
Answer keyECON 342: Midterm ExamProf.: Shakeeb KhanTA: Mar
elo O
hoaSpring, 2009Problem 1. We have,f (xi ; yi) = 1p2��2 exp [�(xi � �i)22�2 ] 1p2��2 exp [�(yi � �i)22�2 ]If we have observe a random sample of size n, the log-likelihood 
an be written as:L(�; �) = �n ln 2� � n ln �2 � 12�2 n
∑i=1 (xi � �i)2 � 12�2 n

∑i=1 (yi � �i)2First-order 
onditions are:L(�; �)��i = 1̂�2 [(xi � �̂i) + (yi � �̂i)℄ = 0L(�; �)��2 = � 1̂�2 + 12�̂4 1n n
∑i=1 [(xi � �̂i)2 + (yi � �̂i)2℄ = 0The MLE estimator of �i equals, �̂i = xi + yi2for i = 1; : : : ; n. Plug-in �̂i into the fo
 for �2 and the MLE estimator of �2 equals:�̂2 = 1n n
∑i=1 (xi � yi2 )2Note that Xi � Yi � N(0; 2�2) then,�̂2 = 12n n

∑i=1 (xi � yi)22 p�! 12�2so it is not 
onsistent.A 
onsistent estimator is 2�̂2. 1



Problem 2. Let � = (�; �)0, then the MLE estimator of � is:�̂ = argmaxQn(�)with, Qn(�) = 1n n
∑n=i yi ln �(x 0i �) + (1� yi) ln[1� �(x 0i �)℄Let a(�) = � � � � 1 = 0from whi
h we have da(�)d�0 = A(�) = (�; �). Then, the Wald statisti
 for the null hypothesisH0 : a(�0) = 0is equal, Wn = na(�̂)0[A(�̂)�̂�1A(�̂)0℄�1a(�̂) d�! �2(1)where,�̂�1 = �[1n n

∑n=i {� [ yi � �(x0i�)(1��(x0i�))�(x0i�)]2 [�(x0i�)℄2 + [ yi ��(x0i�)(1��(x0i�))�(x0i�)] [�0(x0i�)℄} x0tx0t]�1To derive the asymptoti
 distribution of Wn under the null a(�0) = 0, using the MVTobtain: a(�̂) = a(�0) + A(~�)(�̂ � �0) = A(~�)(�̂ � �0)Given that the information matrix equality holds we have,pn(�̂ � �0) d�! N (0;��1)then, pna(�̂) d�! N (0; A(�0)��1A(�0)0)where A(�0)��1A(�0)0 is a s
alar (i.e., rank equal to one). Therefore,na(�̂) [A(�0)��1A(�0)0]�1 a(�̂) d�! �2(1):Problem 3. (a) The order 
ondition requires that the number of predetermined variables islarger or equal to the number of regressors. For equation (1), we have as predeterminedvariables x0i = (1; xi ; zi) and as regressors z0i = (1; pi ; xi), then the order 
ondition holds.The rank 
ondition for identi�
ation requires E (xiz0i) is of full 
olumn rank. For (1) wehave: E (xiz0i) = 



1 E (pi) E (xi)E (xi) E (xipi) E (x2i )E (zi) E (zipi) E (zixi) 

whi
h is satis�ed if the det[E (xiz0i)℄ 6= 0, whi
h is satis�ed if E (xipi) 6= 0 and E (zixi) 6=0 (good instruments). The same reasoning follows for (2).2



(b) Let x0i = (1; xi ; zi), z0i1 = (1; pi ; xi), and z0i2 = (1; pi ; zi), then:gn(Æ) = ( 1n ∑ni=1 xi(qi � z0i1Æ1)1n ∑ni=1 xi(qi � z0i2Æ1) )for a W symmetri
 positive de�nite matrix, the GMM estimator solves,Æ̂ = argminÆ gn(Æ)0Wgn(Æ)whi
h equals, Æ̂ = (S0xzWSxz)�1SxzWsxywith, sxy = ( ∑ni=1 xiqi
∑ni=1 xiqi ) Sxz = ( ∑ni=1 xiz0i1 00 ∑ni=1 xiz0i2 )But, sin
e Sxz is quadrati
 (i.e., the system is exa
tly identi�ed) we 
an simplify thisto, Æ̂ = S�1xz sxy(
) The optimal weighting matrix for this problem is,S�1 = [�̂
 1n n

∑i=1 xix0i]�1However, the system is exa
tly identi�ed so there is no gain in eÆ
ien
y setting W tobe optimal.
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