R? with side lengths equal to two. Assume that 71 = 7o > m > 0 and 73 > 1/3, leading

to the optimal G = 2 group assignment being {(1,2),3}. Thus u; = p3 and

*

pny = o (p] + ps) =[1,0]

N | =

. Thus the G = 2 model has optimal

In this case we find Huf—u;‘H =3 < ming g Hu;—u;

clusters that are closer together than the clusters in the DGP. m

Proof of Theorem 2. (a) This case is identical to the case considered in Theorem 1(a): a

model with G clusters is estimated, but the null of only a single cluster is true. Thus we obtain
Fstat % X%Ll? as N, P, R — oo.

(b) Now we consider a G-cluster model when the DGP has G € {2, G- 1} clusters, and so

the G-cluster model is too large. Note that

~

finp (Angp) — > = <ﬂNR—N*) + (Bnp (ANR) — BNR)
The first term on the RHS is o, (1) as N, R — oo by Assumption 3'(a). The second term is treated
as in Theorem 1(b) and is o, (1) as N, P, R — oo.
By Lemma 1, pu* is a re-ordering of [u*,¢*]’, where ¢* is a (é - G) vector with elements
drawn with replacement from p*. The well-separatedness assumption on the DGP (Assumption

2’(b)) implies that all of the G (G — 1) /2 pairwise differences of elements of pu* are non-zero, i.e.,

g — fy| >c>0V g# ¢’. Combining this with Lemma 1 we have:
G-1 G
3 1{)@—@ :0} < (é—G+1> (G—G)/Q
9=1 g'=g+1
G-1 @
and so Z 1{);1;—,11;,' >c} > (4@—3G>(G—1)/2
9=1 g'=g+1

Thus, while not all of the pairwise differences in u; will be non-zero, there will be at least

(4@ - BG) (G — 1) /2 non-zero pairwise differences. This implies that
~7 ~ / A / -1 ~ s p */ Al O / -1 *
np (Ynr) AL & (AL@QNPRALG> A abnp (Fnr) — A 4 (ALC';QNRALC}) Agp™ >0
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by the positive definiteness of Qx g and the full row rank of Ag. And thus

. -1
Fstat = NPiyp (Ynr) A} ¢ <A1,GQNPRA/1’G> Ay abnp (Avp) — 00, as N, P,R — oo

completing the proof.
(c) Now we consider a G-cluster model when the DGP has G > G clusters, and so the G-cluster

model is misspecified. Note that

~

finp (Avg) — H* = (ﬂNR*H*) + (yp (Ynr) — BNR)
The first term on the RHS is o, (1) as N, R — oo by Assumption 3”(a). The second term is treated
as in Theorem 1(b) and is o, (1) as N, P, R — oco. This implies that
~/ ~ / A / -1 ~ ~ p */ Al / -1 *
Bnp (Ynr) Al,@ (ALGQNPRALG> Ay abinp (YNR) — 1 A1,é <A1,GQNRA1,G> Ay gr™ >0
by Assumption 3”(b), the positive definiteness of Qyp and the full row rank of Ag. Thus
. -1
Fstat = NPiyp (Ynr) A ¢ (AL@QNPRA;,@) Ay abnp (Yvp) = 00, as N, P,R — oo

completing the proof. m
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Table SA.1: Finite sample rejection rates, no sample splitting

N =30 30 30 150 150 150 600 600 600
d G T =50 250 1000 50 250 1000 50 250 1000

Normal data
1 2 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 3 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 4 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 5 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 Bonf. 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 2 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 3 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 4 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 5 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 Bonf. 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 2 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 3 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 4 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 Bonf. 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Heterogeneous data
1 2 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 3 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 4 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 5 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 Bonf. 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 2 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 3 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 4 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 5 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 Bonf. 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 2 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 3 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 4 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 5 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 Bonf. 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Notes: This table presents the proportion of simulations in which the null of a single cluster is rejected
in favor of multiple clusters, using the test proposed in Theorem 1 but without sample splitting, at a 0.05
significance level. The top panel presents results for i¢d Normal data; the lower panel presents results
when the distribution is randomly drawn from one of N (0,1), Exp (2), Unif (—3,3), x2 (4) or t(5),
each standardized to have zero mean and unit variance. The dimension of the variables is denoted d, the
number of groups considered under the alternative is denoted (G, the number of variables is denoted N,
and the number of time series observations is denoted T'. Rows labeled “Bonf.” use tests with a Bonferroni

correction to consider G € {2,3,4,5} under the alternative. The number of simulations is 1000.
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