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I. Introduction

Public goods - criminal activity - quantity-competition - resource extraction - investments and
macroeconomic policy - R&D collaborations - tax competition - belief formation - peer effects -
team production and communication - a variety of topics and a variety of theoretical treatments.!
Yet, a large number of models share a common feature. Best reply functions are linear. In
many models, other agents’ actions enter directly utility/payoff functions. In other models, other
agents’ actions affect profits or utility through the tax rates or distribution of beliefs. Either
way (primitive or reduced form), agents have objective functions which yield best replies that are
linear in other agents’ play. This paper studies this class of games. We study simultaneous-move
games where agents choose from a continuous action space. We use a network, or graph, to
capture which player’s actions affect whom. We use a payoff impact paramter to capture how
much other players’ actions matter. The graph can be seen as simply a mathematical device
to model direct interactions. The graph can also represent geographic proximity, social links, or
market divisions that imply particular players interact with one another directly. While all agents
need not interact directly, the equilibrium outcomes depend on the entire pattern of connections:
one agent’s action affects a second agent whose action affects a third agent, and so on. We study
the general properties of equilibria of such games.

This paper characterizes outcomes for any graph and for any level of payoff impacts. We
provide an algorithm to find all Nash equilibria and show that all equilibrium play is characterized
by players’ centrality in the network. We derive conditions on the graph structure for unique,
corner, and stable equilibria. In particular, we characterize equilibria for large payoff impacts,
which has not yet been previously tackled. We derive comparative statics results and show how
aggregate play changes as links are added to the network or as payoff interactions increase. To
derive our results we use a new combination of optimization, potential games, and spectral graph

theory.

!See, for example, Bergstrom, Blume, Varian, (1986), Bramoullé & Kranton (2007), Bloch & Zenginobuz (2006)
for public goods; Ballester, Calvé-Armengol & Zenou (2006) for criminal activity; Vives (2001) for quantity com-
petition; Ilkili¢ (2008) for resource extraction; Angeletos & Pavan (2004, 2007, 2008) for investment and macroeco-
nomic policy; Goyal & Moraga (2001) for R&D collaborations; Kanbur & Keen (1993) for tax competition; Bénabou
(2008) for belief formation; Akerlof (1997), Calvé-Armengol, Patacchini, & Zenou (2009) for peer effects; Morris &
Shin (2002, 2007), Calvé-Armengol, Marti & Prat (2008), Hagenbach & Koessler (2009) for team production and
communication.



Our findings demonstrate the utility of network analysis and identify structural graph features
which figure prominently in equilibrium outcomes. A network model allows a general analysis
of interactions among multiple players. Most current models assume that all players interact
with each other and in exactly the same way. A network structure allows for other possible,
empirically relevant, patterns of interaction. Of course, it is often difficult to obtain analytic
and intuitive results that apply generally to any network. Here we show that any network can
be summarized by two features that give a great deal of information on equilibrium outcomes:
the centrality of agents in a graph, and the lowest eigenvalue of a graph. Centrality measures,
prominently used in sociology, captures the strength and quantity of paths between agents in the
graph. The relationship between Bonacich centrality and interior Nash equilibria - when payoff
impacts are small - was a primary finding of Ballester, Calvé-Armengol & Zenou (2006). We
study centrality and its role for all payoff impacts and in all equilibria - interior or corner. The
lowest eigenvalue characterizes what we call the absorptive capacity of a network. A network that
has greater absorptive capacity is better able to counter changes, or perturbations, in any one
agent’s actions. We find necessary and sufficient conditions for unique and stable equilibria that
relate payoff impacts to the absorptive capacity of a graph. Unique equilibria exist, for example,
if the graph is sufficiently absorptive.

While our findings hold in a general game, we focus on the difficulties that arise in games of
strategic substitutes. There are many economic settings where actions are substitutes and social
and/or geographic structures can matter, including oligopoly interaction, investment in public
goods, research & development, price and information-gathering by consumers, and experimen-
tation with new technology.? Yet, the analysis of strategic substitutes game involves complexities
not present in the analysis of games with strategic complementarities. Agents’ actions tend to
go in opposite directions. And while multiplicity is also prominent, the set of equilibria does not
generally have a neat lattice structure. To address multiplicity, we derive conditions for stable
equilibria as subset of Nash equilibria. Stability depends on the absorptive capacity of the graph
connecting active agents. We show that stable equilibria almost always exist and, except for
small payoff impacts, always involve extreme play: some agents take no actions at all. We further

obtain comparative static results on stable equilibria. When a link is added to a network, some

See, e.g., Foster & Rosensweig (1995), Gladwell (2000), and Grabher (1993).



players increase their actions and other decreases. We show that aggregate actions, however,
always decrease - increases in actions are countered by a larger decreases in actions.

Our comparative statics results and stability results yield interesting economic findings for
strategic substitutes games. They also show that the common restriction to small payoff impacts
and interior equilibria is a significant loss in generality. For example, in private-provision-of-
public-goods games, only for very small payoff impacts will all players contribute in stable equi-
libria. In such games, we also show adding social links will lead to an overall reduction in public
good provision. In a model of crime where criminals compete (or competition dominates cooper-
ation), more links connecting criminals leads to lower - not higher - levels of criminal activity.?
With more links network, we are also likely to see only few active criminals, each doing more
crime. Finally, in a model of media markets, when a new firm enters a media market, less news
content overall is produced. And as media markets open, so more firms can compete in a variety
of markets, a few dominant firms are likely to emerge.

This paper makes at least three contributions to the study of strategic interaction.

First, we advance the recent and active literature on games played on networks. This paper
integrates and supercedes findings in two recent lines of inquiry. In this work, the games have quite
different payoff functions, but - as we point out here - the best-response functions are identical
and linear. Thus, the findings are special cases of our present results. Ballester, Calvé-Armengol
& Zenou (2006) study a game where payoffs are quadratic and agents can be hurt by other agents’
actions. A central case is where actions are strategic substitutes. They thoroughly analyze the
situtation where payoff interactions are weak - that is, actions are weak substitutes. They provide
a sufficient condition for a unique interior equilibrium, where agents actions are proportional
to their Bonacich centrality measures. In a similar game, and for weak substitutes, Ballester
& Calvé-Armengol (2007) find a sufficient condition for a unique equilibrium.* Bramoullé &
Kranton (2007) study a game where agents’ gain from other agents’ actions and actions are
strategic substitutes. They thoroughly analyze the opposite end of the spectrum, where own and
others’s actions have strong payoff interactions - actions of linked agents are perfect substitutes.

Multiple equilibria are the rule, and there is always an equilibrium where some individuals do no

3 Calv6-Armengol & Zenou (2004) study a network model of crime with local substitutabilities and global comple-
mentarities. They study the case where actions are strategic substitutes and restrict attention to interior equilibria.
4Corbo, Calvé-Armengol & Parkes (2007) study network design in the same setting.



actions. Both these research efforts are essentially silent on the general case, when the degree of
sustituability can range from weak to strong substitutes.

More generally in the economics network literature, we make progress on the problems of
multiplicity and comparative statics. Researchers in this area are often frustrated by the large
number of equilibria and, thus, the difficulty of characterizing equilibria and conducting com-
parative statics. There are several ways of attacking these problems. Galeotti, Goyal, Jackson,
Vega-Redondo & Yariv (2006), a prominent example, explore how to overcome these issues by
assuming individuals do not know the complete structure of a network. Individuals know only
the degree distribution of the graph. With this assumption, they obtain sharp analytical results
for symmetric equilibria. Symmetry, however, may not be appropriate for strategic substitutes
settings, where players generally take actions in opposite directions. In the present paper, we
take a more traditional approach; agents play a simultaneous move game on a graph and we
explore Nash and stable equilibria. Importantly, individuals need not have complete information
about the network structure to play a best response. An individual simply needs to know who his
neighbors are and what they are playing. To attack the problem of characterizing equilibria and
comparative statics, we explore different tools and concepts, such as centrality measures (first
invoked in such games by Ballester, Calv6-Armengol & Zenou (2006)), potential functions, and
structural network features.

Second, we provide new tools to study simultaneous-move games with continuous action
spaces. As mentioned above, there is a wide variety of applications that are modeled with
payoffs that have linear best responses. The canonical game is one with quadratic payoffs. In
many treatments, researchers restrict attention to the cases (a) all agents interact equally with all
other agents, and (b) interior equilibria. This paper gives researchers tools to study any possible
interation structure, the entire action space, and the full set of equilibrium outcomes. With these
tools we can obtain new conclusions, such as the comparative static outcomes mentioned above.

Third, the paper concretely connects techniques and outcomes traditionally used in economics
and techniques and outcomes traditionally used by computer scientists in studying network set-
tings. We characterize equilibrium outcomes as a well-defined quadratic programming problem.
We construct a simple algorithm which runs in exponential time. While it might be improved

upon, we know that any algorithm that identifies all equilibria must run in exponential time.



We also show that important equilibria are related to the largest maximal independent sets of a
graph, and finding such sets is a well-known NP hard problem. Computer scientists have recently
exploited the theory of potential games, developed by Monderer and Shapley (1996) to study con-
gestion games in networks and other issues in computer networks (e.g., Roughgarden & Tardos
(2002), Chien & Sinclair (2007)). In economics, the theory of potential games has generally been

> We provide the first application to

applied to finite games, including a few network settings.
network games with continuous action space. We show how to use it, in combination with other
formal tools, to illuminate the study of strategic interaction in networks. These cross-overs could
have great impact on the economic theory of networks and multiple player games in general.
The paper proceeds as follows. In the next section we present the model and give our basic
characterizations of Nash equilibria. Section III reformulates the equilibrium conditions by using
a potential function and finds the relationship between the absorptive capacity of the graph and
unique and corner equlibria. We then turn to stable equilibria in Section IV and comparative

statics in Section V. We show how our results apply to many more games in the conclusion,

Section VI.

II. Games with Linear Best Replies and Nash Equilibria

A. The Model

There are n individuals. Each individual i simultaneously chooses an action z; € [0,00). Let
x denote an action vector for all agents, and let x_; denote the vector of actions of all agents
other than i. To specify payoffs, we use a network, or graph, described by an n x n adjacency
matrix G = [g;;],° where g;; = 1 if i impacts j’s payoffs directly, g;; = 0 otherwise, and it is
assumed g;; = gj;. Following common usage, we say agent ¢ and j are linked, or connected when

gij = gji = 1, or i and j are neighbors. We normalize g;; = 0. We write payoffs as

U@'(:I:i, X4y 57 G)7

>Blume (1993) studies finite games when players are situated on a lattice. Young (1998) considers coordination
games with two actions and general networks. Bramoullé (2007) studies anti-coordination games with two actions
and general networks.

SThroughout the paper, we identify a network with its adjacency matrix.



where § € [0,1] is an interaction parameter which captures the extent to which agents’ actions
directly affect their neighbors’ payoffs. Let T; be the action individual 7 would take in isolation;
that is, ¥; maximizes U; when 0 = 0 or g;; = 0 for all j.

We provide a general analysis of pure-strategy Nash equilibria and stable equilibria of games
where payoffs U;(z;, x_;; §, G) yield linear best reply functions. As discussed in the Introduction,
canonical games in the network literature fall in this class, as well as a wide variety of games from
across economics. Since games in this class share the same best reply functions, they share the
same set of equilibrium outcomes.

We first present three canonical games. We then fully describe the best-reply functions and
our equilibrium concepts. In each of the games that follow T; = T for all i. We will focus on this
case in the paper; the results hold generally as discussed in Section VI.

The first game is a model of public goods in networks (Bramoullé & Kranton (2007)). Indi-

vidual ¢ benefits from his neighbors’ actions, and individual ¢’s payoff are

Us(zi, x40, G) = b(x; + 5Zgijxj) — KZ;,
J
where b(.) gives the benefits from own and neighbors’ actions and is a strictly increasing and
strictly concave function on Ry, and x > 0 is the constant marginal cost of own action, such that
b'(0) > k and b/(4+00) < k. Bramoullé & Kranton (2007) primarily study the case of § = 1.
The second game is a case in Ballester, Calvé-Armengol, & Zenou (2006) where agents are

hurt, not helped by neighbors’ effort. Individual ¢’s payoff is

ﬁi(mi,x_i; 0,G) =zx; — %x? — (5Zgijxixj,
J
For future references, we will call these payoffs “quadratic payoffs.” Ballester, Calvé-Armengol,
& Zenou (2006) and Ballester & Calvé-Armengol (2007) study this game for § sufficiently low.
The third game is a textbook Cournot oligopoly with linear demand and constant marginal
cost. With marginal cost d, firm ¢ facing (inverse) demand curve P;(z;,x_;;0,G) =a —b- (z; +

6, 9ijz;) has payoffs:



Hz‘(SL‘Z‘,X_i;(S,G):SL‘Z‘ a*b-(l‘z‘+5Zgi]‘$j) —dx;
J

In a standard treatment g;; = 1 for all ¢ and j, and ¢ is the extent to which products from
different firms’ are substitutes. In a network treatment g;; € {0,1}, and g¢;; = 1 indicates 7 and
j’s output affect each others’ prices. An example would be media markets, where x; represents
media content, and the graph represents which firms are competiting with each other in the
different markets.

These three games, where agents care about the sum of linked players actions, yield exactly the
best response functions that follow. In other models, widely used in micro and macroeconomics,
agents are concerned about the average play of a group of other players. We can modify our
results and techniques to study these games as well, and we discuss these games in Section VI.

In our base case, the best reply for agent i is

xr;, = E—(SZgijxj if 5Zgi]‘$]‘ <z and
J J

z, = 0 if 529@%2%.
J
An agent will achieve a total of Z either through his own or his neighbors’ actions. If the weighted
sum of his neighbors’ actions is less than Z, the agent’s action makes up the difference. If the
weighted sum is higher, the agent simply chooses 0. Without loss of generality, we normalize T

to be equal to one. This normalization implies a best reply function f;(x) € [0, 1]:

fi(x,6,G) = max(0,1 -6 _ gij;).
j=1

We will solve for Nash equilibria and stable equilibria for games with this best-reply function.
A Nash equilibrium is, of course, a vector x € [0, 1]™ that satisfies - simultaneously - the best reply
functions for all agents ¢ € {1,...,n}. As is well-known, not all Nash equilibria are “stable,” in
the sense that a small change in one agent’s action could lead - through an adjustment process
- to a different vector, possibly far from the initial vector of actions. In our study of stable
equilibria, we adopt a continuous adjustment process. We thus follow early work on Cournot

games with multiple sellers which shows existence of stable equilibria with continuous but not



discrete adjustment (a finding replicated here, see Fisher (1961))

Our objective is to solve for and characterize all Nash equilibria and all stable equilibria as
they depend on the interaction parameter § and on the graph G. Throughout the paper, for a
given graph G, we say that some property holds for almost every ¢ if it holds for every § except
possibly for a finite number of values.”

The games we study are strategic substitutes games. Our results incorporate the much easier
case of strategic complement games, which would assume g¢;; € {—1,0}. Our model directly
extends to more complex strategic substitutes games including games with weighted graphs,
gi; € [0,1], and models where agents have heterogeneous values Z;, as long as g;; = g;;. Section
Section VI contains these extensions as well as how our results and tools can be used to analyze
particular games where g;; # g;i-

We use the following terminology and notation. We say a vector x is interior if and only if
Vi,z; > 0. A vector x is a corner if and only if for some agent i,x; = 0. A corner vector x is
specialized if and only if Vi, z; € {0,1}. Let I denote the n-square identity matrix, let 1 denote a
vector of ones, o a vector of zeros, and O a square matrix of zeros. Let k; denote the number of i’s
neighbors, also called i’s degree: k; = Zj gij- Let kmin(G) and kmax(G) respectively, denote the
smallest and largest degree in graph G. The empty network is then G = O. In complete network,

every agent is connected to every other agent, denoted by C ={c;;], where Vi # j, ¢;; = 1.

B. Two Key Graph Features

Two features of a network G will be key in our analysis: the vector of Bonacich centralities of
agents in the graph, and the lowest eigenvalue of the graph.

Centrality measures have long been used in sociology to capture differences in agents’ network
positions. Given a graph G and a scalar a such that [I — aG] is invertible, the vector of Bonacich
centralities c(a,G) is defined by c(a, G) = [I — aG] ' G1, see Bonacich (1987). The centrality
measure for agent i, ¢;(a, G), can be seen as a weighted sum of the paths in G that start with

.8 We use the original measure proposed by Bonacich rather than the transformation of this

"Therefore, for a graph G, the measure of the set of values of § for which the property does not hold is equal
to zero.

8To see this, note that when |a| < 1/p(G), c(a, G) = G1 4+ aG?1 + a®>G>®1 +--- ; the centrality of individual 4
counts the number of paths in G that start at 4; paths of length k are weighted by a*~!.



measure used by Ballester, Calvé-Armengol & Zenou (2006), who were the first to relate Bonacich
centrality to Nash equilibria. The original measure allows us to capture important economic and
theoretical features that emerge when a < 0, as discussed below.

The lowest eigenvalue of a graph is the key attribute of overall network structure in our
analysis, and we equate it with what we call absorptive capacity of a graph. Given a square matrix
M, denote by Apin(M) and A\pax(IM) the smallest and largest eigenvalues of M, respectively, and
denote by p(M) = max(|Amin(M)|, | Amax(IM)|) its spectral radius. For any non empty graph G,
Amin(G) < 0, Anax(G) > 0 and Apax(G) > —Amin(G).? The value Apin(G) features prominently
in our results. As A\pin(G) increases, we say the graph has more absorptive capacity. We will
see that an absorptive graph dampens - rather than magnifies - the impact of players’ actions on

others.

C. Nash Equilibria

Existence of Nash equilibria in these games is guaranteed thanks to a fixed-point argument.!’

The equilibrium set has been well-studied when ¢ is low (Ballester, Calvé-Armengol, & Zenou
(2006)) and when ¢ = 1 (Bramoullé¢ & Kranton (2007)). In contrast, little has been known in the
general case.

Our first proposition gives the general characteristics of Nash equilibria for any ¢ and G. For
a vector x, let S denote the set of agents whose actions are strictly positive: S = {i:z; > 0}.
We call this set the support of the vector x, and we call agents in the support active agents. We
call agents outside the support inactive agents. We denote by xg the vector of actions of active
agents, by Gg the subgraph of G connecting the active agents, and by Gny_g s the subgraph of
G connecting active agents to inactive agents. Parsing the network in this way and using matrix

notation to express the best-reply conditions leads directly to the following result.

Proposition 1. A profile x with support S is a Nash equilibrium if and only if

(1) (I+(5GS)X5 =1

(2) dGy_ss5xs > 1

%Since the trace of G is equal to zero, Amin(G) < 0 and Amax(G) > 0. Since G is a nonnegative matrix,
Amax(G) > —Amin(G) by Perron’s theorem (see Theorem 0.13 in Cvetkovi¢ et al. (1979)).
""The best-response function f is continuous from [0,1]" to itself. By Brouwer’s theorem, f has a fixed point.



From Proposition 1 we derive two basic results for Nash equilibria: First, we derive a straight-
forward algortihm to find all the equilibria for any graph G and (almost every) d. Second, we
show that all equilibria for any graph G and (almost every) ¢ are a mixture of Bonacich centrality

and free-riding.

Algorithm. Given a graph G, consider a subset Q of individuals. If det(I+06Gg) # 0, compute
the profile xg = (I1+0Ggq)'1. Check whether xg > 0 and §GN_g,oxqg > 1. If these two sets of
linear inequalities are satisfied, x is an equilibrium. If either condition fails, it is not. Repeating
this procedure for every subset of N yields all the equilibria.

The algorithm proves that for any graph G, the equilibria are finite for almost every delta.!!
This follows simply from the observation that for a given graph G, VQ, det(I + dGg) # 0 for
almost every 6.

In terms of performance, the algorithm runs in exponential time. While it might be improved,
note that the number of equilibria can be exponential.'> So any algorithm describing the whole
set of equilibria must run in exponential time.

We next show all equilibria for any G and (almost every) ¢ have a similar configuration. They

combine Bonacich centrality among active agents and free-riding for inactive agents.

Equilibrium and centrality. Consider an equilibrium x with its set of active agents S such
that det(I+ 0Gg) # 0. Then
xg =1—dc(—0,Gg)

The active agents who are more central do lower actions.

The original Bonacich measure captures important economic features of equilibrium outcomes.
The centrality measure for agent i can be seen as a weighted sum of paths leading from agent 3.
The weight depends on the length of the path and a scalar a, which corresponds here to minus
the payoff impact factor, that is —§. Thus, for § = 0, ¢;(0,G) = k;; an individual’s centrality
is just equal to her number of neighbors. For very low ¢, centrality is aligned with degree and
individuals with more neighbors are more central.'®> We show in the Appendix that this extends

to arbitrary ¢ in the following sense. For any ¢ < 1, individuals with more neighbors in terms

Even when not finite, the equilibrium set has a well-defined mathematical structure. For any 6 and G the set
of equilibria is a finite union of compact convex sets. The Appendix provides the proof.

2Bramoullé & Kranton (2007) show that the number of specialized equilibria can be exponential when § = 1.

3See Bloch & Quérou (2008) for a thorough analysis of this case.
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1.14 This property means, for instance, that the center of

of set inclusion are always more centra
a star network always does lower action in equilibrium if § < 1, as seen in Example 1 below. In
general, with the scalar a = —9 < 0, the measure puts positive weight on paths of odd length, and
negative weight on paths of even length.!> These alternating signs match the logic of strategic
substitutes. An agent i will do less when his neighbors do more, and his neighbors will do more
when their neighbors do less, and so on. In general, an agent’s centrality and equilibrium play
depends on the entire network architecture. We will see, for example, that an agent situated in
the middle of the graph is not necessarily the most central according to this measure. The agent
who is most central may rather be one whose neighbors have less alternatives.

Our result characterizes equilibria for (almost every) ¢ € [0, 1] and, thus, supercedes previous
findings for low d and high § = 1. Taking a different approach altogether, Ballester, Calvé-
Armengol, & Zenou (2006, Theorem 1) shows that if 6 < 1/(1 4+ Apnax(C — G)), then there is
a unique interior equilibrium x where actions are determined by the Bonacich centralities of
individuals in the graph C — G for the scalar §/(1 — §).'% For future reference, we label this
critical value as dgoaz = 1/(1 + Amax(C — G)). In the present paper, applying Proposition 1,
S = N in an interior equilibrium and individual i’s effort is z; = 1 — dc;(—d, G) > 0.17 Second,
Theorem 1 in Bramoullé & Kranton (2007) show for § = 1, multiple specialized equilibria exist
for any non empty graph. The active players constitute a maximal independent set of the graph
G.'® In the present paper, applying Proposition 1, Gg = O and c(—6,Gg) = o.

The following examples illustrate equilibria for the full range of § for particular graph struc-
tures. These examples show how the interaction parameter and the graph interplay to determine
the equilibria. Especially, uniqueness and interiority break down as § increases and in a way that

crucially depends on the network. Our results in the next section clarify this intuition.

"More generally, if § < 1 and i is connected to j and to j’s neighbors then z; < x; in any equilibrium x.
"To see this, recall that if § < 1/p(G), then ¢(—§,G) = G1 — §G?1 + §*°G31 — - ..

16 Precisely, introducing the vector y = 1—&—%0 (%7 C- G), their result states that if § < 1/(14+Amax(C—G)),

the unique, interior equilibrium action vector is x = my.

'"Putting the two results together shows that centrality in the original graph G is an affine negative transfor-
mation of centrality in the complementary graph C — G. This graph captures the local complementarities that
remain once global substituabilities have been accounted for.

18A set of agents I is an independent set of the graph G if no two agents in I are linked; that is, for all
i,j € I,9;; = 0. An independent set I is maximal if I is not a subset of another independent set. For any maximal
independent set, agents are divided into two groups: (i) those in the set and (ii) those linked to an agent in the set.
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Example 1. Stars. Consider a star with n players. This example shows the equilibrium can
be unique for a large range of § above dp-4, and demonstrates the unique equilibrium need
not be interior. If § < 1/(n — 1) = dgcay there is a unique, interior equilibrium where the
center plays [1 — (n—1)8]/[1 — (n — 1)6%] and each peripheral agent plays (1 —3)/[1 — (n —1)§%].
If 1/(n — 1) < 6 < 1, there is a unique, specialized equilibrium where the center plays 0 and
peripheral agents play 1. For § = 1, there are two specialized equilibria: (i) the center plays 0
and peripheral agents play 1, and (ii) the center plays 1 and the peripheral agents play 0. These

equilibria are pictured in Figure 1 for n = 4.

Example 2. Line with Four Players. This example shows that an interior equilibrium can
exist for any value of § even though it may not be unique, see Figure 2. For this graph, dgcaz ~

0.382. For § < @ ~ (.618, this interior equilibrium is unique; players 1 and 4 on the ends play

, and players 2 and 3 in the middle of the line play ( For \/g2_1 < 0 < 1, two corner

1 1-6
(146-52) 1+6—-62)
equilibria emerge in addition to the interior one. In the corner equilibria, one player is inactive.
To preview later results, in this range only the corner equilibria are stable. Finally for 6 =1, we

depict the multiple specialized equilibria, where active agents are a maximal independent set of

the graph.

Example 3. Line with Five Players. The line with five players illustrates the value of the

original Bonacich centrality measure. Players 2 and 4, in all equilibria, have the lowest action

levels, see Figure 3. They are not in the middle of the line, but they have the highest centrality

since they are connected to agents 1 and 5 who have no other neighbors. For 6 < 0.5, there is

a unique interior equilibrium, where players 1 and 5 on the ends play %, players 2 and 4,
1-268 1—25+62

next to the ends, play %T%%, and the middle player, 3, plays KWZ. For 0.5 < 6 < 1, there is

a unique specialized equilibrium where agents 1,3, and 5 play 1 and agents 2 and 4 play 0.'”

Example 4. Complex network. Figure 4 depicts equilibria on a complex network linking 20
agents for 3 values of §. This network is a particular realization of a Poisson random graph with
connection probability equal to 0.75. Higher degree nodes are depicted closer to the center of

the figure. The color of a node is proportional to action on a fixed Black-White scale (Black=1,

' For this graph 854, ~ 0.287.

12



White=0). For 6 = 0.15, there is a unique interior equilibrium represented in panel (a). Individ-
uals with higher degrees tend to do less even if the correspondence between centrality and degree
is not perfect. In contrast, there are 3 equilibria for 6 = 0.35 and 31 equilibria for § = 0.55. In
both cases, we only represent the equilibrium with highest aggregate action (panels (b) and (c)).

It has many inactive agents at 6 = 0.35 and becomes specialized at § = 0.55.

II1. The Shape of Nash Equilibria

In this section we address two major challenges in the analysis of strategic substitute games and
games on networks: uniqueness and the shape of equilibria for a given graph. Section IV studies
stable equilibria, and Section V engages comparative statics. In all, we derive sufficient conditions
and necessary conditions for unique, interior, corner, and stable outcomes as well as changes in
aggregate outcomes - all as functions of the network structure and interaction parameter §. To
do so, we combine tools from the theory of potential games, the theory of maximization, and
spectral graph theory.

We begin our analysis by reformulating the equilibrium conditions and representing the set
of Nash equilibria as a maximization problem. Following Monderer & Shapley (1996), we show
one game in our class is a potential game and thus has a potential function. Since all the games
have the same equilibria, we can use this potential function to solve for equlibria for all games in

the class.

A. A potential function

Following Monderer & Shapley (1996), consider a game where player i chooses an action x; € A;,
A= H A;, and payoffs are V;(z;,x_;). A function ¢(z;,x_;) is a potential function for this game

if andlonly if for all ¢

oz, %) — p(ah, x_;) = Vi(xi, x—;) — Vi(z},x_;) for all z;,2, € A; and all x_; € A_;

21/
For continuous, twice-differentiable payoffs, there exists a potential function if and only if %z‘fa(;) =

02V, (x . .
8:1:‘;8(:133 for all ¢ # j.

.. . ~ 92U, 52U, o .
Examining the quadratic payoffs, U;, we see that Do, = —0gij = B0 Hence it is a
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potential game. The following quadratic function

n n
1 1
p(x;0,G) = Z <scz - 5:5?) — 390 Z 9ij TiT;.
=1 2,j=1
is a potential function for this game. In matrix notations, ¢(x;6,G) = xT'1 — 3xT (I + §G)x.
Notice that the potential function is strictly concave in each argument, and % = g—i‘zﬁ =—1
We use this function to characterize the equilibria for all games in our class. Consider the

following constrained optimization problem:

max ¢(x;d, G) s.t. Vi, x; >0 (P)

Proposition 2. A profile x is a Nash equilibrium of any game with the best reply function

fi(x) = max(0,1 - 6377, gijx;) if and only if x satisfies the Kuhn-Tucker conditions of problem

(P).

To see this, take a vector x that satisfies the Kuhn-Tucker conditions of problem (P). No
agent ¢ has an incentive to deviate by any amount, since the first order conditions of agent i’s
problem are either g—; = g—gj =0or g—; = g—gj < 0 and x; = 0, and second-order conditions are
satisfied, g—i? = %ZT% < 0.

Finding the set of equilibria for these games is thus a particular instance of quadratic pro-
gramming. Quadratic optimization has been well-studied in mathematics and computer science,
see e.g. Lee, Tam & Yen (2005). Especially, problem (P) is known to be NP-hard in general, see
Pardalos & Vavasis (1991).2° While solving the problem is hard, knowledge about the problem

gives us enormous tractability on characterizing equilibria, as we discuss next.

B. Unique and Corner Equilibria

We use the potential function to obtain a strong, intuitive sufficient condition for the uniqueness of
equilibria. Previous work (Ballester & Calvo-Armengol (2007)) find that unique equilibria exist for
sufficiently low §. Clearly if d is low enough, individuals react little to others’ actions. Especially,

we show in Appendix that the best-reply function is contracting if and only if § < 1/p(G). As

20 An important special case where problem (P) is solvable in polynomial time is when the potential is concave.
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ever, contraction of the best-replies guarantees uniqueness. However, our next result shows that
this classic sufficient condition is not necessary. Indeed, we identify unique equilibria even when
the best replies are not contracting. The key insight is that individual reactions to others’ actions
are geometrically structured by the potential function. The whole action profile moves along the
surface of the potential. It is the curvature of the potential function, and the network graph
which gives the potential its shape, which determines the number and character of equilibrium
outcomes.

We provide a uniqueness condition that depends on the absorptive capacity of the graph,
Amin(G), which relates directly to the shape of the potential. Consider § < —1/Apin(G). In
this case, the graph absorbs and concentrates the payoffs interactions. The potential function
©(x;0,G) is strictly concave if and only if § < —1/Amin(G). This follows from the Hessian of
the potential which is equal to VZp = —(I+ §G), and (I + dG) is positive definite if and only
if § < —1/Amin(G). We can then invoke the theory of convex optimization to analyze problem
(P). There is a unique global maximum, and the Kuhn-Tucker conditions are necessary and

sufficient.?!
Proposition 3. If for a graph G, § < —1/Amin(G), there is a unique Nash equilibrium.

This condition is both necessary and sufficient for unique equilibria in many graphs. The condition
is necessary and sufficient for an important class of graphs, regular graphs - as shown below in
Corollary 1. We can also see this property in particular graphs, such as the line with four players
in Example 2, where A (G) = — 52_1.

Proposition 3 provides the best known sufficient condition - applicable to any graph - for
unique equilibria in these games. It improves on the two previous uniqueness conditions in the
literature. Ballester & Calvé-Armengol (2007, Proposition 1) show that there exists a unique
equilibrium if § < 1/p(G). For any G, —1/Amin(G) > 1/p(G), and this inequality is strict
when no component of G is bipartite.?? Ballester, Calvé-Armengol, & Zenou (2006, Theorem

1) show there exists a unique interior equilibrium for 6 < 1/(1 + Apax(C — G)). For any G,
—1/Amin(G) > 1/(1 + Amax(C — G)), and this inequality is strict when kmax(G) < n/2.

?Tn addition, we know that the unique equilibrium varies continuously with § when § < —1/Amin(G).
?28ee Theorem 0.13 in Cvetkovié et al. (1979).
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We next obtain a sharp result for the shape of equilibria when § > —1/A\ynin(G). When the
graph absorptive capacity is lower, § > —1/Amin(G), and the potential (x; d, G) is not concave.?
Problem (P) then falls in the domain of non-convex optimization, and multiple equilibria are
possible.

Yet, multiplicity does not mean that “anything goes.” Proposition 2 partitions the equilibria
in two categories: maxima and saddle points of the potential.? Maxima always exist.”> We
call the equilibria which correspond to the maxima of the potential max equilibria. For instance,
when unique, the Nash equilibrium is a max equilibrium. The equilibria which yield the highest
level of the potential - the global maxima - we call the peak equilibria. Let x*(d, G) denote such
an equilibrium.

When § > —1/Anin(G), we show all max equilibria - including peak equilibria - are corners,

precisely because the graph does not absorb payoff impacts and does not concentrate the players’

reactions:
Proposition 4. If for a graph G, § > —1/Amin(G), all max equilibria are corners.

To prove this result, we study the second-order conditions of problem (P). We show in the
Appendix that a necessary condition for a profile x with support S to be a maximum of the
potential is that I+0Gg is positive semi-definite. It is interior only if S = N and § < —1/Anin(G).
Since a maximum exists, it must be that for § > —1/A\nin(G), S # N.

Intuitively, when § is high relative to the absorptive capacity of the graph, individual responses
are amplified, not dampened by the graph. Under strategic substitutes, as an individual’s actions

increase, his neighbor’s decrease.?6

If graph cannot absorb the payoff impact and reactions
rebound, some boundaries of the action space must be reached. This feature depends on how
links connect agents in the graph. Following results in spectral graph theory, roughly speaking,

Amin (G) is smaller - the graph is less absorptive - when (a) the links divide the agents into two

3When 6§ = —1/Amin(G), the potential is concave but not strictly concave. While multiple equilibria may
emerge, the equilibrium set is strongly structured. Equilibria form a convex set and all equilibria yield the same
aggregate action. This happens, for instance, on the complete graph when § = 1. In addition, one equilibrium is
the limit of the unique equilibrium for 6 < —1/Amin(G) as 6 tends to —1/Amin(G) from below.

24The study of second-order conditions, in Appendix, shows that minima are excluded.

*Problem (P) always has a solution since we can easily find some M > 0 such that ¢(x) < 0 if x ¢ [0, M]™.

26Under strategic complements, such amplification could lead to divergence and nonexistence of Nash equilibria,
see section VL.
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distinct sets and (b) there are more connections between sets than within the sets.?” Connections

between sets of agents amplify shocks. Connections within sets dampen shocks. Thus, with more

connections between than within, absorption decreases. To illustrate, for a given number of agent

n, consider the least absorptive graph. The graph G with lowest Apin (G) is a complete bipartite
n

graph. It divides the agents in two sets with sizes as equal as possible (§ in each set for n even;

"T“ and 2= for n odd). Agents are not connected to any agent in their set but are connected

to every agent in the other set.?® This structure maximizes the amplification of shocks over all
possible graphs.

We illustrate how the absorptive capacity of the graph affects the equilibrium set in our next
example. We contrast the equilibria for two regular graphs, each with six agents, k = 3. In the

least absorptive graph, extreme play is an equilibrium outcome for a wider range of §.

Example 5. Unique and Corner Equilibria and the Absorptive Capacity of a Graph.
Consider two regular graphs for n = 6, where k = 3. The first graph is a complete bipartite
graph, and thus has the lowest Amin(G) for all graphs with n = 6. This graph is pictured in
Figure 5. The second graph looks like a (flat) pyramid and is shown in Figure 6. Since these are
both regular graphs with k = 3, in both these graphs, for 6 € [0, 1], there is a interior, symmetric
equilibrium where x; = 7 +35 In the complete bipartite graph, Amin(G) = —3, hence this is the
unique (and peak) equilibrium for 6 < 1/3. For the pyramid graph, Amin(G) = —2. Hence, this is
the unique (and peak) equilibrium for § < 1/2. In both these graphs - as we will show is true for
all regular graphs below - the condition § < —1/A\min(G) is necessary and sufficient for a unique
equilibrium. Hence, for 1/3 < ¢ < 1/2, there are corner equilibria in the complete bipartite
graph, but not for the pyramid graph. To intuitively see why, consider how agents best respond
to each other’s actions. Consider a change in agent 1’s play: x1 + ¢ In the bipartite graph, all
three agents on the other side of the graph adjust by the full amount €. In the pyramid graph,
the agents connected to agent 1 are also linked to each other and thus "share" the adjustment.
For the complete bipartite graph, all the equilibrium outcomes are: for § < 1/3, a unique, interior
equilibrium where each agent plays 1 +3 Tig5; for 1/3 <6 <1 three equilibria: the interior equilibrium

where each players chooses where each agent plays and two specialized equilibrium where

1+63’

?"See Desai & Rao (1994), Alon & Sudokov (2000), and Trevisan (2008) on the relationship between the smallest
eigenvalue and bipartite subgraphs of an adjacency matrix.
28Proof provided by Noga Alon, Tel Aviv University, in personal correspondence, January 2009.
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agents on one side play 1 and agents on the other side play 0. The interior equilibrium is not
a max equilibrium in the range 1/3 < 6 < 1. For the pyramid graph, the equilibrium outcomes

are: for § < 1/2, a unique, interior equilibrium where each agent plays ﬁ; for 1/2 <6 < 3@

the interior equilibrium and two corner equilibria where agents in the middle play #:552 and the

agents in the corner play 1+6+62 (these equilibria mimic the equilibria in the line with four agents

seen above); for ‘/52_1 < < 1, the interior equilibrium and two corner equilibria where one agent

in the corner plays 0, the neighboring agent in the middle plays 0, and the other two agents play
1—}r5 (again, mimicing the line with four agents); for § = 1, the interior equilibrium and specialized
equilibria where agents in the corner and the middle alternate 1 and 0 (again mimicing the line

with four agents). The interior equilibrium is not a max equilibrium for all § > 1/2.

More generally, we can see that Propositions 3 and 4 are both necessary and sufficient on
regular graphs. Observe that when every agent has k neighbors, a symmetric interior equilibrium
always exists where every agent plays z; = 1/(1 + k). If § < —1/Amin(G), this is the unique
equilibrium. And if 6 > —1/Amin(G), it cannot maximize the potential, hence other, corner

equilibria emerge . To summarize,?”

Corollary 1. On regular graphs, there is a unique interior equilibrium if 6 < —1/Amin(G) while

both interior and corner equilibria emerge if § > —1/Apin(G).

Our last result in this section concerns the highest level of payoff impact § = 1. At this
extreme, regardless of the absorptive capacity of the graph, there is always a peak equilibrium
which is a corner. Active agents in this equilibrium form a largest maximal independent set of

the graph.

Proposition 5. When § = 1, any specialized equilibrium with a largest maximal independent

set of agents is a peak equilibrium.

Thus, specialized equilibria with most specialists yield largest total effort among all equilibria
when 0 = 1. This finding generalizes a result obtained in Bramoullé¢ & Kranton (2007, Example
5) for the circle. It confirms the important role played by specialization under perfect substitutes.

Example 4 above shows that specialized peak equilibria may actually appear at lower values of §.

YAt § = —1/Amin(G), there are multiple equilibria (interior and corner) and they all maximize the potential.
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Combining Propositions 3-5, and previous results, for a graph G we can divide the range of
0 into four parts. In the lowest part, 0 < § < dgoaz there is a unique and interior equilibrium.
The equilibrium vector is x = (I + 6G)™'1 = 1 — §c(—§, G) and corresponds to the unique
vector x*(J, G) which maximizes the potential function ¢(x;d, G). In the lower-middle range,
Spcaz < 0 < —1/Amin(G), there is a unique equilibrium, which is either interior or corner.?’
The equilibrium is again the vector x*(d, G). For the set of agents taking positive action, xg =
(I+6Gg) 1 =1 — §c(—6,Gg). In the upper-middle range, —1/Apnin(G) < § < 1, multiple
equilibria are possible. All maxima equilibria are corners if —1/Auin(G) < 0. In any equilibrium,
the actions taken by active agents are xg = (I+ dGg) 1 = 1 — §c(—6,Gg). At the extreme
value, § = 1, for any graph, there is an equilibrium vector of active agents where xg = 1, and

such an equilibrium with the largest maximal independent set of agents is a peak equilibrium.

We see these ranges in the examples above

IV. Stable Equilibria

In this section we delve more deeply into the set of equilibria and identify those equilibria which
are stable. We show the key to stability - as it is key to maxima of the potential - is a graph’s
absorptive capacity. Thus there is a direct relationship between maxima of the potential and
stable equilibria.

We adopt a continuous adjustment process. Consider the following system of differential

equations:

1 = hi(x) = fi(x;6,G) — 11

Tn = hn(x) = fn(x:0, G) — oy,

where f;(x;0, G), from above, is agent i’s best response function. In vector notation x = H(x),
where H = (hi,...hy) : R"— R". By construction, x is a stationary state (Weibull (1995),
Definition 6.4, pg. 242) of this system if and only if x is a Nash equilibrium of our games. We

consider when a Nash equilibrium x is an asymptotically stable stationary state of the system

#0This range turns out to be empty when d50 4, = —1/Amin(G).
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(Weibull (1995), Definition 6.5, pg. 243.).3!

To study asymptotically stable states, we relate this system of differential equations to the
potential equation ¢(x). Our characterization builds on the following lemma. We show the
function —¢ provides a natural Lyapunov function for the system of differential equations, see
Weibull (1995), Chapter 6. To see this, note the potential always increases along the trajectories

of the system: $o(x(t)) =3 9% i = Vip(x).H(x).

i Ox;

Lemma 1. Vx € R}, Vp(x).H(x) > 0 and Vo(x).H(x) = 0 if and only if x is a Nash equilib-

rium.

Next, say that a maximum x of the potential is locally unique if there is an open neighborhood
of x in R on which ¢ does not have any other maximum. For instance, any maximum is locally
unique when the number of equilibria is finite. We then prove the following one-to-one relationship

between locally unique maxima of the potential and stable equilibria:

Proposition 6. An equilibrium x is asymptotically stable if and only if x is a locally unique

maximum of the potential.

The result follows from the theory of the Lyapunov functions, as well as the following three
cases. If x is not a maximum of the potential, some arbitrarily small perturbation leads the
system to a profile with higher potential. Because the potential increases along the trajectories,
the system cannot converge back to x. If x is a maximum but is not locally unique, some
small perturbation leads to another maximum with the same potential. This, again, prevents
convergence back to x. If x is a locally unique maximum, we show in Appendix that it must also
be a locally unique equilibrium.??

Thus, the asymptotically stable equilibria are the subset of Nash equilibria which correspond

to locally unique maxima of the potential. Stability eliminates the Nash equilibria that are saddle

points and the maxima which are not locally unique. The absorptive capacity of a graph plays a

#1We also looked at discrete Nash tatonnement, as in Bramoullé & Kranton (2007). We can show that equilibria
stable to Nash tatonnement are (almost) always asymptotically stable. However, the reverse is not true and Nash
tatonnement stable equilibria may fail to exist in large regions of the parameter space. (Proofs are available upon
request). In contrast, asymptotically stable equilibria exist generically, as shown below.

32When x is a potential maximum that is not locally unique, we can still find a set of equilibria which includes
x and which is asymptotically stable as a set.
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key role in stability, just as it does in identifying maxima of the potential. Building on Proposition

6, we obtain:

Proposition 7. For a graph G, for almost every ¢, an equilibrium x with support S is asymp-

totically stable if and only if § < —1/Amin(Gsg).
The following example, again using the two regular graphs in Figure 6, illustrates.

Example 6. Stable Equilibria and the Absorptive Capacity of a Graph. Consider the

interior, symmetric equilibrium where x; = 1755 which exists in both graphs for 6 € [0,1] In the

%
complete bipartite graph, Amin(G) = —3, hence this equilibrum is stable for § < 1/3. For the
pyramid graph, Amin(G) = —2. Hence, this equilibrium is stable for 6 < 1/2. We have already
seen some of the intuition. Consider agent 1 playing ﬁ + ¢ In the bipartite graph, all three
agents on the other side of the graph will adjust their play by the full amount ¢. In the pyramid
graph, the agents "share" the adjustment, since two impacted agents are also linked to each other.
For the complete bipartite graph, the stable equilibria are § < 1/3, a unique vector where each
agent plays ﬁ ; for 1/3 < § < 1 the two specialized vectors where agents on one side play 1
and agents on the other side play 0. Stability eliminates the interior equilibrium in this range.
For the pyramid graph, the stable outcomes are: for 6 < 1/2, a unique vector where each agent
plays ?136; for1/2 < § < @ the two corner vectors where agents in the middle of the pyramid

play ﬁ and the agents in the adjacent corners play T]QS?’ since Apin(Gg) = — \/52*1 as in

the line for four agents; for \/52_1 < § <1, the two corner vectors where where one agent in the

corner plays 0, the neighboring agent in the middle plays 0, and the other two agents play ﬁ,
since Amin(Gg) = —1; for § = 1, the specialized equilibria where agents in the corner and the

middle alternate 1 and 0.

Observe that inactive agents do not appear in the condition of Proposition 7. We can also see
that the inactive agents do not play a role in the stability conditions in the corner equilibria for
the graphs in the example. The inactive agents - at the equilibrium vector - are (almost always)
strictly better off by taking no action than taking a positive action. Hence, the only case when an
inactive agent ¢ might change his action in response to a perturbation is when he obtains exactly

1 as a weighted sum from his neighbors’ actions: § ) ; 9i5%; = 1. We show in Appendix that this
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knife-edge situation is nongeneric.??

Thus, when § < —1/Anin(G), the unique equilibrium is asymptotically stable, while when
d > —1/Anin(G) any asymptotically stable equilibrium is a corner. On regular graphs, the interior
equilibrium is onyl stable for low §. The stability conditions focus our attention on particular

equilibria, and in the following section we conduct comparative statics on these equilibria.

V. Comparative Statics

Comparative statics are notoriously difficult in games of strategic substitutes. The reason is that
direct and indirect effects generally pull in opposite directions. Consider a parameter’s change
inducing a positive shock on i’s action. In reaction, ¢’s neighbors decrease their action. In turn,
1’s neighbors’ neighbors increase theirs. If some neighbors are also neighbors’ neighbors, a trade-
off appears. More generally, indirect effects through paths of odd length lower actions; indirect
effects through paths of even length increase them. The resulting impact on any individual in the
network is usually complicated and nonmonotonic. In this section, we use the potential function
to overcome these difficulties.

We obtain clean comparative statics for peak equilibria, which are also the equilibria which
yield the highest aggregate effort. As we have seen above, these equilibria are almost always
stable. We show that an increase in § or an additional link to the graph always leads to a
decrease in the highest aggregate actions. Thus, despite the increases of some agents, overall

action levels fall. Previous comparative statics results in the literature are special cases.

Proposition 8. Consider a § and G and the corresponding peak equilibrium x*(6,G). And
consider a §' and G’ and corresponding peak equilibrium x*(§', G') where §' > § and G is a

subgraph of G'. Then, Y ", z(8',G') <>, 25(6, G).

To understand this result, notice that for a given vector x, ¢(x;8,G') < ¢(x;d,G); that
is, the value of the potential at any given action profile is lower when social interactions ex-
pand. Therefore, o(x*(¢', G'); &', G') < p(x*(§',G);0,G) < o(x*(5, G); d, G) where the second

inequality holds because x*(d, G) is a peak equilibrium. Combining this observation with the

33We also derive the corresponding stability condition which turns out to be significantly more complicated.
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fact that the potential of an equilibrium is the same proportion to total effort yields the result.?*

We show in the Appendix that the decrease in aggregate actions is usually strict.?®

Previous comparative statics results are special cases. For low §, Theorem 2 in Ballester,
Calvé-Armengol, & Zenou (2006) says if G is a subgraph of G’, § < §’, and if there is a unique
interior equilibrium x for (6, G) and x’ for (§',G'), then >, z; < > ;. Total effort is lower
when social interactions are stronger. When é = 1, combining Propositions 5 and 8 tells us that
the number of nodes in a largest maximal independent set decreases when the graph expands.
Galeotti, Goyal, Jackson, Vega-Redondo, and Yariv (2006) noted this fact.

Our result above gives information on changes in the equilibria with largest aggregate effort.
Our next result shows that in some circumstances, comparative statics can also be obtained
locally by fixing the set of agents who take positive actions in specific equilibria. We again look

at max equilibria.

Proposition 9. Suppose that § < §' and G is a subgraph of G'. For § and G, consider a max
equilibrium x with support S. Now consider for & and G’ any equilibrium x with support S’

such that ' C S. Then, > 1"z} <> | ;.

Thus, even when considering some arbitrary equilibrium, aggregate effort may drop when ¢ or
G expands. This property holds when two conditions are met. First, the equilibrium must be a
maximum of the potential. This especially applies to asymptotically stable equilibria. The second
condition is simply that an equilibrium for the new parameter values must be “close enough” to
the original equilibrium - in the sense that no new agents enter the support. The existence of
such a close-by equilibrium when G = G/, for example, is guaranteed for almost any ¢ if the
increase in & is small.36

On arbitrary networks, individual actions may be strongly non-monotonic in the parameters.
In special circumstances, however, we can recover monotonicity at the individual level. This
happens for specific structures. We can show that direct and indirect effects are perfectly aligned

if and only if G is bipartite. This comes from the classic property that a graph is bipartite if

34In contrast, we can build examples where the lowest total effort in equilibrium is non-monotonic in § or G-

35 Precisely, suppose that § < ¢’ and G = G’. Then, aggregate actions decrease strictly when no peak equilibrium
on § and G is specialized. In contrast, if G & G’ and ¢ is unchanged, aggregate effort decreases strictly as soon as
for any peak equilibrium x*(d, G), the new links connect individuals in the equilibrium support.

36For almost any 4, if S is the support of an equilibrium for § and G there exists € > 0 such that if |§' — 6| < ¢,
S is also the support of an equilibrium for ¢’ and G.
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and only if it has no odd cycles. This is related to the fact that the absorptive capacity may be
lowest in these graphs. On connected bipartite graphs, a positive shock on i’s action eventually
leads to an increase in the action of all agents in his group and to a decrease in the action of all

agents in the other group.?”

VI. Conclusion: Many More Games

We conclude the paper with a discussion of future research and how our analysis and results apply
to many more games and more general formulations. Extending the results to strategic substitutes
games with weighted graphs and to games with heterogeneous autarkic play is straightforward
as long as g;; = g;j;- We further show that our analysis covers a widely used set of models in
economics where, in a network formulation, g;; # g;;. In these models, agents care about the
average of other players’ actions, and we call them linear-in-means games. Our analysis also

subsumes the simple case of strategic complements games.

Heterogeneous thresholds. Consider the model in the text, except that agents have hetero-

geneous autarkic play. The best-reply is
n
fi(x) = | 0,2 =6 gij;
j=1

where Z; > 0 Vi and g;; = gj; € {0,1}. Let X = (Z1,...Zy) be the vector of individuals’ thresholds.
A key preliminary observation is that the existence of the potential and Propositions 2-3 hold in
this model as long as g;; = gj;- The potential function is now equal to ¢(x) = xIX — %XT(I +
0G)x and ¢(x) = %ZZ Z;z; if x is an equilibrium. Hetereogeneous thresholds do not affect
Propositions 4-6, which apply direcly. Comparative statics results, on the other hand, have to
be modified to account for the individual heterogeneity. We now have: Y o, zz} (8, G') <
S Txf(6,G) when & > § and G is a subgraph of G'. Individual actions are weighted by the
individual thresholds when computing the aggregate action index. Furthermore, we can obtain

clean comparative statics with respect to X. The logic behind our results applies, and the weighted

%7In the model with heterogenous thresholds (see section VI), this would follow from an increase in Z;. We
present a formal result in the Appendix. Changes in 6 or G may have ambiguous effects on individual actions even
on bipartite graphs, since they a priori affect several individuals.
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sum of actions in a peak equilibrium increases weakly when individual thresholds increase.

This model captures at least two well-known games, written in a network form. It gives
us immediately a linear-demand Cournot model where firms have different marginal costs. It
captures the strategic private provision of public goods as in Bergstrom, Blume and Varian
(1986). Suppose that individuals with Cobb-Douglas utility functions allocate their resources
between private good consumption and public good provision and that benefits from the public
good flow through the network structure. Let w; the income of individual ¢, let g; his level of
private good consumed, and let p the relative price of the public good. Individual i’s payoff is
equal to U; = ¢*(z;i + 8, gijx;)1 ™ with ¢; + pz; = w;. Simple computations show that the

best-reply function of this game can be written as follows:

1l -«

fil) = maxe | 0, —

n
w; — of E 9ijLj
J=1

which fits the previous model with Z; = 1770‘wi and = af.

Linear-in-means. In many economic applications, agents are concerned about the average
play of a group of other players. Here we study such games, in a network formulation. The
coordination /beauty contest/peer effects/investments etc.. models often have quadratic payoffs
and arise frequently in macroeconomics, as well as microeconomics. While many treatments
involve coordination - where agents, for example, want to invest in the same the technology, other
treatments consider strategic substitutes. The standard treatments do not include networks, but
a network treatment could transform the analysis. For example, Angeletos & Pavan (2007), pose
the following payoff function to represent firms in a deep recesssion, where firms want to invest
in the opposite direction from the average of other firms. We have written the function with a

network form:

z? 1
ILi(zi,x—4;0,G) = (01 + 02) &y — - — 60 E Gij T
( ) (1 2) 9 2<ngij> - JvJ

where the private return to investment x; is (61 + #2). In Angeletos and Pavan (2007), ¢;; = 1,
so the final term is simply the mean of all other agents’ investments. Here, with g;; = {0,1}, the

model could represent possibly disjoint and overlapping sectors in the economy. We call such a
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model a linear-in-means game, and they are standard stock in macroeconomics.

Consider a linear-in-means version of our baseline model with the best response function:

1 n
fi(x) =max [ 0,1 — 55‘ Zgijmj

j=1
with ¢;; € {0,1} and Vi, k; # 0. That is, an agent’s payoffs directly depend on the average play
of linked players. When the graph is not regular, ,%igij + k—lj gji and the game with (modified)
quadratic payoffs U; does not have a potential. In this case, however, the potential can be
recovered by an appropriate rescaling of the payoffs. Define IL = k;U;. Obviously, the game with
payoffs ﬁl has the same best-replies and equilibria as the game with payoffs U;. And we can

27, : 2717 -
easily see thataagg;,’;) = %gla(;) for all ¢ # j. So this modified game is a potential game with

potential function ¢(x) =>_,(kix; — %kzx?) — %5 zj gl-jxixj.gg Introduce the network G such
that g;; = \/_T?Z\J/_/Z Then, the potential is strictly concave if and only if 6 < —1/ )\min(é). The
uniqueness condition now includes the absorptive capacity of the original graph “normalized” by
the numbers of agents’ neighbors, which of course affect the magntitude of the impact of average
payoffs. Similarly, the potential is not concave if and only if 6 > —1/ )\min(é), and the results on
multiple and corner equilibria apply. The stability results in Section IV all hold, again using G. As
for comparative statics, observe that if x is an equilibrium, ¢(x) :% > kiz;. Thus, if § increases,
the sum of individual actions weighted by degrees in a peak equilibrium decreases weakly.?? In
contrast, the effect of adding links to the original graph G is not immediate. Connecting two
agents increases their degrees which changes the weights used to compute the aggregate index. We
show in Appendix that this new positive effect dominates the negative ones. If G is a subgraph

of G/ then > " | klzf(6,G’) > Y1 kiz}(0,G). In a linear-in-means formulation, the sum of

actions weighted by degrees increases weakly when the graph gets more connections.

Strategic complements. Strategic complements games are straightforward and have none of

the complications of the strategic substitutes games analyzed in this paper. Consider a best

8 A similar method works for any directed network G with g;; € R such that Vi, j, a;gi; = ajg;; for some profile
a e R™

39The similarity with the model with heterogeneous thresholds is not a coincidence. Apply the change of variables
yi = xz/\/k_l Then V; = (ki)3/2yi = %yf = 5Zj Gijyiy;. This corresponds to a model with thresholds §; = (ki)3/2.

Then, >, §iyi = »_, kixzi. These thresholds, however, are endogenously determined by the network.
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response

fZ(X) = 0, 1-— (529,‘]'1']'
7=1

where g;; € {0,—1}. As noted in Corbo et al. (2007), the formal analysis of these games is
relatively simple: if 6 < 1/Apax(—G) there is a unique interior equilibrium, while equilibria fail to
exist if & > 1/Amax(—G), since complementarities then have an explosive effect on actions. Since
Amax(—G) = —Amin(G), this result matches our result in Proposition 3. Our results also show
this unique, interior equilibrium is stable. None of the questions concerning shape of equilibria,
multiplicity, or stability arise. Comparative statics are also straightforward. Following an increase
in one agent ¢’s action, ¢’s neighbors increase their actions, then their neighbors increase theirs,
and so on. No trade-off appears. When the equilibrium exists, individual efforts x; are an
increasing function of § or G. Obviously, then aggregate actions are increasing in § or G. This
outcome is of course in line with standard results of monotone comparative statics under strategic
complements, see e.g. Milgrom & Roberts (1990). In this extreme case, our analysis confirms
what we already know, via a different route.? However, these clear-cut results break down as
soon as any substituability is present.

Our future research concerns games with mixes of strategic substitutes and strategic comple-
ments. The missing piece is when equilibria exist. When equilibria exist, our techniques hold.
Consider the best-reply fi(x) = max ((), 1=6370, gijfL'j) with gi; = gj; € R. A potential exists
for quadratic payoffs. The potential is strictly concave if and only if 6 < —1/Amin(G). In this case,
any equilibrium would be unique. The results concerning Nash equilibria for § > —1/A\nin(G)
would apply. The stability analysis would also be valid. In particular, if § > —1/Anin(G), any
stable equilibrium would be a corner. Comparative statics results would also apply to changes in
G.Y! For any network G’ with G’ > G, Y., 27(6,G') < 3% | 27(0, G) and largest aggregate
action in equilibrium decreases weakly. Here, G’ > G means that the game under G’ has more

substitutabilities and/or less complementarities than under G.

10The potential is strictly concave if and only if § < 1/Amax(—G). Proposition 3 shows that uniqueness holds
in that range. Because of the change of sign, Proposition 8 now says that aggregate action increases when social
interactions expand.

1 Since g;; may be positive or negative, ¢(x;d, G) may be nonmonotonic in the global interaction parameter &
and comparative statics with respect to  may be ambiguous.
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APPENDIX

Proof of statements in section II.

The equilibrium set if a finite union of compact convex sets. Given a subset of individuals @), define
Eq as the set of equilibria such that (I + dGg)xg = 1 and Vi ¢ Q,z; = 0. (The equilibrium
support is included in @ but may be smaller). Let E be the set of equilibria. Proposition 1
implies that & = UgFEg. Next, show that Eg is compact and convex. Note that x €Eq iff
(I4+6Gg)xg=1,Vi¢ Q,z; =0 and 0Gny_Q,sxo > 1. Given a converging sequence of elements
of Eq, these three sets of conditions still hold when taking the limit. Thus, Eq is closed hence
compact. Second, let x,x'€Eq, A € [0,1] and x* = Ax+(1—A)x'. By linearity, (I+5GQ)xg =1,
Vi¢ Q,x} =0 and 5GN,Q7SX£‘2 > 1. Thus x’\EEQ and Eg is convex. QED.

Equilibrium and centrality. If I+ 6G.g is invertible, Proposition 1 shows that xg = (I+dGg)~'1.
Next, write (I + 6Gg) 1 (I+ 6Gg)1 = 1. Developing yields xg + dc(—5, Gg) = 1. QED.

Individuals with more neighbors are more central when § < 1. Suppose that 6 < 1 and that
i is connected to j and j’s neighbors. Suppose that I 4+ dG is invertible and let x = (I +
0G)™'1 = 1 —dc. Then, z; + (xj + Yy gink) = 1 and @5 + 6(xi + Y4z ginze = 1.
Subtracting both equalities yields (1 — 6)(z; — ;) = — > ), ;(9ik — gjk)z) hence z; < z; and
¢; > ¢;j. More generally, conisder any equilibrium x. If x;,2; > 0, the previous argument applies.
If 2; = 0, then 0(z; + Zk#j gjkTr) > 1 hence §(x; + Zk#vj gikrr) > 1. If z; > 0, then
(I =08)z; +(z; + ZR#J gikTr) = 1 which is impossible. Thus, z; = 0. QED.

Proof of statements in section III.

The potential of an equilibrium. Let x be an equilibrium with support S. Since xy_g = o,
xI(I 4+ 0G)x = xL(I + 6Gg)xs. By Proposition 1, (I + §Gg)xg = 1. Since x41 = x'1,
p(x) = 2x7'1. QED.

The best-reply are contracting iff 6 < 1/p(G). Introduce e(x) = 1 — §Gx such that f;(x) =
max(0, e;(x)). We can see that |fi(x) — fi(x)| < |ei(x) — ei(x)]. For instance, if f;(x) > 0 and
fi(x") =0, then [fi(x) — fi(x')| = fi(x) while [e;(x) — ei(x')| = fi(x) — &(x') with e;(x") < 0.
Therefore, ||f(x) — £f(x)|| < |le(x) — e(x)|| under the Euclidean norm. Next, e(x) — e(x’) =
—0G(x — %), and |le(x) — e(x)||? = 6*(x — x)TG?(x — x/). We then apply the Rayleigh-
Ritz theorem, see Horn & Johnson (1985, p. 176). Since Amax(0°G?2) = §%p(G)?, this yields:
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lle(x) —e(x))]|? < 62p(G)?||x — x'||?. Thus, ||f(x) —f(x')|| < dp(G)||x — x|| and f is contracting
if 0p(G) < 1. Reciprocally, since G is nonnegative, it has a nonnegative eigenvector xg associated
to the eigenvalue p(G), see Horn & Johnson (1985, p. 503). Let x = Axg and x' = N'xo with
AN > 0. If A, ) are small enough, f(x) = e(x) = 1 — §p(G)x and the same holds for f(x').
Thus, f(x) — f(x’) = 0p(G)(x — x’) and f is not contracting if 6p(G) > 1. QED.

Proof of Propositions 4 and 7. We analyze the second-order conditions of problem (P). Given
an equilibrium x with support S, introduce the quasi-support of x as S = {i : x;+9 Zj gijxj = 1}.
Clearly, S € S and § — S = {i : 2; = 0 and §)_; gijz; = 1}. The application of Theorems 3.4
and 3.6 in Lee, Tam & Yen (2005) to our setting yields the following result.

Lemma 2. Second-order conditions of problem (P).
x is a local maximum of ¢ on R iff Vv € R® such that vg_g >0, vI(I+0Gg)v >0

x is a locally unique maximum of ¢ on R} iff Vv € R5—{o} such that vg_g > 0, vI(I4+6G35)v > 0

We derive necessary conditions. Observe that when vg_g = o, vI (I + 0Gg)v = vL(I +
dGg)vs. Therefore, if x is a local maximum then I+ 0Gg is positive semi-definite. Especially,
if x is an interior local maximum, S = N and I + §G is positive semi-definite, which proves
Proposition 4. Similarly, if x is a local minimum, then I + dGg is negative semi-definite which is
impossible.

When S = S, the second-order conditions take a simple form: x is a local maximum iff I+6Gg
is positive semi-definite and it is locally unique iff I+ dGg is positive definite. We next show that

this situation is generic.

Lemma 3. Given a graph G, for all equilibria the support is equal to the quasi-support for

almost every §.

Proof: Take a graph G such that I+ §G is invertible. Define P;(0) = det(I+0G)[(I+6G)11],.
Consider the classic relation between a matrix’s inverse and its cofactors (e.g. Horn & Johnson
(1985, p.20)). Let m;; be the determinant of the submatrix of I + ¢G obtained by removing the
ith row and jth column. Then, P;(§) = Z;‘:l(—l)”j mj; hence P; is a polynomial of degree less

than or equal to n—1 in §. In addition, P;(0) = 1 so P; cannot have more than n—1 zeros. Thus,
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for almost any d, Vi, z; # 0. Next, for any equilibrium x, xg = (I+3dGg) 1 if det(I+6Gg) # 0,
hence for almost any &, Vi € S, z; > 0 and S # S. QED.

Proof of Proposition 5. Suppose that § = 1 and let x be an equilibrium with support S.

Let N; be the set of neighbors of ¢ in S. Then, Vi € S, z; + > xj = 1. Take a maximal

JEN;
independent set I of Gg. Any agent in S is either in I or connected to an agent in I. Thus,
S = Uit UN;. Therefore, Yoy i = 3 icq i < D (@i + D ien, ¥5) = |I]. Next, observe
that I is an independent set of the graph G, hence is included in a maximal independent set I’.
This yields: Y,y ;i < |I'| and aggregate action in equilibrium is always lower than or equal to

the size of the largest maximal independent set. QED.

Proof of Lemma 1. We have: g—i =1- 523‘ gijxj — z; and hi(z) =1 — 523‘ gijxj — x; if
5Zj gijx; <1 and —x; if 52]‘ gijxj > 1. Then, %ﬂ%hi =(1- 5Zj Gijxj — 7;)? in the first case
and z;(6)_; gijz; — 1 + ;) in the second case. Therefore, Vio(x).H(x) > 0. Equality occurs iff
z, =1— (52] Gij T if 52] Gij T <landz; =0if (52] 9ij T > 1. QED.

Proof of Proposition 6. First, suppose that x is not a local maximum of the potential. There
is a sequence x* € R? converging to x such that ¢(x*) > ¢(x). Since ¢ cannot decrease along
trajectories, starting at x* the system cannot converge back to x. Hence x is not asymptotically
stable. Second, suppose that x is a local maximum but is not locally unique. There is a sequence
x* of local potential maxima converging to x such that x* # x and ¢(x*) = ¢(x). Since x* is an
equilibrium, it is a steady state of the system of differential equations. Thus, starting at x* the
system does not converge back to x and x is not asymptotically stable.

Third, suppose that x is a locally unique maximum of the potential. If there exists € > 0 such
that x is the unique equilibrium on Bo(x,¢) N R, then we can apply Theorem 6.4 in Weibull
(1995). Precisely, the Lyapunov function is equal to ¢(x) —¢(y) for any y € Bo(x,¢)NR’;. Hence
x is asymptotically stable. Thus, we only need to show that x is a locally unique equilibrium.

k converging to x such that x*

Suppose the contrary. There exists a sequence of equilibria x
is not a potential maximum. Without loss of generality, we can assume that Vk,x* has the
same support S since there is a finite number of subsets of N. Hence (I + 5G5)x’§ =1 and
(5G§€V75,5X5 > 1. Taking the limit shows that (I + dGg)xs = 1 and dGn_gsx5 > 1, hence

k

that the support of x is included in S. Therefore, we can write x* = x + y* with y* such
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that y% _¢ = o and (I + §Gg)y% = o. Next, compute p(x*) in two different ways. First,
p(xF) = $(xF)T1 = p(x) + 3 (y*)"1 since x* and x are equilibria. Second, by definition, ¢(x*) =
px +y") = xT1 + (y*)T1 — 1(x + y*)T(I + 0G)(x + y*). The last expression is equal to
(x5 +yE)"T+0Gs)(xs+yE) = x5 (I+6Gs)xs. Thus, p(x¥) = ¢(x) + (y*)"1. This shows that
(y¥)T1 = 0. Hence o(x*) = (x) which contradicts the fact that x* is not a potential maximum.

QED.

Proof of statements in section V.

Strict comparative statics. Suppose that &' > §, G’ = G and ¢(x;4',G) and p(x;d, G) have
the same maximum value over R Since p(x;4d',G) < ¢(x;d, G), both functions have a com-
mon maximum x*. This profile x* is an equilibrium at § and at ¢’ and satisfies p(x*;8', G) =
o(x*;0,G). Since p(x;0,G) =x1 — 3x7 (I+ 6G)x, we have (x*)” Gx*= o. Hence the support
of x* is an independent set of G and x* is specialized. Next, suppose that §' = §, G # G’ and
o(x;6,G) and ¢(x; 0, G’) have the same maximum value over R”}. Again, both functions have a
common maximum x*. It now satisfies (x*)7 (G’ — G)x*= o and no link in G’ — G connects two

individuals in the support of x*. QED.

Comparative statics on bipartite graphs. Consider the model with heterogeneous thresholds
and suppose that G is connected and bipartite. Consider an interior equilibrium x with § <
—1/Amin(G). Then, for any j in 4’s group, dz;/0%; > 0 while for any j in the other group
dx;/0%; < 0. To see why, note that x = (I 4+ 6G) 'X, hence dx/9%; = (I+ 6G) 'u; where
u;; = 1 and u;; = 0if j # i. Since G is bipartite, Amin(G) = —p(G) and we can write (I+6G) ™1 =

120(—0)FGF. Thus, 9z;/0z; = Y 20(—0)"(GF);i where (GF)ji = 3, 1| 9j0 9uta--Gis_yi
counts the number of paths of length k£ connecting j to i. On bipartite graphs, all cycles have
even length. Any path is the union of a shortest path and of cycles. Therefore, if the shortest
distance between j and ¢ in G is even, all paths connecting them have even length. This hap-
pens when j and i are in the same group. Terms for k odd in the sum are equal to zero and
0z;/0z; > 0. Conversely, if the distance between them is odd they are in different groups and
all paths connecting them have odd length. Terms for k even are equal to zero and 0z;/0z; < 0.
Also, since the subgraph of a bipartite graph is bipartite, the result extends to any equilibrium x
with support S when § < —1/Anin(Gg). And if G is not bipartite, it has an odd cycle and direct

and indirect effects are not perfectly aligned. QED.
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Proof of Proposition 9. Let s = |S| and for any y € R®, define pg4(y;d,G) = ¢(¥;0,G)
where ¥ is such that §g = y and yy_g = 0. Since x is a local maximum of ¢, I + 0Gg is
positive semi-definite. Therefore, pg is concave and xg is a global maximum of ¢4 on RY . Since
S CS, YNt = 05X 0", G) < pg(X5:0,G) < pg(x5;0,G) = >,y i The first inequality
comes from the monotonicity of the potential. The second inequality holds because xg is a global

maximum of ¢g. QED.

Proof of statements in section VI.

Linear-in-means. Let D be the diagonal matrix such that d;; = k;. Then, the hessian of the
potential is —(D + 6G). For any x € R", define y such that y; = /k;z;. We can see that
xT(D + 6G)x = y'(I + 6G)y. Therefore, ¢ is strictly concave iff I + 6G is positive definite.
QED.
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Figure 1. Equilibria on the star with n=4
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Figure 2. Equilibria on the line with n=4
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Figure 3. Equilibria on the line with n=5
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Fi1G. 4 — An example of complex network
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Figure 5. Equilibria in Graphs with Different Absorptive Capacities
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(1-8)/(1+5-8%)

1/(1438) 1/(1438) 1/(1438) 1(1+38) 0 1(1+5-82)

o<Ys Vs < 8<(\5-1)/2

1/(1+438) (1438)  1/(1+8-8?) 0 1 0

1/(1+438) (1-8)/(1+5-82) 0

1/(1+3
(1-8)/(1+8-8%) 1/(1+8)

1/(1438) 1/(1438) 0 1(1+8-82) 0 1/(1+5)

(V5-1)2 <6< 1

1 0 1 1
0 0
0 1
0 0

1/(1438) 1(1433) | 0 1/(1+9)

1/(1+39) 1/(1+38)




