
A Appendix: Omitted Details of Some Derivations

A.1 Derivation of Derivatives in (43):

For simplicity of notation, de�ne:
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so that
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So,
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Di¤erentiating with respect to � yields:
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It follows that
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Di¤erentiating with respect to p yields:
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A.2 Derivation of Derivatives in (44):

Let

D1 (z;�G) =

Z �G

t
�G

Z ��t

�P

�G�Gf (�G; �P ) d�P d�G;

E1 (z;�G) =

Z �P

p

Z ��p
�G

�

(�P � c) f (�G; �P ) d�Gd�P ;

F1 (z;�G) =

Z t
�G

��p
�G

Z �P

���G�G
(�G�G + �P � c) f (�G; �P ) d�P d�G +

Z �G

t
�G

Z �P

��t
(�G�G + �P � c) f (�G; �P ) d�P d�G:

3



Hence,
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Finally,
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and,
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A.3 Calculations in Proving Lemma 6

� Part 1: DG1 (z�;��G) = DG2 (z�;��G):
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Di¤erentiating A2 we get:
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f (�G; �P ) d�P d�G � (p� � c)
"Z t�

��
G

�

f (�G; p
�) d�G +

Z �P

p�
f

�
t�

��G
; �P

�
d�P

#
@B2 (z

�;��G)

@�
= (p� � c)

"Z �P

p�
f

�
t�

��G
; �P

�
1

��G
d�G

#
:

Similarly,

@C2 (z;�G)

@t
= (� � c)

"Z �G

��p
�G

f (�G; � � t) d�G

#
@C2 (z;�G)

@p
= (� � c)

"Z �P

��t
f

�
� � p
�G

; �P

�
1

�G
d�P

#
@C2 (z;�G)

@�
=

Z �G

��p
�G

Z �P

��t
f (�G; �P ) d�P d�G � (� � c)

"Z �P

��t
f

�
� � p
�G

; �P

�
1

�G
d�P +

Z �G

��p
�G

f (�G; � � t) d�G

#
:

Hence,

@C2 (z
�;��G)

@t
= (t� + p� � c)

24Z �G

t�
��
G

f (�G; p
�) d�G

35
@C2 (z

�;��G)

@p
= (t� + p� � c)

"Z �P

p�
f

�
t�

��G
; �P

�
1

��G
d�P

#

@C2 (z
�;��G)

@�
=

Z �G

t�
��
G

Z �P

p�
f (�G; �P ) d�P d�G � (t� + p� � c)

24Z �P

p�
f

�
t�

��G
; �P

�
1

��G
d�P +

Z �G

t�
��
G

f (�G; p
�) d�G

35
Combining terms we get that
@G2 (z

�;��G)

@t
=

@A2 (z
�)

@t
+
@B2 (z

�)

@t
+
@C2 (z

�)

@t

=

Z �G

t�
��
G

Z p�

�P

f (�G; �P ) d�P d�G � t�
24Z p�

�P

f

�
t�

��G
; �P

�
1

��G
d�P +

Z �G

t�
��
G

f (�G; p
�) d�G

35
+(t� + p� � c)

24Z �G

t�
��
G

f (�G; p
�) d�G

35
=

Z �G

t�
��
G

(Z p�

�P

f (�G; �P ) d�P + (p
� � c) f (�G; p�)

)
d�G � t�

Z p�

�P

f

�
t�

��G
; �P

�
1

��G
d�P

=

Z �G

t�
��
G

(Z p�

�P

fP (�P j�G) d�P + (p� � c) fP (p�j�G)
)
fG (�G) d�G �

t�

��G

Z p�

�P

fP

�
�P j

t�

��G

�
d�P fG

�
t�

��G

�

=

Z �G

t�
��
G

fFP (p�j�G) + (p� � c) fP (p�j�G)g fG (�G) d�G �
t�

��G
FP

�
p�j t

�

��G

�
fG

�
t�

��G

�

=
@G1 (z

�)

@t
;
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and,

@G2 (z
�;��G)

@p
=

@A2 (z
�;��G)

@p
+
@B2 (z

�;��G)

@p
+
@C2 (z

�;��G)

@p

=

Z �P

p�

Z t�
��
G

�

f (�G; �P ) d�Gd�P � (p� � c)
"Z t�

��
G

�

f (�G; p
�) d�G +

Z �P

p�
f

�
t�

��G
; �P

�
d�P

#

+(t� + p� � c)
"Z �P

p�
f

�
t�

��G
; �P

�
1

��G
d�P

#

=

Z t�
��
G

�

(Z �P

p�
f (�G; �P ) d�P � (p� � c) f (�G; p�)

)
d�G + t

�

"Z �P

p�
f

�
t�

��G
; �P

�
1

��G
d�P

#

=

Z t�
��
G

�

f1� FP (p�j�G)� (p� � c) fP (p�j�G)g fG (�G) d�G + t�
�
1� FP

�
p�j t

�

��G

��
fG

�
t�

��G

�
=

@G1 (z
�)

@p

@G2 (z
�;��G)

@�
=

@A2 (z
�;��G)

@�
+
@B2 (z

�;��G)

@�
+
@C2 (z

�;��G)

@�

= t�
Z �G

t�
��
G

f (�G; p
�) d�G + (p

� � c)
"Z �P

p�
f

�
t�

��G
; �P

�
1

��G
d�G

#

+

Z �G

t�
��
G

Z �P

p�
f (�G; �P ) d�P d�G � (t� + p� � c)

24Z �P

p�
f

�
t�

��G
; �P

�
1

��G
d�P +

Z �G

t�
��
G

f (�G; p
�) d�G

35
=

Z �G

t�
��
G

(Z �P

p�
f (�G; �P ) d�P � (p� � c) f (�G; p�)

)
d�G � t�

"Z �P

p�
f

�
t�

��G
; �P

�
1

��G
d�P

#

=

Z �G

t�
��
G

f1� FP (p�j�G)� (p� � c) fP (p�j�G)g fG (�G) d�G �
t�

��G

�
1� FP

�
p�j t

�

��G

�
fG

�
t�

��G

��

=
@G1 (z

�)

@�

� Part 2: DS1 (z�;��G) = DS2 (z�;��G):

Write S2 (z;�G) = D2 (z;�G) + E2 (z;�G) + F2 (z;�G)�K�G where

D2 (z;�G) =

Z ��p
�G

t
�G

Z �G�G+p�t

�P

�G�Gf (�G; �P ) d�P d�G +

Z �G

��p
�G

Z ��t

�P

�G�Gf (�G; �P ) d�P d�G

E2 (z;�G) =

Z ��t

p

Z �P+t�p
�G

�

(�P � c) f (�G; �P ) d�Gd�P +
Z �P

��t

Z ��p
�G

�

(�P � c) f (�G; �P ) d�Gd�P

F2 (z;�G) =

Z �G

��p
�G

Z �P

��t
(�G�G + �P � c) f (�G; �P ) d�P d�G:

9



Thus,

@D2 (z;�G)

@t
= �

Z p

�P

t

�G
f

�
t

�G
; �P

�
d�P �

Z ��p
�G

t
�G

�G�Gf (�G; �G�G + p� t) d�G �
Z �G

��p
�G

�G�Gf (�G; � � t) d�G

@D2 (z;�G)

@p
= �

Z ��t

�P

� � p
�G

f

�
� � p
�G

; �P

�
d�P +

Z ��p
�G

t
�G

�G�Gf (�G; �G�G + p� t) d�P d�G +
Z ��t

�P

� � p
�G

f

�
� � p
�G

; �P

�
d�P

=

Z ��p
�G

t
�G

�G�Gf (�G; �G�G + p� t) d�P d�G

@D2 (z;�G)

@�
=

Z ��t

�P

� � p
�G

f

�
� � p
�G

; �P

�
d�P �

Z ��t

�P

� � p
�G

f

�
� � p
�G

; �P

�
d�P +

Z �G

��p
�G

�G�Gf (�G; � � t) d�G

=

Z �G

��p
�G

�G�Gf (�G; � � t) d�G;

so,

@D2 (z
�;��G)

@t
= �

Z p�

�P

t�

��G
f

�
t�

��G
; �P

�
d�P �

Z �G

t�
��
G

��G�Gf (�G; p
�) d�G

@D2 (z
�;��G)

@p
= 0

@D2 (z
�;��G)

@�
=

Z �G

t�
��
G

��G�Gf (�G; p
�) d�G;

which is the same as in (A2).

Similarly,

@E2 (z;�G)

@t
= �

Z ��p
�G

�

(� � t� c) f (�G; � � t) d�G +
Z ��t

p

(�P � c) f
�
�P + t� p

�G
; �P

�
1

�G
d�P

+

Z ��p
�G

�

(� � t� c) f (�G; � � t) d�G

=

Z ��t

p

(�P � c) f
�
�P + t� p

�G
; �P

�
1

�G
d�P

@E2 (z;�G)

@p
= �

Z t
�G

�

(p� c) f (�G; p) d�G �
Z ��t

p

(�P � c) f
�
�P + t� p

�G
; �P

�
1

�G
d�P

�
Z �P

��t
(�P � c) f

�
� � p
�G

; �P

�
1

�G
d�P

@E2 (z;�G)

@�
=

Z ��p
�G

�

(� � t� c) f (�G; � � t) d�G �
Z ��p

�G

�

(� � t� c) f (�G; � � t) d�G

+

Z �P

��t
(�P � c) f

�
� � p
�G

; �P

�
1

�G
d�P

=

Z �P

��t
(�P � c) f

�
� � p
�G

; �P

�
1

�G
d�P ;
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so,

@E2 (z
�;��G)

@t
= 0

@E2 (z
�;��G)

@p
= �

Z t�
��
G

�

(p� � c) f (�G; p�) d�G �
Z �P

p�
(�P � c) f

�
t�

��G
; �P

�
1

��G
d�P

@E2 (z
�;��G)

@�
=

Z �P

p�
(�P � c) f

�
t�

��G
; �P

�
1

��G
d�P ;

which is the same as the expressions in (A3).

Finally,

@F2 (z;�G)

@t
=

Z �G

��p
�G

(�G�G + � � t� c) f (�G; � � t) d�G

@F2 (z;�G)

@p
=

Z �P

��t
(� � p+ �P � c) f

�
� � p
�G

; �P

�
1

�G
d�P

@F2 (z;�G)

@�
= �

Z �P

��t
(� � p+ �P � c) f

�
� � p
�G

; �P

�
1

�G
d�P �

Z �G

��p
�G

(�G�G + � � t� c) f (�G; � � t) d�G;

so,

@F2 (z
�;��G)

@t
=

Z �G

t�
��
G

(��G�G + p
� � c) f (�G; p�) d�G

@F2 (z
�;��G)

@p
=

Z �P

p�
(t� + �P � c) f

�
t�

��G
; �P

�
1

��G
d�P

@F2 (z
�;��G)

@�
= �

Z �P

p�
(t� + �P � c) f

�
t�

��G
; �P

�
1

��G
d�P �

Z �G

t�
��
G

[��G�G + p
� � c] f (�G; p�) d�G

which is the same as the expressions in (A4). Since all the components are identical the result

follows.
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