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Problem (Hayashi Chapter 6, page 375 #1). Solution. If {7,} is absolutely summable then:

Z il < o0

j=—00

then,
D il < oo and > |yl < oo
s j=1

Since these two sequences are bounded, and convergent, then they’'re Cauchy. Thus,

STl =D ll= > =0
j=1 j=1

j=n+1
O
Problem (Hayashi Chapter 6, page 385 #1). Solution. From the book we have,
E(y|l, y—1) = a + by,
and
b— cov (Yt, Ye—1) _ @ — ¢
V (yi-1) 0 ’
and a = E (y) — bE (y:—1) = a = E (y) (1 — ¢) when |¢| < 1.
In the AR(1) model,
Yo =+ OY1 + &
then,
E (ye|yi-1) = ¢+ ¢y—1 + E (e¢|ye—1) = ¢ + oy ( Assuming ¢, is independent)

and ¢ = E (y;) (1 — ¢). Then, we can conclude,

IAE(?/t|1>?/t—1) =K (yt|yt—1)

Similarly, A
E(ye|1, Y1, Yt—2) = o + a1ys—1 + QaYr—o
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where,

( ay ) _ ( V(Y1) cov(Yi1, Yi2) )_1 ( oV (Ye-1, Ye) )
ap cov (Y—1, Yi—2) V (y4-2) cov (Yi—2, Yt)
When |¢| < 1 we have:
<0&1):<”Yo 71)_1<71)
o) 71 T 2
_1<1 ¢)‘1_ 1 ( 1 _¢)
To ¢ 1 _70—7(@2 —¢ 1
then,

(3) (2 )(3)
Q2 Yo— Y2 \ —¢ 1 Yo
:¥<71—¢72):¥<¢%—¢3%): (
Yo — YoP? \ 2 — ¢ Yo — 7002 \ #*70 — *%0

E(yt‘lv Yi1,Yi—2) = C+ Y1

When |¢| > 1, we solve the differential equation forward giving,

Note that,

[@IESE
S~

then,

Yt =p — Z ¢_j€t+j =

j=—o00

then,
E (y;_160) = E (,uat —phi~te? — phi~2e 18 — - ) =—¢0?£0
then,
E (ye|ye—1) = ¢+ ¢ye—1 + E (e|ye—1) # ¢ + by

Problem (Hayashi Chapter 6, page 399 #1). Solution. Re-write the AR(1) process as,
Yo — =y — p) + &
then, the OLS estimate fro ¢ is,

23:1(?%—1 — ) (ye — )

b=
Zthl(yt—l — p)?

the sampling error yields,

~1/2 T _
ST — o) = L7 2 — pe
@0 T3 (yem1 — 1)
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Note that,

thus,
V(=) SN (0,0212) = N(0,1 - ¢?)
800
Similarly, re-write the AR(p) process as,
ye— =01y — )+ A+ Gp(yp — ) e = X0+ &

with ﬁ = (¢1a SR ¢p)/> and Xy = (yt—l M5 Yt—p — ,U)/ ThUS,
A T -1
B = (Z thff> thyt
t=1 t=1
then,
VI3 -3) 4 N (0,0° [E(xix)] )

You can now show the desired result easily.

Problem (2). Solution. As in the previous problem, re-write the AR(1) process as,

Y — = P(ye—1 — ) + &4

then, the OLS estimate fro ¢ is,

23:1(?%—1 — ) (ye — )

b=
Zthl(yt_l — p)?

thus,
VT(G-¢) % N (0, ﬂ_) _N(0,1— ¢?)

Yo

Problem (3). Solution. Let the AR(2) process be,

Yt = C+ Or1Yi—1 + G2yi—o + ¢



which can be re-written using the lag operator as:
(L= ¢1L — L) yy = c+ ¢ (2)
This differential equation is stable provided that the roots of
1 — 12— 2’ =0

which in our case is,

14052—0.2522=0

You can show that z = —1.24 < —1 and z = 3.24 > 1 then |z| > 1, thus the system is
stationary.
To find the first moment y, take expectations directly,

E(y:) = c+ AE (yi1) + 9B (yr2) = p=E(y) = m

To obtain the second moments re-write (II) as,

Yo = (1 — ¢1 — d2) + Prye—1 + Poyi 2 + &
or,
Yo — b= O1(Ye—1 — 1) + G2(Y—2 — 1) + &4
then:
Yo=V(y) =E(y: — M)2
=E ((1(ye—1 — 1) + @2(yi—2 — 1) + ) (ys — 1))

= g1+ Pav2 + E (er(ye — 1))
= $171 + Y2 + 07

Higher order-autocovariances are given by:

1 =E((y: — 1) (ys—1 — 1))
= expt(Pp1(Ye—1 — 1) + G2(ye—2 — 1) + €¢) (Y1 — 1)
= 017 + P21

Y2 =E((yr — 1) (yr—2 — 1))
= expt(1 (-1 — 1) + G2 (Yr—2 — 1) +€1) (Yr—2 — 11)
= o1 + don

Vi = G1Yj—1 + P2vj—2

Then, the autocorrelations are:
pj = O1pj—1 + G2pj—2  J=1,2,---
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in particular,

po=1
p1 = Q1+ Pap1 = p1 = o1
1 — ¢
2
P2 = Q1p1 + P2 = L + 02

1 — ¢
Using these results, our expression for ~q,
Yo = G171 + Gay2 + 07 = d1p1Y0 + P2p2v0 + 07

can be expressed as
(1= ¢s)0?
(1+¢2) [(1— b2)? — 7]

Yo =



