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Problem 1. We have,
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If we have observe a random sample of size n, the log-likelihood can be written as:
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First-order conditions are;:
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The MLE estimator of u; equals,
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fori=1,..., n. Plug-in {; into the foc for o2 and the MLE estimator of o2 equals:
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Note that X; — Y; ~ N(0, 20?) then,
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so it is not consistent.
A consistent estimator is 262.



Problem 2. Let 6 = («, B)’, then the MLE estimator of 0 is:
6 = argmax Q,(6)
with,

Qn(6) = > 1IN ®(x8) + (1 = ) In[1 — S(x0)]

Let
a@)=a*xp—-1=0
from which we have 92 — A(9) = (B, a). Then, the Wald statistic for the null hypothesis

do’
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is equal,
W, = na(8)[AB)SA@B)]a(8) L x2(1)
where,
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To derive the asymptotic distribution of W, under the null a(6p) = 0, using the MVT

obtain:
a(9) = a(6o) + A(6)(8 — 65) = A(8)(6 — 6o)

Given that the information matrix equality holds we have,
V(6 —6y) SN (0,71
then,
Vna(8) % N (0, A(8o)Z*A(6o))

where A(6p)LZ"1A(6y)" is a scalar (i.e., rank equal to one). Therefore,
na(6) [A(Go)Z "A(B:)] ™ a(8) % x(1).

Problem 3. (a) The order condition requires that the number of predetermined variables is
larger or equal to the number of regressors. For equation (1), we have as predetermined
variables xi = (1, x;, z;) and as regressors z; = (1, p;, x;), then the order condition holds.

The rank condition for identification requires E (x,z}) is of full column rank. For (1) we
have:
1 E (p,) E (X,')

E(xz)) = | E(x) E(xp) E(x?)
E(z) E(zp) E(zx)

which is satisfied if the det[E (x;z})] # 0, which is satisfied if E (x;p;) # 0 and E (z:x;) #
0 (good instruments). The same reasoning follows for (2).
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b) Let x! = (1, x;,z), Z,; = (1, pi, x;), and z, = (1, p;, z;), then:
i i1 i2

LS xi(g — 2464)
B - i=1 Ri\di il
9.(0) = ( 5 2oie1 Xi(4i — Zj01) )

for a W symmetric positive definite matrix, the GMM estimator solves,

§ = arg m5in g,(6)'Wg,(9)

which equals,

6 = (S, ,WS,,)"'S,,Ws,,
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But, since S, is quadratic (i.e., the system is exactly identified) we can simplify this

with,

to,
6 = S;zl SX)/

(c) The optimal weighting matrix for this problem is,
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However, the system is exactly identified so there is no gain in efficiency setting W to

be optimal.



