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If the treatment is assumed to have the same effect for each unit and if the effect is
constant over time, fixed effects or first-differencing methods can be used, as de-
scribed in Chapter 10. This approach works well when the treatment and control
groups are designated based on time-constant variables and when treatment status is
not constant across time. Of course, we must observe the responses and other con-
trols for each cross section unit in at least two different time periods. A more com-
plicated model allows the treatment effect to interact with observable variables and
unobserved heterogeneity. For example, consider the model

Vi = XiB + Wy + ¢ + wihi + ui

where wy, is a binary treatment indicator of some training program, y,, is the response
variable, and ¢; and h; are unobserved heterogeneity. This is a special case of the
model studied in Section 11.2.2. The average treatment effect is o; + E(4;), and we
can use the methods of Section 11.2.2 to estimate «; and E(%;).

The problem of attrition can be handled as in Section 17.7, provided the treatment
effect has an additive form. If attrition is determined solely by whether the partici-
pant was not selected for the program, then no adjustments are needed if w; is
orthogonal to the idiosyncratic error, u;,: this is just attrition on the basis of exoge-
nous explanatory variables.

18.5.3 Nonbinary Treatments

So far, we have restricted attention to the case where w is a binary variable. But we
can also estimate average treatment effects when w takes on more than two values.
The definitions of ATE, ATE,, and LATE are more complicated in this case because
the counterfactual is more complicated; see Angrist and Imbens (1995) and Heckman
(1997). Here, we focus on a random coefficient model for the observed outcome, as in
Garen (1984), Heckman and Vytlacil (1998), and Wooldridge (1997b, 1999c). The
average treatment effect is easy to define in this context, as it is just an average partial
effect.

As in the case of binary treatment, two approaches can be used to identify ATE:
we can assume ignorability of treatment, conditional on a set of covariates, or we can
use an instrumental variables approach. In either case, the model is the same:

E(ylw,c) =a+ bw (18.60)

where ¢ = (a,b) and a and b may both depend on observable covariates as well as
unobserved heterogeneity. A more traditional approach would introduce observables
and unobservables into the equation separately in a parametric fashion—usually,
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linear in a set of parameters—but this step is unnecessary when we are interested in
estimating § = E(b), which is the average partial effect of w on E( ylw,e).

It is important to see that, unlike in the binary treatment case, equation (18.60)
imposes a functional form assumption. This is not as restrictive as it might seem,
because a and b are allowed to depend on individual-specific observables and unob-
servables. Nevertheless, as we know, linear models can have drawbacks for binary
and corner solution responses (unless w is binary).

When w is binary, equation (18.60) encompasses the counterfactual setup in Sec-
tion 18.2, which we analyzed in Sections 18.3 and 18.4. Equation (18.3) shows this
result immediately, where we take a = yo and b = y; — yo.

We now establish identification of f under ignorability conditions. The assump-
tions are collected together as follows:

assumpTIoN ATE.5: (a) Equation (18.60) holds. For a set of covariates x, the fol-
Jowing redundancy assumptions hold: (b) E(y|w,¢,x) = E(y|w,¢); and (c) Condi-
tional on x, ¢ is redundant in the first two conditional moments of w: E(w|x,¢) =
E(w|x) and Var(w|x,¢) = Var(w|x).

Given the functional form assumption (18.60), Assumption ATE.5b is not very con-
troversial because ¢ and b can depend in an arbitrary way on x. In effect, a and b
already capture any dependence of E(y|w,¢) on x. Assumption ATE.5c is much
more restrictive, but it is the analogue of the ignorability-of-treatment Assumption
ATE.1". In fact, when w is binary, Assumption ATE.1’ implies Assumption ATE.5c.
For general w, Assumption ATE.5c is slightly less restrictive than assuming (w, ¢) are
independent given x. The following is from Wooldridge (1999¢, Proposition 3.1):

PROPOSITION 18.6:  Under Assumption ATE.S, assume, in addition, that Var(w | x) >
0 for all x in the relevant population. Then

B = E[Cov(w, y|x)/Var(w|x)] (18.61)

Because Var(w|x) and Cov(w, y|xX) can be estimated generally, equation (18.61)
shows that f is identified. If /() and h(-) are consistent estimators of E(w|x) and
Var(w | x), respectively, a consistent estimator of f3, under fairly weak assumptions, is
N} Zilil[wi — m(x;)]y,/h(x;); this is the extension of equation (18.21) to the case of
nonbinary treatments.

Estimating m(-) and h(-) is easily done using flexible parametric models that should
reflect the nature of w. When w is binary, we simply estimate the propensity score.
When w is a roughly continuous variable over a broad range, E(w|x) linear in
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functions of x and Var(w | x) constant might be reasonable, in which case, as shown
in Wooldridge (1999¢), a “kitchen sink” regression of y on w and functions of x can
consistently estimate . Wooldridge (1999¢) discusses additional examples, including
when w is a count variable or a fractional variable (both of which we discuss in
Chapter 19), and contains an example.

As a computational device, it is useful to see that consistent estimators of § can
be computed using an instrumental variables approach. As shown in Wooldridge
(1999c¢), under Assumption ATE.5 we can write

y=pw+g(x)0+v (18.62)

where g(-) is any vector function of x and Elg(x)'v] = 0. Typically, we would include
levels, squares, and cross products, or logarithms, as elements of g(-). Adding g(x)
is intended to effectively reduce the error variance. Further, if we define r =
[w — m(x)]/h(x), it can be shown that E(rv) = 0. Because r and w are highly corre-
lated, we can use [r,g(x)] as IVs in equation (18.62). In practice, we replace each
unknown r; with #; = [w; — m(x;)]/h(x;), and use (7;,g;) as the IVs for (w;,g;). This
estimator is consistent and v/N-asymptotically normal. Unfortunately, the sufficient
conditions for ignoring estimation of the IVs in the first stage—see Section 6.1.2—
are not always met in this application.

An alternative approach assumes that w is ignorable in E(a|x,w) and E(b]|x,w).
Under additional linearity assumptions, this leads directly to equation (18.15), re-
gardless of the nature of w.

The previous methods assume some kind of ignorability of treatment. The IV
approach also begins with equation (18.60). As in the binary treatment case, we
separate the covariates (x) and the IVs (z). We assume both are redundant in equa-
tion (18.60):

E(y|w,e¢,x,z) = E(y|w,¢) (18.63)

Again, this assumption is noncontroversial once we specify the functional form in
equation (18.60). Assumption (18.63) holds trivially in the counterfactual framework
with binary treatment.

The difference between x and z is that a and b may have conditional means that
depend on x, but not on z. For example, if w is a measure of class attendance, x
might contain measures of student ability and motivation. By contrast, we assume z
is redundant for explaining a and b, given x. In the class attendance example, z might
be indicators for different living situations or distances from residence to lecture halls.
In effect, the distinction between x and z is the kind of distinction we make in struc-
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tural models, where some “‘exogenous” variables (x) are allowed to appear in the
structural equation and others (z) are not. Mathematically, we have

E(a|x,z) = E(a|x), E(b|x,z) = E(b]|x). (18.64)

Assumption (18.64) is completely analogous to assumption (18.29). For simplicity,
we also assume the expectations are linear in x:

E(a|x) =y, +x», E(b|x) =dp+ xo (18.65)
Then we can write
y=no+xy+pw+wx—y)d+utw vte (18.66)

where y = E(x), u=a— E(a|x,2), v=>b—E(b|x,z), e is the error implied by
equation (18.60), and so E(e|w,c,x,z) = 0. This equation is basically the same as
equation (18.34), except that now w need not be binary. To apply IV to equation
(18.66), it suffices that the composite error, u + w - v + e, has a constant mean given
(x,z). But E(u + e|x,z) = 0, and so it suffices to assume

E(w-v|x,2) = E(w-v) (18.67)

which is the same as Cov(w,v|x,z) = Cov(w,v) because E(v|x,z) = 0. When as-
sumption (18.67) holds along with conditions (18.60), (18.63), (18.64), and (18.65)
and an appropriate rank condition—essentially, w is partially correlated with z—
2SLS estimation of equation (18.66) consistently estimates all parameters except the
intercept. The IVs would be (1,x,2,z;X,...,z.X), or we could use E(wlx, z) and
E(w|x,z) - x as IVs for [w, w(x — y)], where E(w|x,z) is an estimate of E(w|x,z).
As before, in practice y would be replaced with X. The 2SLS estimator is V/N-
consistent and asymptotically normal. Generally, the error in equation (18.66) is
heteroskedastic.

Condition (18.67) is the same one we used in the binary treatment case to justify
the usual IV estimator. As we discussed in Section 18.4.1, condition (18.67) does
not hold when P(w = 1]|x, z) satisfies logit or probit binary response models. If w is
a continuous treatment, condition (18.67) is more reasonable. For example, if
E(w|x,z,v) is additive in v, then condition (18.67) holds when Var(v|x,z) is con-
stant, in which case Cov(w,v|x,z) = 2. See Wooldridge (1997b, 2000f) for further
discussion. Wooldridge (2000f) also covers more general cases when condition
(18.67) is not true and the treatment is not binary.

Heckman and Vytlacil (1998) use similar assumptions in a general random coeffi-
cient model to arrive at a related estimation method. In their simplest approach,
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Heckman and Vytlacil suggest a two-step estimator, where E(w|x,z) is estimated
using a linear model in the first stage and the fitted values are used in a second-stage
regression. The preceding analysis shows that a linear functional form for E(w|x,z)
is not needed for the IV estimator to be consistent, although condition (18.67) gen-
erally is.

18.5.4 Multiple Treatments

Sometimes the treatment variable is not simply a scalar. For example, for the popu-
lation of working high school graduates, w; could be credit hours at two-year colleges
and w, credit hours at four-year colleges. If we make ignorability assumptions of the
kind in Section 18.3.1, equation (18.15) extends in a natural way: each treatment
variable appears by itself and interacted with the (demeaned) covariates. This
approach does not put any restrictions on the nature of the treatments. Alternatively,
as in Wooldridge (1999c), Assumption 18.5 extends to a vector w, which leads to an
extension of condition (18.60) for multiple treatments.

Wooldridge (2000f) shows how the IV methods in Section 18.4.1 extend easily to
multiple treatments, binary or otherwise. For multiple binary treatments, a reduced-
form probit is estimated for each treatment, and then terms wi(X; — X) and ¢:1 for
each treatment ; are added to equation (18.47). See Wooldridge (2000f) for further
discussion. An approach based on finding E(y | w1, ..., wa, X, z), for M treatments, is
difficult but perhaps tractable in some cases.

Problems

18.1.  Consider the difference-in-means estimator, d = 7, — j,, where y, is the sam-
ple average of the y, withw; =g, g =0, 1.

a. Show that, as an estimator of ATEj, the bias in 7, — , is E(yglw=1)-
E(yp|w=0).

b. Let y, be the earnings someone would earn in the absence of job training, and let

w=1 denote the job training indicator. Explain the meaning of E(y,|w=1) <
E(yo|w = 0). Intuitively, does it make sense that E(d) < ATE,?

18.2. Show that ATE,(x) is identified under Assumption ATE.1’a; Assumption
ATE.1'b is not needed.

18.3.  Using the data in JTRAIN2.RAW, repeat the analysis in Example 18.2, using
unem?78 as the response variable. For comparison, use the same x as in Example 18.2.




Estimating Average Treatment Effects

Compare the estimates from regressions (18.23) and (18.24), along with the estimate
of ATE from linear regression unem78 on 1, train, X.

18.4. Carefully derive equation (18.45).
18.5. Use the data in JTRAIN2.RAW for this question.

a. As in Example 18.2, run a probit of rrain on 1, x, where x contains the covariates
from Example 18.2. Obtain the probit fitted values, say @;.

b. Estimate the equation re78; = yo + atrain; + X;y + i by IV, using instruments
(1, ®;,x;). Comment on the estimate of o and its standard error.

c. Regress &, on x; to obtain the R-squared. What do you make of this result?

d. Does the nonlinearity of the probit model for train allow us to estimate « when we
do not have an additional instrument? Explain.

18.6. In Procedure 18.2, explain why it is better to estimate equation (18.36) by IV

~

rather than to run the OLS regression y; on 1, Gi, xi, Gi(x; —X),i=1,...,N.

18.7. Use the data in JTRAIN2.RAW for this question.

a. In the ignorability setup of Section 18.5.3, let w = mostrn, the number of months
spent in job training. Assume that E(w|x) = exp(y, + Xy), where X contains the
same covariates as in Example 18.2. Estimate the parameters by nonlinear least
squares, and let 7; be the fitted values. Which elements of x are significant? (You
may use the usual NLS standard €rrors.)

b. Suppose that Var(w|x) = h(x) = do + S51E(w|x) + 82 [E(w] x)]2. Use the estimates
from part a to estimate the J;. (Hint: Regress the squared NLS residuals on a qua-
dratic in the NLS fitted values.) Are any of h—the estimated variances—negative?

c. Form #; = (w; — ;) /iz[. Estimate equation (18.62) using 7; as an IV for w;, where
g(x) = (1,x) and y = re78. Compare f with the OLS estimate of §.

18.8. In the IV setup of Section 18.5.3, suppose that b = B, and therefore we can
write

Assume that conditions (18.64) and (18.65) hold for a.

a. Suppose w is a corner solution outcome, such as hours spent in a job training
program. If z is used as IVs for win y = y, + fw + Xy +r, what is the identification
condition?
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b. If w given (x,z) follows a standard Tobit model, propose an IV estimator that
uses the Tobit fitted values for w.

c. If Var(e| a,x,z) = g7 and Var(a|x,z) = g2, argue that the IV estimator from part
b is asymptotically efficient.

d. What is an alternative to IV estimation that would use the Tobit fitted values for
w? Which method do you prefer?

e. If b # B, but assumptions (18.64) and (18.65) hold, how would you estimate §?

18.9. Consider the IV approach in Section 18.5.3, under assumptions (18.60),
(18.63), (18.64), and (18.65). In place of assumption (18.67), assume that E(w | x, 2, v)
= exp(np + Xm| + 21y + m3v), where v is independent of (x,z) with Elexp(msv)] = 1.
(Therefore, w is some nonnegative treatment.)

a. Show that we can write
y=no+xy+pw+w-(x—y)d+lE(w|x,2) +r

where E(w|x,z) = exp(m + X7} + zn2), and E(r|x,z) = 0.
b. Use part a to show that f is not identified. {Hint: Let ¢ = E(w|x,z), and let h be

any other function of (x,z). Does the linear projection of w on {1,X, 4,4 - (x — y), ql
depend on A?}

c. For w > 0 (strictly positive treatment), add the assumption that E(u|v, x,z) = pv.
Find E(y|w,x,z) = E(y|v,x,z) and propose a two-step estimator of §.




